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PREFACE 

It has been known for many years that there is a close link between non- 
archimedean systems and the orders of infinity and of smallness that are 
associated with the asymptotic behaviour of a function. The present text 
provides a background for this connection from the point of view of non- 
standard analysis. We have kept the argument at an elementary level and hope 
that the reader will find the book suitable as an introduction to nonstandard 
analysis as well as the theory of asymptotic expansions. 

The plan of the book is as follows. In the first chapter we introduce the 
notions of a nonarchimedean group and a nonarchimedean field and give 
several interesting examples of nonarchimedean fields. Chapter 2 contains an 
introduction to nonstandard analysis. The necessary resources from mathe- 
matical logic are brought in as we go along. In the following two chapters we 
link up the nonstandard models of analysis, themselves nonarchimedean fields, 
with a particular nonarchimedean field, here called L, which was first studied 
by Levi-Civita and Ostrowski and, more recently, by Laugwitz. Unlike the 
nonstandard models of analysis, L is canonical (i.e. unique), but unlike the 
former it cannot be studied by means of a transfer principle. We introduce a 
natural link between L and the nonstandard models, the field pdi. 

In the last three chapters of the book, we study the fundamentals of 
asymptotic expansions. Instead of keeping the discussion at a purely theoreti- 
cal level, we offer a (happy, we hope) mClange of numerical examples and 
infinitesimals. In sum, we believe that we have at least realized the modest aim 
of showing that infinitesimals and infinitely large numbers form a natural 
background to asymptotics. 

final text is due to the first author (A.H.L.). We wish to  express our thanks 
to the North-Holland Publishlng Company for agreeing to publish the result 
of our joint effort in the “Mathematical Library”. The first author is indebted 
to the Canada Council for a Leave Fellowship during 197 1 - 1972, which made 

This monograph is based on a draft by the second author (A.R.), while the 
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CHAPTER 1 

NONARCHIMEDEAN FIELDS 

1. Many-sorted structures 

Although the classical version of the Lower Predicate Calculus develops the 
language of a model, i.e. mathematical system, which possesses just one sort 
of individual object capable of being quantified, it is clearly a simple matter 
to extend the Lower Predicate Calculus so that it embraces the more usual 
mathematical language in which many sorts of individual objects are quanti- 
fied and related. Moreover, this can be achieved without losing either the 
strong Completeness Theorem or the Compactness Theorem of mathematical 
logic. 

We shall call mathematical systems of this sort many-sorted structures; the 
language of a many-sorted structure is essentially the usual mathematical 
language associated with that structure. Accordingly, we shall take full advan- 
tage of the abbreviating devices of mathematics in order to communicate 
more effectively with the reader. On the one hand, we shall benefit from the 
powerful transfer theorems of mathematical logic by working within a precise, 
well-defined language which is modelled on a version of the Lower Predicate 
Calculus known as a many-sorted calculus. On the other hand, we shall write 
down our statements in the language of mathematics, rather than a formal 
language. However, we can associate with each of our statements a well- 
formed formula (wff) of the Lower Predicate Calculus. 

To illustrate, consider the statement that characterizes a Cauchy sequence 
(an): 

(1.1) 

Here Greek letters represent positive real numbers, and Latin letters near the 
middle of the alphabet represent natural numbers. Using R to denote the real 

tre 3q  trmn [m,n > q  -+ ( a ,  -anI <e l .  
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numbers, and N to denote natural numbers (more precisely, the correspond- 
ing sets), we find that (1.1) can be expanded as follows: 

(1.2) vx 3yVzw [x E R  A x >  0 

- t ( y E N A ( z E N A  w E N A z > y A  w > y  

+ la, -awl < x ) ) l .  

This leads to a wff of our formal language in a few more steps. To this purpose, 
we must recognize that the sequence values a, and uw can be characterized by 
a suitable predicate, say A .  Thus “Aza” is interpreted as follows: “the value 
of the sequence A at z is a”. So (1.2) expands to 

( 1.3) V x  3yVzwuu [x E R  A x >  0 

+ ( ~ E N A  ( Z E N A  W E N A  z > y  A w > y  

A AZu A AWU -t 1 u - U I < X ) ) ] .  

The expression Iu - u I may be formalized in terms of a predicate, say D ;  thus 
“Duut ” is interpreted as “the numerical difference of u and u is t ”. Thus (1.3) 
expands to 

(1.4) V x  3y Vzwuut [x E R  A x >  0 

+ ( Y E N / \  ( z  E N A  W E N A  z > y  A w > y  

A Azu A Awu A Duut + t < x ) ) ] .  

Finally, we must formalize the unary relations of being a real number, being 
a positive real number, and of being a natural number; also, we must formal- 
ize the greater than relation and the less than relation - all of which is routine. 
The effect of this is to replace “x E R” by “Rx”, to replace “y E N ”  by “Nx”, 
to replace ‘‘z > y” by “>zy”, and to replace “t < x” by ‘Ytx” .  

of objects, formed into sets which we regard as supporting the structure. For 
example, (1.1) involves the set of all positive real numbers, the set of all 
natural numbers, and the set of all real numbers itself. We point out that a 
supporting set of a many-sorted structure can consist of objects that are not 
numbers, e.g. the set of all sequences, the set of all functions, the set of all 
subsets of a given set, i.e. its power set. A relation of a many-sorted structure 
can involve objects from several supporting sets; for example, the relation 
the limit o fa  sequence can be regarded as a set of ordered pairs whose first 
terms are sequences and second terms are real numbers - provided that the 
second term is the limit of the first term. 

Notice that the above statements refer to a structure involving several sorts 
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There is a simple way to transform a many-sorted structure into a one- 
sorted system, i.e., a structure with just one supporting set. Regard each of its 
supporting sets as a unary relation, and adjoin as its basic set the union of the 
supporting sets. Thus, let S, , ..., S, be the supporting sets of a many-sorted 
structure (S, , ..., S,, R ,  , ..., R m )  whose relations are R l  , ..., R,,  and let 

S = S, u ... US,; 

(STS1, . . - ,Sn,R1,  . .* ,Rm) 

then 

is the one-sorted system yielded by (S1, ..., S, ,  R , ,  ..., R,).  
For a one-sorted system all quantifiers refer t o  its basic set, here S. Notice 

that the unary relations S, , ..., S, of this one-sorted system allow us, in effect, 
to quantify over a specific supporting set, rather than over S .  For example, to 
quantify over S, we write 

vx [ x E S ,  -+...I, g x  [ x E s ,  A ...I. 
The usual mathematical convention, which we shall practise, is to indicate a 
specific supporting set typographically. Thus, if Greek letters indicate quanti- 
fication over S,, then we express the above statements by 

vcu [...I, 3a[ . . .I.  
Another method of streamlining our statements consists in using the 

language of operations wherever possible. Each operation can be characterized 
by a relation, and from one viewpoint is a relation. For example, addirion is a 
binary operation o n R ;  so + associates a real number, its sum, with each 
ordered pair of real numbers. In particular, + associates 5 with ( 2 ,  3); this 
fact is represented by forming the pair ( ( 2 ,  3), 5), which we can identify with 
the triple (2 ,3 ,  5). The point is that the set of all triples formed in this way 
characterizes addition; this set is the relation that represents the operation. 

To see the advantage of using the language of operations, rather than rela- 
tions, consider the associative law for addition. In the language of operations, 
t h s  law can be stated as 

(1.5) vxyz [(x + y )  + z  = x + ( y  + z ) ] .  

This is certainly clear and readable. On the other hand, regarding + as a rela- 
tion and using the language of relations, our law becomes: 

(1.6) 

Remember, here, that +abc represents the statement (a, b,  c)E+. 

vxyzuuw [+xyu A t u z u  A +yzw -+ +xwu]. 
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Notice in (1.5) that we have smuggled in an equals sign. The presence of an 
equality relation is vital to the language of operations. We may characterize 
equality by a relation of the structure. Of course, an equality relation must, 
in the first instance, be an equivalence relation (i.e., reflexive, symmetric and 
transitive). But this is not enough to characterize equality. An equivalence 
relation requires one additional property in order to serve as equality; it must 
be substitutive. This means that for each relation T of the structure involved 
and for each positive natural number n ,  

In short, if (xl, ..., x,) E T and x j  = yj ,  i = 1, ..., n ,  then ( ~ 1 ,  ...,yn) E T. 
This ensures that 

provided that xi  = yi for i = 1, ..., n.  

(1.7) must hold with equality in place of T(and n = 2);  i.e., 
We emphasize that equality is itself a relation of the structure involved; so 

(1.8) VX1X2Y1Y2 [XI  = x 2  A X 1  = Y l  A X 2  = Y 2  +Y1 = y 2 1 .  

Notice that the transitive property of equality follows from (8) and the 
reflexive property of equality. In short, a binary relation E of a structure is 
an equality relation for that structure provided: 

(1) E is substitutive, 
( 2 )  E is reflexive, 
(3) E is symmetric. 

Bear in mind that E is a relation on the union of the supporting sets of the 
structure, not merely on one of its supporting sets. 

I t  follows from (1.7) that any two equality relations of a structure must 
be the same; i.e., the sets involved have the same members. In this sense, a 
structure possesses at  most one equality relation. On the other hand, a 
structure without equality can, in general, be provided with several different 
equality relations; i.e., it  can be extended to a structure with equality in 
several ways. For example, consider 

((0, 11, TI ,  

T =  {(O,O),(O, 1),(1,0)*(L 1)). 

where 
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Here we can take as an equality relation either of the following: 

E l = I ( O , O ) , ( l ,  1 ) } ,  E 2 = { ( 0 , 0 ) , ( 1 ,  1 ) , (0 ,  1 ) , ( 1 , O ) I .  

Thus ((0, l } ,  T ,  E l )  and ({ 0, I}, T, E 2 )  are structures with equality. Since 
T = E,, the latter structure reduces to ((0, I}, T ) .  

If we are given a structure 5% in which no relation of equality is specified 
from the outset, we may always introduce the identity as our equality, and 
we shall do so freely in the sequel. For our purposes, it  is best to think of the 
identity as the diagonal relation, i.e., the set of ordered pairs of elements of 
M, the basic set of %, whose first and second terms are the same. 

certain symbol is a name for a specified set. I t  is easy to distinguish between 
the equals sign of a definition and the equality relation of a structure; so this 
practice, which is intended to ease the formal side of this book, should not be 
confusing. 

We shall sometimes refer to a one-sorted system by mentioning its basic set. 
Generally, however, we shall distinguish between a one-sorted system and its 
basic set typographically; e.g., ifA is the basic set of a one-sorted system, then 
we shall denote the latter by d . 

We shall also use the sign of equality in definitions; e.g. to announce that a 

2. Nonarchimedean groups 

To prepare the way for nonarchimedean fields, we now present the notion 
of a nonarchimedean group. Recall that a group is a structure (C, +, 0), where 
+ is a binary operation (represented by a relation) on G, and 0 E G, such that: 

(1) Vxyz [x + (y + z )  = (x.+ y )  + z] (+ is associative); 
(2) Vx [x + 0 = x] (0 is a right identity); 
(3) Vx 3y [x + y = 01 (each group element has a right inverse). 

A group (C, +, 0) is commutative or abelian if the following statement is 

(4) Vxy [x + y = y + x]  (+ is commutative). 
We now present some examples. 

Here + is not necessarily addition and 0 is not necessarily the integer zero. 

true: 

2.1. EXAMPLE. (I, +, 0) is an abelian group, where I is the set of all integers, 
+ represents addition, and 0 is the integer zero. Here equality means identity; 
i.e., a = b iff a and b are the same integer. This follows from the fact that if a 
and b are distinct integers, then so are a + a and b + a;  thus (a,  a, a + a) €+ 
whereas (b ,  a, a + a) $+. So (1.7) is not satisfied. 
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2.2. EXAMPLE. ((0, l}, +, 0) is an abelian group, where + is 

((0, 0, O), (0, 1, 11, (170, 11, (1, 1,O)). 

Here equality is ((0, 0), (1, 1)). 

2.3. EXAMPLE. (I, a ,  1) is not a group, where - represents multiplication, 
since (3) is not true for this structure. 

Next we present the notion of an ordered set. A structure ( A ,  <), where < 
is a binary relation on A ,  is an ordered set provided that: 

( 5 )  V x y z  [x < y A y < z + x < z] (< is transitive); 
( 6 )  V x y  [x <y + x  f y ]  (< is irreflexive); 
(7) V x y  [x  f y  + x <y v y  < x ]  (< is total). 

We claim that each ordered set ( A ,  <) has the property that 
As usual, = refers to the identity relation. 

VXY [x  <Y +Y <XI. 

To see this, recall that each statement p in the language of a particular struc- 
ture is either true or false for that structure; so exactly one of the statements 
p ,  l p  is true for the structure involved. Thus, if 

V x y  [x  <Y +Y Qxl 

1 v x y  [X<Y+YQ:XI 

is not true for an ordered set ( A ,  <), then 

is true for ( A ,  <); i.e., 

3 x y  [x  < y A y < x ]  

is true for ( A ,  <). This means that there are members ofA,  say a and b ,  such 
that a < b and b < a .  But < is transitive, so a < a ,  which contradicts the fact 
that < is irreflexive. 

i.e., 
In view of this, it is easy to establish the Trichotomy Law for ordered sets, 

V x y  [exactly one of x = y ,  x < y ,  y < x  is true]. 

To prove this, let a,b E A .  If a < b ,  then b Q: a by the preceding paragraph, 
and a # b by (6).  *f a = b ,  then by (6),  a Q: b .  Again, if a = b ,  then b = a ,  so 
b Q a. Thus at most one of the three statements 

a = b ,  a < b ,  b < a  
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is true. Moreover, (7) guarantees that at least one of these three statements is 
true. This establishes the Trichotomy Law. 

Here are some examples. 

2.4. EXAMPLE. (N, <) is an ordered set, where N is the set of all natural num- 
bers and < is the less than relation on N. 

2.5. EXAMPLE. ({0, l), <) is an ordered set, where < is ((0, 1)). 

2.6. EXAMPLE. (N, <) is not an ordered set; notice that (6) is false for this 
structure. 

Building on these ideas, it is easy to characterize the notion of an ordered 
group; this is a structure of the form (C, +, <, 0) such that (C, +, 0) is an 
abelian group, (C, <) is an ordered set, and the order relation < is compatible 
with the group operation +; i.e., 

(8) Vxyz [x < y  + x  + z <y + z].  
Here are some examples. 

2.7. EXAMPLE. (I, +, <, 0) is an ordered group. 

2.8:EXAMPLE. (I, +, >, 0) is an ordered group. 

2.9. EXAMPLE. ((0, l), +, <, 0) is nor an ordered group, where + is the 
operation of Example 2.2 and < is the order relation of Example 2.5. 

Notice that we use the symbol + as a generic or family name for a group 
operation; similarly, we use the symbol < as a generic or family name for an 
order relation. In the same spirit, we use the symbol 0 to denote the identity 
element of a group (in case the group operation is denoted by +). 

ty if 

where n is a positive natural number that depends on the members of C in- 
volved. Let us represent the expression “x + ... + x” by writing nx if there are 
n x’s in the expression. Then (9) simplifies to 

Here the existential quantifier refers to N ,  the set of all natural numbers; 
of course, the universal quantifiers refer to C, the basic set of the ordered 
group. 

Now an ordered group (C, +, <, 0) is said to have the archimedean proper- 

(9) Vxy [ O < x < y + y < x +  ...+ ~ ( n x ’ s ) ] ,  

(10) V x y 3 n  [ O < x < y + y < n x ] .  
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Notice that the ordered groups of Examples 2.7 and 2.8 possess the 
archimedean property. An ordered group that satisfies (9) is called an 
archimedean group; on the other hand, an ordered group for which (9) is 
false is called a nonarchimedean group. We now present an example of a non- 
archimedean group. 

2.10. EXAMPLE. We shall construct a nonarchimedean group (C, +, <, 0). 
Take G = 1x1, the set of all ordered pairs whose terms are integers, and let + 
be the operation on G of adding corresponding terms, i.e. 

(a, b )  + (c ,  d )  = (a + c ,  b + d ) .  

Here the + on the left is the operation on G that we are defining and the +'s 
on the right represent addition of integers. Next define an order relation < on 
C as follows: (u, b )  < (c ,  d )  if either 

(a) a < c or 
(b) a = c A b < d .  

Here < is the less than relation on the integers. Take 0 = (0, 0). Notice that 
the inverse of (a ,  b )  is (-a, -b). It  is easy to verify that (G, +, <, 0) is an 
ordered group. To see that this ordered group does not have the archimedean 
property, notice that 

(0,O) <(O, 1) <( l ,  0), (0, n ) < ( l ,  0) for each n E N .  

We point out that n(0, 1) = (0, n). Thus our ordered group does not have the 
archimedean property; so (C, +, <, 0) is a nonarchimedean group. 

3. Nonarchimedean fields 

AjieZd is a structure of the form (F, +, a ,  0, l), where (F, +, 0) and 
(F - { 0}, - , 1) are abelian groups, and the operations + and * have the follow- 
ing properties: 

(1) v x [ x * o = o * x = o ] ;  
(2) Vxyz [x - (y + z )  = x ' y  + x *z ]  (a distributive law). 

Here the quantifiers refer to F .  
Since 1 E F- {O), it follows that 1 # 0. We point out that * is a binary 

operation on F ;  in the case of the abelian group(F - {O), -, 1) we are deal- 
ing with its restriction to F- { O ) .  By assumption, * is associative on F -  {O}; 
it follows from (1) that - is associative on F. Similarly we see that - is com- 
mutative on F. 

We present some examples. 
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3.1. EXAMPLE. Let Q be the set of all rational numbers, interpret + and 
as addition and multiplication of rational numbers, and interpret 0 and 1 as 
the usual rational numbers. Then (Q, +, a ,  0, 1) is a field. 

3.2. EXAMPLE. Let F = Q X Q, the set of all ordered pairs whose terms are 
rational numbers. Define operations + and - on F by 

(a, b)  + (c ,  d )  = (a  + c ,  b + d ) ,  

(a, b)  - (c ,  d )  = (ac - bd, ad + bc), 

where the operations on the RHS refer to the field of Example 3.1. Let 
0 = (0, 0), and let 1 = (1,O). It  is easy to verify that the structure (F,  +, ., 0, 1) 
is a field. Notice that we have aped the construction of the complex number 
field from the real number field. Indeed, the field of this example is a subfield 
of the complex number field. 

Next we introduce an order relation into the picture. A structure of the 

(3) (F ,  +, * ,  0, 1) is a field; 
(4) (F ,  +, <, 0) is an ordered group; 
( 5 )  Vxyz [x < y A 0 < z + x z < y z ]  (< is compatible with .). 

form (F,  +, , <, 0, 1) is said to be an ordered field if: 

For example, (Q, +, , <, 0, 1) is an ordered field, where < is the usual less 
than relation on Q; also, ( R ,  +, -, <, 0, 1) is an ordered field, where R is the 
set of all real numbers, + and are the usual operations of addition and multi- 
plication, < is the less than relation on R, and 0 and 1 denote the correspond- 
ing real numbers 

3.3. EXAMPLE. Here is an example of a structure that satisfies (3) and (4), 
but not (5). We adjoin to the field (Q X Q, +, -, 0, 1) of Example 3.2 the 
binary relation < defined as follows: (a, b)  < (c ,  d )  if either 

(a) a < c or 
(b) a = c A b < d ,  

where the < appearing in (a) and (b) is the less than relation on Q. Clearly, 
(Q X Q, <) is an ordered set; indeed, (Q X Q, +, <, 0) is an ordered group. So 
conditions (3) and (4) are met. To see that < is nor compatible with , notice 
that (0, 0) < (0, 1). We shall multiply by (0, 1); now (0, 0) (0, 1) = (0,O) 
and (0, 1) (0, 1) = (- 1 , 0), but (0, 0) < (- 1,O) is false. 

Now an ordered field (F ,  +, a ,  <, 0, 1) is said to have the archimedean 
property if the ordered group ( F ,  +, <, 0) has the archimedean property; i.e., 
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(6 )  V x y 3 n  [ O < x < y + y < n x ] ,  
where the universal quantifier refers to F, the existential quantifier refers to 
N ,  and nx = x + ... + x (n x’s). 

We shall call an ordered field that possesses the archimedean property, an 
archimedean field; and we shall call an ordered field that does not have this 
property a nonarchimedean field. In other words, a nonarchimedean field is 
an ordered field such that 

where the existential quantifier refers to the basic set of the ordered field, the 
universal quantifier refers to N ,  and we have followed the usual custom of 
abbreviating p < 4 v p = 4 by p < 4 .  

are both archimedean fields. Before illustrating the notion of a nonarchi- 
medean field, we present a simple method of characterizing the order relation 
of an ordered field. Let (F ,  +, -, <, 0, 1) be any ordered field; let P’ = {XI 0 < x } ,  
the set of all positive field elements. This set has the following properties: 

(7)  3 x y V n  [ O < x < y A n x < y ] ,  

The ordered fields (Q, +, , <, 0, 1) and (R,  +, *, <, 0, l )  mentioned above 

(8) O W ’ ;  
(9) V x [ x # O - + x E P ’ v - x E P ’ ] ;  

(10) v x y  [ x , y  E P ’  + x  + y  EP‘ A x - y  EP’]. 
The point is that each subset of F ,  say P, that has these three properties yields 
an order relation on F which is compatible with both + and * ; this order rela- 
tion, which we denote by <, is defined as follows: 

x < y  ifandonlyif y - x E P .  

In other words, we can get at an order relation by first defining P, the set of 
its positive elements. 

Notice that if P is a subset of F satisfying (8), (9) and (lo), then P also 
satisfies the following statement: 

In view of (1 1) we can replace (9) by 

where V is the “exclusive or”. 
Here are some elementary properties of ordered fields. First we mention 

that 0 < 1 ; otherwise, by (9’), 0 < - 1, and by the Trichotomy Law, 1 < 0. 
Thus, by ( 5 ) ,  1 - (-1) < 0 -  (-1), i.e., -1 < 0, which contradicts the Tricho- 
tomy Law. 

Since 1 E P,  it follows from (10) that 1 + 1 E P, indeed that n 1 E P for 
each n E N ,  n > 0. Of course, this means in particular that n l  f 0 for each 
n EN, n > 0; so each ordered field has characteristic zero. 

(11) v x  [ x E P + - x 4 P ] .  

(9‘) v x  [ x # O - + x E P v - x E P ] ,  
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Notice that x2 EP if x # 0. If x EP, apply (1 0). If x BP, then -x EP by 
( ~ ' ) , s o ( - x ) ~  EPby( l0) .  But 

( - 4 2  = (-1)2 . x2 = x2  

(-1)2 = (-1) - (-1) = -(-1) = 1 

since (-1)2 = 1. Remember that (-1) a = -0, the additive inverse of a, so 

(since 1 is the additive inverse of -1). 
We now present an example of a nonarchimedean field. 

3.4. EXAMPLE. Let f be a polynomial function over R ;  i.e., f is a map ofR 
into R such that 

f ( t )  = a0 + a1 c + ... + anP 

for each t E R ,  where ao, ..., a, E R and n E N .  Thus each polynomial func- 
tion has associated with it a natural number n, called its degree, and n + 1 
fwed real numbersag, ..., a, (not necessarily distinct). More simply, we can 
characterize a polynomial function of degree n by the (n + 1)-tuple 
(ao, ..., an). Let g be a nonzero polynomial function, i.e., g(t) # 0 for some 
t E R. Then the formal expression f/g represents the rational function that 
associates the quotient f(t)/g(t) [i.e. f( t)  +g(t)] with f ,  where t E R and 
g(t)  # 0. Let F be the set of all rational functions f/g such that f and g are 
relatively prime (any common factors have been cancelled out) and such that 
the trailing coefficient ofg (the coefficient of the lowest power o f t  ing) is 1; 
i.e., 

g(t) = t i  + b j + l t j + l  + ... + b,tm for each t E R ,  

where bi+l, ..., b, E R andj  E N .  S o g  = (bo ,  ..., b,), where 1 is the first 
nonzero term ofg. Define addition and multiplication on F as for fractions; 
i.e., 

flg + PI4 = (fq + gp)/gq,. flg PI4 =fplgq, 
where each RHS is to be reduced to a member of F by cancelling out common 
factors and multiplying through by the multiplicative inverse of the trailing 
coefficient of the denominator, Notice in these definitions that the operations 
of addition and multiplication that occur in the RHS are operations on poly- 
nomial functions; so addition and multiplication on F are defined in terms of 
the corresponding operations on polynomial functions. 

Clearly, 0 = { ( t ,  0) I f E R } is the additive identity, and 1 = { ( t ,  1) I t E R} 
is the multiplicative identity. Thus we obtain the field (F ,  +, -, 0, 1). 



12 NONARCHIMEDEAN FIELDS [CH. 1 ,  8 3  

We shall get at an order relation on F by defining its positive elements. Let 
f/g EP(i.e., f/g is positive) if the trailing coefficient off is positive. Notice 
that P satisfies condition (8), (9) and (10); so P yields an order relation < on 
F. We claim that the resulting ordered field (F,  +, a ,  <, 0, 1) is nonarchi- 
medean. To see this, let 

x =  { ( t , t ) I t E R } ,  

the identity function; then x E P and 1 - nx E P for each n EN. Thus 
O<x< 1 a n d n x <  1 f o r e a c h n E N .  

Let 9 = (F, +, ., <, 0, 1) be any ordered field. Here we define absolute 
value; as for the reals, this can be expressed in terms o fP ,  the set of all posi- 
tive elements of F, as follows: 

a i f a E P ,  
-a ifa$!P. la1 = 

In particular, 101 = -0 = 0. As usual, the absolute value has the following 
properties: 

(12) vx [Ixl>O]; 
(13) VXY [IXYI = 1x1 lull ;  
(14) V x y  [ I x + y / d  1x1 + lyl] (Trianglehequality). 
Suppose that 7 is a nonarchimedean field. Then 9 has characteristic zero, 

so we can regard this field as an extension of the rational number field. Let Q 
be the subset of F whose members are identified with the rational numbers. 
We propose to characterize the infinitely large elements of F and its infinitely 
small elements. We say that a E F is infinite (or infinitely large) if la1 > q for 
each q E Q ;  we say that a E F is an infinitesimal (or infinitely small) if la I < q 
for each positive q E Q. We say that a E F is finite if a is not infinite. 

field 9. First observe that n 1 E F for each n E N .  Clearly a is an infinitesemial 
iff Vn [n la I < 11 .  Similarly we can characterize the infinitely large members 
o f F :  a i s inf in i te i f fvn  [ n l < l a l ] .  

Here is a useful way of characterizing the infinitesimals of a nonarchimedean 

Now the sum and product of two finite elements of F are also finite; indeed 

Fo = {a  I a €  F A  a is finite} 

forms a subring of 9. Also, the sum of two infinitesimals is an infinitesimal, 
and the product of a finite element and an infinitesimal is an infmitesimal; thus 

F, = {a  I a E F A a is an infinitesimal} 

is a proper ideal of the ring Fo. 
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It is important to observe that F ,  is a maximal ideal of F,. To see this, 
notice that if a is not an infinitesimal, then its multiplicative inverse a--1 is not 
infinite, i.e., a-1 E Fo. So, if there is an ideal of Fo, say J ,  such that F ,  is a 
proper subset of J ,  then there is a member of J ,  say a, such that a @ F ,  ; so 
a-l E Fo. Therefore a a-l EJ, i.e. 1 EJ ,  and it follows that J = Fo. This 
proves that Fl is maximal in Fo.  By Lemma 3.1.2, F’ = Fo/Fl is a field, 
called the residue class field of the ordering. Here the field elements are the 
cosets of Fl  in Fo, namely 

[b ]  = { b + x I x E F 1 } ,  

where b E Fo. 
More generally, the cosets of F ,  in F are called monads. Let a E F.  Then 

P(U) = [a] = (a  + x I X  E F1) 

is called the monad o f a .  In particular, p(0) = F l  . Notice that F l  is the addi- 
tive identity of the field Fo/F1.  

Let [ t ]  # F , ;  we want to prove that each member of [ t ]  is positive (in 9), 
or each member of [t] is negative (in 7). To see this, let P be the set of all 
positive members of F,  and let s E [ t ]  . If t E P and -s E P, then 0 < -s, so 
t + O <  t - s, i.e. t - s  > t .  But t > q  for some 4 E Q; thus t - sq F 1 .  This 
contradiction proves that all members of [ t ]  have the same algebraic sign. 

We are now in a position to introduce an order relation on the set Fo/Fl .  
Let [ t ]  # F l .  We say that [ t ]  is positive (in 9’) iff t is positive (in 9). By our 
preceding observation, t is positive iff each member of [t] is positive. Let P‘ 
be the set of all positive members of Fo/Fl .  Then P’ has the following proper- 
ties: 

(15) 04P‘; 
(16) V X  [ X # O + X E P ’ V - X € P ’ ] ;  
(17) vxy [ x , y E P ’ + x + y E P ’ h x y E P ’ ] .  

Accordingly, the associated order relation <, for which x <y i f fy  - x EP’, 
is compatible with both addition and multiplication of the residue class field 
9 ’. In this way, 9’ extends to an ordered field. 

Moreover, this ordered field is archimedean. To see this, let [t] and [s] be 
positive. We must prove that there is a natural number n such that n [ t ]  > [ s ]  . 
By assumption, both s and t are finite, and neither s nor t is an infinitesimal 
of 9. Therefore there are positive rationals 40 and 41 such that s Q qo and 
q1 < t .  But there is a natural number n such that nql> 40; thus 

n t > n q , > q , > s ,  

so nt > s. We conclude that the residue class field Fo/F, is archimedean with 
respect to the order relation <. 
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It is well known that each archimedean field is isomorphic to a subfield of 
the real number field a. So, in this sense, the finite elements of a nonarchi- 
medean field yield a subfield of bi by factoring out its infinitesimals. 

4. Fields with valuation 

A useful tool in the investigation of nonarchimedean fields is the notion of 
a nonarchimedean valuation on a field FT = (F, +, -, 0, 1). A nonarchimedean 
valuation on 9 is a map u of F into R U {m}, where 
called infinity, such that: 

is an additional element 

(1) vx [x f 0 + u(x )  ER], u(0) = m; 

(2) 'IXY b ( X * Y )  = 44 + u(y) l ;  
(3) VXY [ ~ ( x  + Y )  2 min tu(x), uD>Il. 

Here quantification is over F. We assume that the number system involving 
R U {m} has the properties 

vx [ x + - = m ] ,  vx [ x < m ] ,  

where quantification is over R U {m]. 

From (2), 

u( 1) = u( 1) + u( l), 

o = u(x * x-1) = u(x )  + u(x-1) 

vx [x # 0 + u(x-1) = -u(x)] .  

0 = u( 1) = u(-l* -1) = u(-1) + u(-l),~ 

-x = (-1) x; 

u(-x) = u(-1 x) = u(-1) + u ( x )  = u(x ) ,  

vx [u(-x) = u ( x ) ] .  

so u( 1) = 0. So, from (2), 

if x z 0. 

Therefore, 

Since (-1) (-1) = 1 in FT, it follows from (2) that 

so u(-1) = 0. Now, for each x E F, 

so, by (21, 

i.e., 
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By the trivial valuation on 7 we mean the map that associates 0 with each 
nonzero member of F ,  and associates 00 with 0. Clearly this map is a nonarchi- 
medean valuation on FF; 

Here is another example. 

4.1. EXAMPLE. Each nonzero rational number x can be written in the  form 

x = (a/b) p a ,  

where p is a fixed prime, (Y €1, and a and b are integers that are not divisible 
by p .  Let up be the mapping of Q into R U {=} for which u (0) = 00 and 
up(x) = (Y if x = (a /b )pa  as above. I t  is easy to verify that t i e  map up satisfies 
(l), (2) and (3); so up is a nonarchimedean valuation on the rational number 
field Q. The valuation of this example is called a padic valuation. 

this book,N = (0, 1, 2, ...} ;we sometimes write ZN in place of Znw.  
In our next example, we introduce a field of Laurent series. Throughout 

4.2. EXAMPLE. Let (F ,  +, -, <, 0, 1) be any ordered field. ALaurent series 
is a formal object 

where k is a fixed integer (i.e., fixed for this Laurent series), each a E F,  and 
either ak # 0 or each a = 0. We shall identify any two Laurent series of the 
latter sort (i.e., each coefficient is zero) and shall denote each of these Laurent 
series by 0. Also, we shall identify each expression of the form 

where 0 = ai = ... = ak-1 and ak # 0 for some integer k (these expressions 
are not Laurent series), with the Laurent series EN a,+k tn+k. The Laurent 
series ZN a, t" , where a. = 1 and a, = 0 if n > 0, is denoted by 1. 

after lining up powers of 1. Thus 
Addition of Laurent series is defined by adding corresponding coefficients, 

where i = min{k, j } ,  and for m 2 i, c, = a; + b; ,  where a; = a,,, if m 2 k, 
otherwise a; = 0, and b; = b, if m 2 j ,  otherwise b h  = 0. 
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Multiplication is defined as follows: 

where i = k j ,  and 

ci = a k b j ,  

ci+l = akbj+l + a k + l b j >  

ci+2 = ak b j+2  + ak+ 1 b j+  1 4- ak+2 bj' 

etc. It is well known that the resulting structure is a field. 
We introduce an order relation on Laurent series over 9 b y  defining a non- 

zero Laurent series z N a , + k t n + k  to be positive iff its first coefficient is positive 
in the underlying ordered field; i.e. 2,,, an+k 
satisfies conditions (8), (9) and (10) of Section 3; so the Laurent series over 9 
constitute an ordered field. 

Finally, we introduce a nonarchimedean valuation u on the field of Laurent 
series as follows. Define 

E P  iff ak > 0. Clearly P 

u(0)  = = 

and 

U( c a,+k f n + k )  = k if c a,+k tn'k # 0 
N N 

(so ak f 0). It is easy to verify that u is a nonarchimedean valuation on this 
field. 

Returning to our general theory, we now present a basic fact about non- 
archimedean valuations. 

4.3. LEMMA. Vxy [u(x) < u(y) + u(x +y) = u(x)]. 

Proof. By (3), u(x + y )  2 u(x). We shall show that u(x + y )  < u(x). Now 

x = (x + Y )  - y ,  

u(x )  2 min{u(x +y) ,  u(-y)) = min(u(x +y) ,  u(y)} 
so 

since u(-y) = u b ) .  If u ( y )  < u(x + y), then u(x )  2 u(y). This contradicts 
our assumption that u(x) < u(y); so u(x + y)  < u(y), thus u(x)  2 u(x + y). 
This proves that u(x + y )  = u(x). I3 
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We mention that Lemma 4.3 is usually stated in the following form: 

VXY b(x) + U(Y> -+ u(x + Y )  = min {W, u ( ~ ) ) l .  
We shall now define a few terms. First notice that 

{ U ( X )  I X  E F  A X # 0) 

is an additive subgroup of 9; this set is called the valuation group of u. The set 

OF = {x I x E F h u(x) > 0) 

is a subring of 7 and is called the valuation ring of u. The set 

JF = { X I  x E F  A U ( X )  > 0) 

is a maximal ideal of the ring OF, and is called the valuation ideal of u. The set 

UF = {x Ix € F A  u(x) = 0) 

is a multiplicative subgroup of OF, and is called the group of units of u. The 
field F = OF/JF is called the residue class field of u. 

A map u of F into R U {=} that satisfies (1) and ( 2 )  and the statement 

and does not satisfy (3), is said to be an archimedean valuation. If you are 
curious about the presence of the exponential function in (3'), look ahead to 
Section 5. 

(3') vxy [e-u(x+Y) < e-u(x) + e-u(~) ] ,  

Here is an example of an archimedean valuation. 

4.4. EXAMPLE. We present an archimedean valuation on the real number 
field a. Let u be the map of R into R U {w} such that 

u(0)  = OQ, u(a) = -In la I 

Notice that for each x E R ,  e-u(x) = Ix I; here e-- is interpreted as 0. Clearly 
(l), (2) and (3') are satisfied. To see that (3) is false for u, observe that 

if a # 0. 

u(e + e) = --In 12e I = -In 2 -  1 <- 1, 

whereasu(e)=-lne =-l;sou(e+e)<min{u(e),u(e)}. 
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5. Development of metric 

A valuation on a field '3 may be used to build up a metric on '3. This is 
achieved in two steps. First we define a mapping I I ,, in terms of the given 
valuation u, as follows: 

Ix I = e-,@) for each x E F 

(in place of e we can use any number greater than l), where "e--" is inter- 
preted as the red number zero. In particular, 1 1 , is a map of F into R .  In case 
u is a nonarchimedean valuation, this map has the following properties: 

(1) vx [x z 0 +. Ix I, > O] , IO l "  = 0, I 1 I , = 1; 
(2) vx [I-XI, = Ixl,]; 
(3) VXY [Ix-yI,= ly-xl,I; 
(4) Vxy [Ixyl, = Ixl,lyI,I; 
(9 Vxy [Ix + y l v G  max(lxl,, IrlJ Glxl, + Ivl,]; 
(6) Vxy [Ivl, < IxI,+. Ix +yl, = Ixl,]; 
(7) vxyz [ I x - y I , > I y - z I , +. I x - z I , = I x - y I .I. 

These statements can be established directly from the properties of u listed in 
Section 4 and the fact that the function exp is monotonically increasing. For 
example, to prove (6) observe that 

~ y l ,  < 1x1, iff e-u(Y) < e-u(x) iff eu(x) < eu(Y) iff u(x) < v(y). 

So by Lemma 4.3, 

u(x + y )  = v(x); 

thuse-U(X+J')=e-U(X),i.e., Ix+yl ,= 1x1,. 

as follows: 
Certainly, (7) is a striking statement. This fact can be deduced from (6) 

Ix-ZI ,  = I(x-y)+(y-z)I, = max{Ix-yI,, I v - z I J =  Ix-yI,. 

It follows from (4) that 

vx [x#O+ll /xl ,= l/Ix\,]. 

We are now ready to introduce a metric d on 9, defined in terms of the 
mapping I I ,. Let d be the map of F X F into R such that for all x,y E F,  

4x ,y )  = lx -ylu. 

We must show that d has the following properties: 
(8) Vx [d(x, x) = 01 ; 
(9) vxy [xfy+d(x,y)> 01; 

(10) VXY [d(X,Y) =d(y,x)l; 
(11) VXYZ [d(x,z)<d(x,y) +d(y,z)l. 
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Now, for each x E F ,  

d(x,x) = lx - X I u  = 101, = 0 

d ( x , y )  = Ix - y l ,  > 0 

by( l ) ,andi fx#y ,  then 

by (1). Notice that (10) follows from (3). To prove (1 l), the Triangle Inequality, 
observe that 

d(x, 2) = Ix - z I = I (x - y )  + ( y  - 2) I G Ix - y I + Iy - 2 I 

= d(x,y) + d(y,  z) 
by (5). So (F ,  d )  is a metric space. 

the metric space (F, d )  is “isosceles”. 
From (7), if d(x, y )  > d(y ,  z), then d(x, z) = d(x, y) ;  so each triangle in 

Moreover, 

Vxy [Ix + y I u  G max{lxlu, lyl,)]; 

so 

d(x, z) = I X  - z I ,, = I(X - y )  + ( y  - z) 1 , G max t lx - y I u ,  Iy - z I ,,I 

= m={d(x,y),d(y, 4). 
T h s  establishes the following statement, which is known as the ultrametric 
inequality: 

So the metric constructed from a nonarchimedean valuation satisfies the 
ultrametric inequality. 

Next we shall use a metric to define the notion of a convergent sequence in 
9 and the notion of the limit of a convergent sequence. This is carried out by 
appealing to the corresponding concepts for the real number field 61. Recall 
that a sequence of real numbers (a,) converges in 61 if there is a real number a 
such that 

(12) VXYZ [d(x,z)< max{d(x,y),d(y,z))l. 

VE 3 n  Vm [m > n + la, - a I < €1, 
where the Greek letter represents a positive real number, m,n E N ,  and the 
absolute value signs denote the usual absolute value in 61. Moreover, a is called 
the limit of (a,), and we write “lim(a,) = a”. Of course, a sequence of real 
numbers is a map of N into R .  

We now formulate corresponding ideas in the field 9. First, by a sequence 
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of field elements we mean any map of N into F, say (s,), where s, E F for 
each n EN. We define comergence in terms of a metric d as follows: (s,) 
converges to s, where s E F,  provided that the real sequence (d(s,, s)) converges 
to 0, i.e. lim(d(s,, s)) = 0. In this case we say that s is the limit of (s,) and 
write “lim(s,) = s”. Each convergent sequence has a unique limit. 

Here is a useful fact. 

5.1. THEOREM.fflim(s,) = s, then lim(  IS,^,) = IsI,. Here uisnonarchi- 
medean. 

Proof. Let (s,) be a sequence that converges to s. This means that 
lim(d(s,, s)) = 0; i.e., lim( Is, - s I,) = 0. There are two cases: 

thuslim(ls,I,) = lsl,,. 

so there is a natural number 4 such that for each m > q,  m E N ,  

(i) Assume s = 0. Then lim(  IS,^,) = 0. But 101, = e-- = 0, by definition; 

(ii) Assume s # 0. Then 1 s I , is positive and real. But lim( 1 s, - s I,) = 0; 

(5.2) Ism -sI, < ISI,. 

(5.3) I s + &  - s ) I u  = Isl,, 

By (6) it follows from (5.2) that for each m > q , 

i.e. lsmlu = Is\,,. We conclude that lim(Is,l,) = Is\,,. 0 

A sequence (s,) is called a Cauchy sequence if 

VJE 3 n ,  Vmn [m,n > no -, d(s,, s,) < €1. 
Each convergent sequence is a Cauchy sequence; however, it is not necessarily 
the case that each Cauchy sequence converges. If each Cauchy sequence i n 9  
converges, we say that the field 9 is complete with respect to the metric d ;  
in case the metric d is yielded by a valuation u, we say that 9 is complete with 
respect to u. 

Here are some examples. 

5.4. EXAMPLE. The trivial valuation on a field 7 yields the metric d for which 

Here a sequence (s,) is a Cauchy sequence iff 

3 i V m  [ m > i + s ,  =si]; 
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i.e., all the terms of (s,) beyond a certain term are the same, say s. Clearly, 
in this case, lim(s,) = s; thus 3 i s  complete with respect to the trivial valuation. 

5.5. EXAMPLE. The rational number field Q is not complete with respect to 
the usual metric d ,  i.e., 

d(x,y) = Ix - y  I for all x,y E Q. 

For example, it is well known that the sequence (1.4, 1.41, 1.414, ...), whose 
n* term is obtained by truncatingfi to n decimal places, is a Cauchy se- 
quence but does not converge in Q . 

Notice that if u is a nonarchimedean valuation on 9, then for any 
XI, ..., X, E F, 

Ixl + ...+ x,I,~max{lxlI , , ,  ..., IxnlJ. 

Using this fact, it is easy to prove our next lemma. 

5.6. LEMMA. Let u be a nonarchimedean valuation on 3. Then (a,) is a 
Cauchy sequence with respect ro u ifflim(a,+l -a,) = 0. 

Proof: Notice that lim(u,+l -a,) = 0, the zero of 9 ,  iff lim(la,+l- a,lu) = 0, 
the zero of bi. If (a,) is a Cauchy sequence, then in particular la,+l -a,lu < E 

ifn>no;solim(la,+l -a,I,)= 0. 
Next assume that lim(~u,+l - a, I J = 0. NOW 

-a, =(a, -am-1) + (am-1 -am-2) + + (an+1 -a,)> 

where we assume that m > n; so 

IU~-U,I,, = I (u ,  v ~ m - 1 )  +(a,-l -am-*) + ... + (a,+l -a,)lu 

< max{Iam -a,-lIu, Iam-l -a,-2Iu, ..., b,+1 -a,I,,} 

< E  i f m , n > n o ,  

since ( la,+l -a, I ,J converges to 0 by assumption. 17 

We regard a series as an expression of the form 

where a is a map of N into F, and a(n) = a, for each n E N .  As usual, we say 
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that a series ZN a, converges if its sequence of partial sums (s,) converges, 
where 

s, =a0 + ... + a, 

for each n E N .  Moreover, if (s,) converges, we say that the series ZN a, 
converges to lim(s,), a member of F ,  and identify the formal expression ZN a, 
with the field element lim(s,), i.e., 

a n -  - lim(s,). 

Of course, if ZN a, converges, then lim(a,) = 0. We shall show that the 
converse is true in the case of a nonarchimedean valuation on a complete 
field 7. 

5.7. LEMMA. Let u be a nonarchimedean valuation on 7 which is complete 
with respect to u. Then ZN a, converges if lim(a,) = 0. 

Proof. Let s,  = a. + ... + a, for each n EN. By assumption, lim(a,) = 0; 
therefore lim(s,+l - s,) = 0. So, by Lemma 5.6, (s,) is a Cauchy sequence 
with respect to u. But the field 9 is complete with respect to this valuation; 
thus (s,) converges. We conclude that Z N  a, converges. 0 

Next we shall prove the following lemma. 

5.8. LEMMA. Let u be a valuation (archimedean or nonarchimedean) on 7 
which is complete with respect to u. Then ZN a,  converges i f  ZN I a, I , 
converges. 

Proof. Let s, = a. + ... + a, for each n E N ,  Again, the idea is to show that 
(s,) is a Cauchy sequence. As in the proof of Lemma 5.6, first choose a 
positive real number E .  Next observe that ( lao I , + ... + la,( ,) is a Cauchy 
sequence. So there is a natural number no such that 

(5.9) Vmn [ m  > n > no -, la,+l I , + ... + la, I , < €1. 
Thus, f o r m > n > n , ,  

I ~ m - ~ n I , = I a n + l +  ...+a,l,~la,+ll,+...+ lamlu 

by the Triangle Inequality 

< €  by (5.9). 

This proves that (s,) is a Cauchy sequence, so converges. We conclude that 
ZN a, converges. 
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5.10. EXAMPLE. We now illustrate some of the above ideas and results for 
the case of the 2-adic valuation on Q (see Example 4.1). By Lemma 5.6, the 
sequence (1/2,) is not a Cauchy sequence; thus (1/2,) does not converge 
(recall that each convergent sequence is a Cauchy sequence). On the other 
hand, the sequence (2") converges; indeed, lim(2") = 0 since 

lim( I2"1 J = lim(e-") = 0. 

2 + 22 + ... + 2" = 2,+1- 2 

Also 

for each positive n E N ;  so 

lim(2 + 22 + ... + 2") = lim(2"+1- 2) = -2. 

This means that the series C, 2"+l converges and that Z, 2"+l = -2; 
moreover, EN 2" converges and EN 2" = -1. 

Of course, if 9 is complete with respect to a valuation u, then a sequence 
(a,) converges iff (a,) is a Cauchy sequence. Applying Lemma 5.6, we obtain 
the following fact. 

5.1 1. LEMMA. Let 9 be complete with respect to a nonarchimedean valuation u. 
Then (a,) converges ifflim(a,+l -a,) = 0. 

It is easy to see that if (a,) and (b,) converge with respect to a nonarchi- 
medean valuation u, then so do (a, + b,) and (a, b,); indeed, 

lim(a, + 6,) = lim(a,) + lim(b,), 

lim (a, b,) = [lim(a,)] [lim(b,)] . 

For this we shall need the following lemma. 

5.12. LEMMA. Let lim(a,) = a,  where u is a nonarchimedean valuation, and 
1etBER.Then 

3 no V n  [n > no + u(a,) > B 1. 

Proof. First assume that a # 0, so u(a) ER. By assumption, lim(d(a,, a)) = 0, so 

Thus 
lim(e-~(4'n-~)) = 0. 

3noVn [ n > n o  +u(a,-a)>u(a)].  
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Since u is nonarchimedean, 

u(a,) = u(a, - a  + a )  2 min{u(a, -a) ,  u(a)} = ~ ( a )  if n > n o .  

Thus u(a,) 2 u(a) if n > no. Next assume that a = 0. Then lim(d(a,, 0)) = 0, so 

thus 
lim(e-u(an)) = 0; 

V B  3 no Vn [n > no + u(a, ) > B 1. 
In other words, lim(~(a,)) = 00.0 

We now return to our comment preceding Lemma 5.12. 

5.13. LEMMA. Let lim(a,) = a and lim(b,) = b, where u is a nonarchimedean 
valuation. Then 

lim(a, + b,) = a + b, lim(a,b,) = ab. 

Proof. (i) We have 

d(a, + b,,a + b) = exp [-u(a,-a + b, -b)] 

6 exp [-min{u(a, -a),  u(b, - b)} ]  

= exp [-u(c,)l, 
where for each n EN, c, = a, - a or c, = b, - b. Since 

lim(exp [+a, - a ) ] )  = lim(exp [-u(b, - b)]) = 0, 

it follows that lim(exp [ - ~ ( c , ) ] )  = 0. Thus lim(d(a, + b,, a + b))  = 0; 
so lim(a, + b,) = a +b. 

(ii) 
d(a,b,,ab) = exp[-u(a,b, - a b ) ] ;  

now 

u(a,b, - a b )  = u(a,b, - a,b + a,b -ab) 

= u(a, [b, - b]  + b [a, - a ] )  

2 min{ u(a,) + u(b, - b), u(b) + u(a, -a ) } .  

By Lemma 5.12, there is a B E R such that u(a,) > B if n is large enough. 
Therefore, both u(a,) + u(b, - b) and u(b) + u(a, - a )  increase without 
bound as n increases. Thus lim(d(a, b, , ab)) = 0; so lim(a, b,) = ab. 0 
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This observation allows us to establish our next lemma. 

5.14. LEMMA. Let ZN a, = a and ZN b ,  = b. Then 

C (a, + b,) = a + b. 
N 

Proof: The sequence of partial sums ( [ao+bo] + ... + [a,+b,])  converges 
since this sequence is the sum of the sequences (ao + ... + a,) and 
(bo + ... + b,), which converge to Z N U ,  and ZN b,,  respectively. Thus 

C ( a , + b , ) =  Can+ C b , = a + b . U  
N N N 

By the Cauchy product of series X N  a,, and X N  b, we mean the series 
ZN c,, where 

~ , = a o b , + a l b , - l  +...+ a,bo 

for each n E N  (see the definition of multiplication for Laurent series, 
Example 4.2). We shall prove that the Cauchy product of convergent series 
also converges, and that 

C c , =  Can C b , ,  
N N N  

the product of the sums of the series involved. 

5.15. LEMMA. Let X N  a ,  = a and ZN b, = b. Then ZN C, = ab, where 

C ,  = a0 b, + bn-l + ... + a, bo 

for each n E N .  Here 9 is complete with respect to u, a nonarchimedean 
valuation. 

Proof. In a complete field with nonarchimedean valuation, a series converges 
iff its terms converge to 0. We shall show, first, that lim(c,) = 0. Since Z N  a,  
and ZN b,, both converge, the sets 

{lanlu I nENI ,  {lbnlu I n E N I  

are bounded, say by B ,  i.e., la, I < B and I b, I < B for each n E N .  Since 

lim(a,) = lim(b,) = 0, 
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given E > 0 there is a natural number q such that Jai lu < E/B and I bilu < E/B 
if i > q .  So, fo rm > 2q,  

lcmlu = b o b m  + ... + a , b O l u ~ m a x ~ \ a o b , \ u ,  ..., lambo\,) 

= m a ( I a o I u  IbmIu , . -* ,  Ia,IuIboIu)<~ 

since each lailu lbm-ilu < B ( e / B )  = E. Therefore lim(c,) = 0, so EN en 
converges. 

To prove that Z N  c, = ab, consider the sequence of partial sums (sZn), where 

S2n = co + ... + C z n  

2n 

i + j = O  
= c ai bi = (a0 + ... + a,)(bo + ... -k b,) 

+ ao(bn+1 t. ... + bZn) + a l ( b n + l +  e.0 + b2n-1) + ..- +an-ibn+l 

+ bO(a,+l+ ... + a 2 n )  + b l ( a n + l +  ... + a2n-1) + ..- + bn- lan+l .  

But lim(bn+l + ... + bn+& = 0 for any p > 0 since 

Ibn+l + ... + bn+plu G max{lbn+llu, ..., Ibn+pIu) < E/B 

if n > q. The corresponding remark applies to the a's; SO 

n n n n 

lim(s2,) = l i m ( c  ai c bi) = l i m ( C  ai) l i m ( C  bi) = c ai c bi = ab. 
i = O  r = O  i= 0 i= 0 N N  

This establishes the Iemma. 0 

Returning to our discussion of sequences, we present the following facts. 

5.16. THEOREM. Let lim(a,) = a, and let j be a natural number such that 
v(a,) = t for each m > j ,  m EN. Then v(a) = t. Here t € R  U (m) , andu i sa  
nonarchimedean valuation. 

Proof. By Theorem 5.1, 

l h (  Ian I ") = la I 

Thus 

(5.17) lim(e-'('n)) = e-"('). 
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But u(a,) = t for each m > j ;  thus 
h ( e - u ( a n ) )  = e-r 

Therefore, from (5.17), u(a) = t. 0 

Our next lemma is a corollary of Theorem 5.16. 

5.18. LEMMA. Let (a,) be a convergent sequence, and let j be a natural 
number such that v(a,) = t for each m > j ,  where t E R. Then lim(a,) # 0. 
Here u is a nonarchimedean valuation. 

Proof: Let lim(a,) = a. By Theorem 5.16, u(a) = t. But t E R ;  therefore 
a f O . 0  

We now establish the converse of Lemma 5.18; also, compare the following 
result to Theorem 5.1. 

5.19. THEOREM. Let lim(a,) = a ,  where a # 0. Then there is a natural 
number j such that 

Vrn [m>i+la,I,=lal,l, 

where the quantifier refers to N. Here u is a nonarchimedean valuation. 

Proof. By(l),  lal, is positive. Since lim(a,) = a ,  there is a natural numberj 
such that for each rn > j ,  m E N ,  

la,--al,<lal,. 

la +(a, -all, = Ial,, 

So, by (6) ,  for m > j ,  

i.e., Ia,l, = Ial,. 0 

Finally, we state a useful fact about convergent series. 

5.20. LEMMA. Let u be a nonarchimedean valuation on F which is complete 
with respect to u. Then ZN a, converges i f f  lim(v(a,)) = 00; i.e., 

V B  3 q  Vn [n > q + u(a,) > B ]  

(here the first quantifier refers to R). 
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Proof. By Lemma 5.7, 

Can converges iff lim(a,) = o 
N 

iff lim(d(a,, 0)) = 0 

iff lim(e-u(un)) = o 
iff lim(u(a,)) = 00. 

Alternatively, Z N  a, converges iff lim( la, I J = 0. 

6. Hardy fields 

Recall that a real function is a map of a subset o f R  intoR. Here we shall 
confine our attention to real functions whose domains are semi-infinite 
intervals, i.e., have the form { t  I t > a } ,  where a E R .  For example, 
{ ( t ,  t 2, I t > -5) and { ( t ,  2 t  + 1) I t > 300) are real functions of this sort, 
whereas the functions arcsin and d( 1 - x2) do not have this property. 

Let K be the set of all real functions whose domains are semi-infinite 
intervals. We introduce an equivalence relation - on K as follows. Let f , g  E K ;  
thenf-g if there is a real numbera such that: 

(1) { t I t > a } C d o m f n  domg; 
( 2 )  vt [ t  > a -+f(t) = g ( t ) ] .  

For example, 

{ ( t ,  t 2 )  I I > 1)  - { ( t ,  t 2 )  I t > 20); 

also, f -g ,  where 

1 i f t > 0 ,  
-1 iff < 0, 

1 i f t > l 0 0 ,  
0 i f t G 1 0 0 .  

We are interested in the resulting equivalence classes; i.e., sets of functions 
of the form 

[ f l =  k l g -  A g " f ) ,  

where f €  K .  Let H be the partition of K obtained by collecting these equi- 
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valence classes. We define addition and multiplication on H as follows: 

[fl + [gl = [f+gl, [fI.[gl = [f-gl ,  

where the operations on the RHS are the corresponding operations on func- 
tions. Clearly the sum and product of two equivalence classes is independent 
of the representatives used in carrying out the definitions; i.e., the above 
definitions succeed in defining operations on H .  Moreover, it is easy to verify 
that the resulting structure X = (H, +, -, 0, 1) is a commutative ring with unit 
element. Here 

0 = [ { ( t ,  0) I c > 011, 1 = [{(t ,  1) I t 2 011. 

We say that an equivalence classe, say I), is differentiable if there is a 
member of K, say f, such that: 

(3) f E J / ;  
(4) f is differenciable everywhere in its domain. 

If these conditions are met, thenf’ E K  (because the domain o f f ’  is a semi- 
infinite interval, by assumption). In this case, we can define the derivative of 
J ,  to be [f’] , which we denote by DJ/ or by J/’. Thus 

D [fl = [fl’ = [f’l 
in case f and its derivative have the same domain. Clearly, iff-  g, where f and 
g are differentiable, thenf’ -g‘; thus [f‘] = [g’], so [f]‘ = [g]‘. 

Now, by a Hardy field we mean a subring 9 of JC such that: 
( 5 )  3: is a field under the ring operations of JC; 
(6) each member of F is differentiable; 
(7) V J /  [ J /  EF-t J/’EF]. 

For example, let F consist of all equivalence classes J /  such that some member 
Df J /  is a constant function (i.e., a function whose image has exactly one 
member) whose domain is a semi-infinite interval. Clearly J /  contains func- 
tions that are not constant; however, each member of J /  is equivalent to the 
given constant function. Notice that $‘ = 0, the equivalence class defined 
above. So 9 constitutes a Hardy field. 

As another example, let [f] E F ifffis  equivalent t o  a rational function 
(i.e., f - p / q ,  where p andq are polynomial functions). Clearly 9 is a Hardy 
field. 

Each Hardy field can be ordered in a simple way. To  see this we need the 
following fact. 

6.1. LEMMA. Let [f] be any nonzero member of a Hardyfield. Then there 
is a real number b such rhat f (t)  > 0 for each t > b,  or else f (t)  < 0 for each 
t > b .  
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Proof. By assumption, [f] has a multiplicative inverse, say [g] ; also, [f] is 
differentiable. Therefore there is a real number b such that f(t)g(t) = 1 and 
f ’ ( t )  exists for each t > b. Assume that there are real numbers r and s, both 
greater than b, such that f ( r )  > 0 and f(s) < 0. Butfis continuous on the 
semi-infinite interval ( t  I t > b } ;  thus, by the Intermediate Value Theorem, 
fhas  a zero between r and s; so f ( t ) g ( t )  = 0 for some t > b. This contradic- 
tion establishes our lemma. 0 

If f ( t )  > 0 for each t > b, and g E [f], then there is a real number c such 
that g(t) > 0 for each t > c. We can use this property of a Hardy field 9 to 
define its positive elements and thereby introduce an order relation on 9. We 
say that [f] is positive if there is a real number b such that f ( t )  > 0 for each 
t > b. Clearly [O] is not positive; by Lemma 6.1, each nonzero field element, 
or its additive inverse, is positive; moreover, the sum and product of positive 
field elements are positive. We conclude that each Hardy field is ordered by 
the relation < for which 

[f] < [g] iff [g-f] is positive. 

The resulting ordered field may, or may not be, archimedean; this depends 
upon 9 itself. For example, let 9 be the Hardy field built around constant 
functions, i.e., J/ E F iff J/ contains a constant function; here 9 is an archi- 
medean field. On the other hand, let 9 be a Hardy field such that [XI E F, 
where x is the identity function {(t ,  t)  I t ER}. We claim that this Hardy 
field is nonarchimedean. Clearly 

We shall show that n [ 1 ] < [XI for each n E N .  Now 

n [ l ] =  [ I ] +  ...+ [ 1 ] = [ ( ( t , n ) I t ~ ~ ) ] =  [n]. 

Here the n on the RHS is a constant function, and the n on the LHS is a 
natural number. But n(t)  < x( t )  for each t > n; thus [x - n] is positive, so 
n [ 11 < [XI .  We conclude that 9 is nonarchimedean. Notice that [XI is 
infinite (see Section 3); it follows that [ l/x] , the multiplicative inverse of [XI, 
is an infinitesimal. 

(pp. 107-126) and Robinson [1972]. 
For a more penetrating study of Hardy fields, see Bourbaki [ 19511 
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7. The field d: 

We now present a nonarchimedean field, called L, whose field elements are 
generalized power series with real coefficients and real exponents; this field 
was studied by Levi-Civita late in the nineteenth century, by A. Ostrowski in 
the 1930’s, and more recently by D. Laugwitz (see Levi-Civita [ 1892/93], 
Ostrowski [ 19351 and Laugwitz [ 19681). 

The elements of L are expressions of the form 

(7.1) sot" + a p  + ...) 
where each ak,vk E R ,  vo < u1 < v 2  < ... and {un I n E N }  is unbounded. In 
other words, we face two sequences of real numbers, of which one is required 
to be strictly increasing and unbounded. More simply, we face a sequence of 
ordered pairs 

(ao, vo), (a1 7 q), (az, VZ), ... 
whose second terms are strictly increasing and unbounded. We shall identify 
two sequences of this sort if each ordered pair that occurs in one, but not in 
the other, has first term 0. This agreement allows us to suppress any term of 
the series (7.1) with zero coefficient. As usual, we shall denote a series of the 
form (7.1) by 

Moreover, we shall denote 

c O t V k  
N 

by 0, we shall denote the series 

I t0  + Of’ + O f 2  + ... 
by 1, and 

t + 0 t 2  + 0 t 3  + ... 
by f .  

up powers o f t ;  i.e., 
Addition is defined as the term-by-term sum of the given series, after lining 
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where (hk) is the increasing sequence whose image is the union of the images 

if hk = up = p,, 

if hk = up and hk does not occur in (pi ) ,  

if hk = p, and hk does not occur in (ui). 

Of the Sequences (Uk) and (&), i.e. {Uk I k E N }  u { p k  I k E N } ,  and 

up + b, 

For example, 

where 

if k is odd, 
Ck = [ :+ 1 ifkiseven. 

Multiplication is defined in terms of the product of the partial sums of the 
given series; i.e., 

where (hk) is the increasing sequence whose image consists of all sums of the 
form ui + pj, and 

co =aobo,  

c1 = C a i b j ,  

where i and j are chosen so that ui + pj = A,, and in general 

Ck = c ai bj, 

where i a n d j  are chosen so that ui + pj = A,. For example, 

(Ctk)(  Ctk+l)= C k t k .  
N N N 

Notice that a term of Z N  aktuk with zero coefficient has no impact on a 
sum or product involving this series; so the operations of addition and multi- 
plication are compatible with the notion of equality for our generalized power 
series. It is a routine matter to verify that d: constitutes a field under these 
operations. The existence of a multiplicative inverse of ZNaktYk # 0 can be 



CH. 1, $71 THE FIELD L 33 

established by solving the equation 

for the unknowns yo, xo, p l ,  xl, p 2 ,  x2, ... in that order. In particular, 

Po = -0, xo = U q ) ,  

It  is convenient to adopt the following convention: if x N a k t V k  is a non- 

/A1 = V l - 2 2 v o ,  X i  =-Q,/Uo. 2 

zero member of L ,  then a0 # 0; i.e., we agree to suppress all zero terms 
preceding the first nonzero coefficient of a nonzero field element. 

Next we wish to introduce an order relation on L. The first step is to de- 
fine the positive elements of L. We say that Z N  a k t  vk is positive if a. > 0 (i.e., 
its first nonzero coefficient is positive). Clearly, 0 is not positive; for each 
nonzero field element, either it or its additive inverse is positive; the sum and 
product of positive field elements are both positive. We conclude that the 
field d: is ordered by the associated relation <, i.e., the relation defined as 

We claim that the resulting ordered field is nonarchimedean. To see this, 
notice that 0 < t < 1 since both t and 1 - t are positive. But for each n E N ,  
nt < I since I - nt is positive; here nt = Z N a k t  k ,  where al  = n and ak = o 
if k # 1. SO the field element t is an infinitesimal. Moreover, Z N  a k t  vk is a 
nonzero infinitesimal iff vo > 0. 

on the field d: as follows. Let u be the mapping o f L  into R U { O O }  such that 
In view of our last remark, we can introduce a nonarchimedean valuation u 

u(0) = CQ, if C a k t u k  + o 
N 

(so a. # 0, remember our convention). Clearly u satisfies (l), (2) and (3) of 
Section 4. So (Y is a nonzero infinitesimal of the nonarchimedean field L iff 

Next we shall prove that d: is complete with respect to u. Let (a,) be any 
u(a) > 0. 

Cauchy sequence of field elements, i.e., 

b'e3nob'mn [ m , n > n o + I ~ m - a , l n ~ e l .  

It follows, in a few steps, that for each natural number j ,  u(am - an) > j if 
only m and n are large enough (i.e., greater than some suitable no, which 
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depends on j ) ;  so 

where A, > j .  In other words, with the exception of the first few generalized 
power series in the sequence (a,), these field elements have the same coeffi- 
cient for any term whose exponent does not exceed j .  

Form the sequence 
This fact allows us to construct the limit of the given Cauchy sequence (a,). 

(a,, q))? (01, q), (q, v2),  ... Y 

where a. tuo is the first term of each generalized power series in (a,), except 
for the first few; a l tu l  is the second term of each generalized power series in 
(a,), except for the first few; az tw  is the third term of each generalized power 
series in (a,), except for the first few; etc. Now let 

By construction, for each integerj, u(a - an) > j if n is sufficiently large; so 
lim( I a - a, I J = 0, thus lim(a,) = a. This proves that each Cauchy sequence 
in d: converges (with respect to u).  Thus d: is complete with respect to u. 

The exponents of a generalized power series zN a k f  ’k must satisfy two 
conditions: 

(i) uo < u1 < v 2  < ..., 
(ii) (v, I n EN} is unbounded. 

These conditions are needed to ensure that generalized power series form a 
field; to be specific, to ensure that each nonzero power series XN akf  uk has a 
multiplicative inverse. Notice, for example, that xNt-l’k does not have a 
mu1 tiplicative inverse. 



CHAPTER 2 

NONSTANDARD ANALYSIS 

1. The method of mathematical logic 

Here, and again in Section 4, we shall establish the existence of a non- 
standard model *6? of the real number system; in fact we shall prove the 
existence of an elementary extension of the real number system 61. In this 
section we shall use fundamental ideas of mathematical logic to achieve our 
goal; in Section 4 we shall actually construct a suitable nonstandard model of 
63 by forming the ultrapower 6?’/U of 63 with respect to a free ultrafilter U 
over an index set I .  

( R ,  +, a ,  <, 0, 1). Here, however, we shall regard the real number system in 
the widest possible sense, since we must include within its scope any concept 
or idea associated with this number system. Thus, 63 is the structure whose 
supporting sets include R ,  N ,  the positive real numbers, 3 R ,  the set of all 
functions, etc., and which includes each concept of the real numbers as a rela- 
tion of the structure. Of course, this structure has infinitely many terms. For 
example, we include the upper bound concept as a relation of the real number 
system 6?. This means that we form the set of all ordered pairs (S, a) ,  where 
S E 3 R  and a E R ,  provided that a in fact is an upper bound of the set S. 
Similarly, the least upper bound concept is a relation of 6?. We shall denote 
these relations by U and L ;  so “USa” means that a is an upper bound of S, and 
‘ZSa” means that a is a least upper bound of S. 

By assigning names to the relations of 63 in this manner, and utilizing the 
connectives of symbolic logic, we build up a language called the language of 63. 
This is a fragment of the informal language usually used to communicate facts 
about 6?. To emphasize the importance of the notion of the language of a 
structure, we present a thorough discussion of this topic in Section 2. 

number system as follows: 

(1.1) 

By the real number system one usually means the ordered field 

In the language of 6? we can express the Completeness Theorem of the real 

t/S [S f fJ A 3 X USX + 3 y  LSY]. 

35 
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Now the Compactness Theorem of mathematical logic asserts that a set of 
statements (within a certain, well-defined language) has a model if each of its 
finite subsets has a model. An acceptable set of statements is obtained by 
writing down all statements, such as (1. l ) ,  that are true for di, and belong to 
the fragment of the informal language of di characterized in Section 2. This is 
why we include all possible concepts of the real numbers in di. Moreover, we 
shall include in our postulate set the statements 

o E N , w > O , o > l , w > 2  ,..., 

where o is an uninterpreted placeholder (i.e., a free variable); we choose o to 
be a symbol that does not occur among our other postulates. 

By assumption, each postulate of the first sort is true for 61. Moreover, any 
finite number of postulates of the second sort can be satisfied in di by inter- 
preting w as the smallest natural number greater than each natural number 
occurring in the RHS of these postulates. Thus, by the Compactness Theorem, 
our postulate set has a model; we seize on one of the models of our postulate 
set and call it  *di. 

It must be emphasized that *di is a structure patterned on 61; in general, 
each term of *di corresponds to a unique term of 63 (for exceptions to this 
statement, see Section 2).  We indicate this by denoting a term of *di by 
starring the corresponding term of di, if there is one. So *R corresponds to R ,  
and *N corresponds to N .  This means that the real numbers of *di are the 
members of *R, and that the natural numbers of *di are the members of *N. 
For each a E R ,  “a < a  + 1” is in our postulate set; thus *R contains a number 
identified with a,  which we take to  be a itself. 

The point is that *bi is a structure of the same type as bi, indeed is an exten- 
sion of di, such that: 

( 1) *R is a proper superset of R. 
(2) Each statement that is true for 62 is true for *di when interpreted in *A. 
These structures are different because *di possesses a number, correspond- 

ing to o, that is greater than each natural number, so is greater than each real 
number (in the usual sense); for simplicity, we shall denote this number by “o” 
Of course, ( 2 )  is a consequence of our choice of *di as a model of a postulate 
set that includes all statements that are true for di. 

Notice that the converse of ( 2 )  follows from ( 2 )  itself. This establishes the 
vitally important Transfer Theorem, which we now state; here *A represents 
the interpretation of A in *di, i.e., *A is the statement of *di obtained from A 
by starring its relations and starring each occurrence in A of a member of a 
supporting set of di. 

Notice that each finite subset of t h s  postulate set has a model, e.g., di itself. 
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1.2. TRANSFER THEOREM. Let A be any statement in the hnguage of R. 
Then *A is true for *R i f f A  is true for R. 

The Transfer Theorem is extremely powerful since it allows us to  utilize 
our knowledge of R in studying *R. Bear in mind the restriction on A ;  A must 
be a statement in the language of R (see Section 2). Also, we must take care 
when verbalizing a statement *A in the language of *R. The fact is that a 
supporting set, or relation, of *R need not have quite the same significance as 
the corresponding supporting set, or relation, of R. 

To illustrate the pitfalls, consider the Completeness Theorem. Now (1.1) is 
true for R; so (1.1) is true for *R when interpreted in *a. at first glance, this 
appears to be a paradox in view of the following argument, which purports to 
demonstrate that the Completeness Theorem is not true for *R: 

“Certainly, *R possesses infinitesimals (since the multiplicative inverse of 
an infinite number is an infinitesimal). Let S be the set of all infinitesimals 
of *R. Then S is nonempty and has an upper bound; indeed, each positive 
a E R is an upper bound of S. Suppose, for the moment, that S has a least 
upper bound, say t .  Either t is a positive infinitesimal or r is greater than some 
positive real number a.  In  the latter case, a itself is an upper bound of S ,  so t 
is not its least upper bound. In the former case, 2 t  E S  and t *< 2 t ;  so t is not 
an upper bound of S. We conclude that S does not have a least upper bound; 
so the Completeness Theorem is not true for *R.” 

The fallacy in this argument consists in failing to interpret (1.1) in *R. 
After all, what we mean by the Completeness Theorem for *R is the interpre- 
tation of (1.1) in *R. We do not mean the following: “Each nonempty subset 
of *R that has an upper bound, has a least upper bound”. To see the distinc- 
tion we must write out the Completeness Theorem for R in detail, avoiding 
the streamlined notation in which quantifiers refer to specific supporting sets. 
Imagine, then, that we have equipped both 61 and *R with a basic set, the 
union of the supporting sets of the structure involved. The Completeness 
Theorem for R is 

( 1.3) 
Interpreting this statement in *R yields 

(1.4) 
Indeed (1.4) is true for *R; notice that (1.4) does not assert that each nonempty 
subset of *R that has an upper bound, has a least upper bound. Instead, (1.4) 
asserts that each nonempty set contained in *(3R) that has an upper bound, 
has a least upper bound. The fact is that *(3R) # ?(*R); i.e., some subsets of 

V z  [ z  E 3R -+ ( z  # (?I A 3 x  [x E R A uzx]  + 3y [y  E R A L z y ] ) ] .  

vz [ z  E *(pR) + ( z  # 8 A 3x [x E *R A *uzx]  + 3y E *R A *Lzy ] ) ] .  
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*R are not contained in *(3R). In particular, the above paradox demonstrates 
that S B *(3R), where S is the set of all infinitesimals of *6?. 

Fundamentally, each relation, or concept, of a structure is characterized by 
a set. Indeed, the truth or falsity of a statement in 6? or *6? depends upon the 
sets that represent the concepts involved in the statement. Generally, the set 
representing a concept in *61 is not the set that represents it in 61. More to the 
point, the set that represents a concept in *6? generally cannot be verbalized 
in the same direct and simple fashion as for 63. For example, the set of all 
subsets of R is nor represented in *6? by the set of all subsets of *R; rather, 
it is represented by *(PR), a certain set of subsets of *R. 

The idea of interpreting a statement in a structure can be illustrated by 
considering the statement 

vx [x # o+ 3y [xy = 111. 

We are accustomed to interpreting this statement in several number systems, 
e.g. the real number system, the rational number system, and the system of 
integers. To determine its truth value in a particular number system, we con- 
sider the operation of multiplication of that number system and the number 
set involved. We arrive at the conclusion that this statement is true for the 
real number system and for the rational number system, but is false for the 
system of integers. Notice that we have interpreted a statement in a number 
system, by interpreting the concepts involved in the statement, and have 
reached a decision regarding its truth or falsity in that structure. 

Returning to our description of the real number system 61, we point out 
that each real function can be represented by a relation on R. T h s  is due to 
the fact that each function is characterized by a set of ordered pairs; so, a 
function is a binary relation, i.e., a subset of R X R. Moreover, any binary 
relation on R can be regarded as a function provided that no two of its 
members have the same first term. Our point, here, is that specific functions 
can be terms of 63. Let f be a function, and suppose that the corresponding 
relation, which we also denote byf, is a term of 61. We mention that the 
mathematical statement f ( i )  = b is rendered in the language of 6( by (a, b) Ef, 
which is sometimes abbreviated by writing f ib .  

As stated earlier, it is often convenient to use the language of operations; 
this we shall freely do. To illustrate, consider the statement 

This can be expressed in terms of relations as follows: 

( 1-61 3 U W  [(x, U) E f" ( y  , U) E f A ( W ,  U, U) E -k A ( W ,  h) E <] . 
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Comparing the readabllity of these statements, it is evident that we should 
utilize the language of functions in this case (and in many other cases). 

the stars that are part of the names of some relations of *63 - provided that 
it is clear from the context that we are referring to *63, not 63. 

In the remainder of this section we shall present a few basic facts about *bi, 
enough to understand the nonstandard analysis used in this book. We mention, 
first of all, that the substructure of *63 

As another step toward improved readability, we shall frequently suppress 

where *’s have generally been suppressed, is a nonarchlmedean field. Accord- 
ingly, we shall speak of the infinitely large elements of *R, the infinitesimals 
of *R, and thefinite members of *R (see Section 1.3). 

Here is an important equivalence relation on *R. Let a,b E *R; we shall 
write a = b (read “a is infinitely close to by’) provided that a - b is an infinites- 
imal. Clearly 0 is an infinitesimal, - E  is an infinitesimal if E is an infinitesimal, 
and the sum of two infinitesimals is an infinitesimal (see Section 1.3). It follows 
that the binary relation = is an equivalence relation on *R. 

The following is a basic fact about the finite members of *R. 

1.7. FUNDAMENTAL THEOREM ABOUT FINITE NUMBERS. Each finite 
number is infinitely close to a unique member of R.  

We leave the proof to the reader; see Robinson [ 19661 or Lightstone [1972]. 
In other words, each finite a E *R can be represented uniquely as a sum of 

the form r + E ,  where r E R and E = 0. Recall that we have agreed to identify 
the image in *R of each member of R with the member of R involved. 

As an illustration of the Fundamental Theorem about Finite Numbers, we 
mention that in *63, each interval of infinitesimal length contains at most one 
number in R .  For example, the open interval ( t  - E ,  t + E ) ,  where t E R and E 

is a positive infinitesimal, contains exactly one number in R,  t itself; the open 
interval ( E ,  2 ~ )  contains no number in R ;  the open interval (a, o + E ) ,  where 
w is infinite, contains no number in R. 

denoted by Oa. Indeed, each member ofR is said to be standard. 

interpreted in *63 (see (2) above). As we have pointed out, it is crucial to 
realize that a concept of *63 may differ in a subtle manner from the corre- 
sponding concept of bi. A useful tool for studying this distinction is the 
notion of an internal entity of *63 and the complementary notion of an external 

If a = r + E ,  as in our theorem, then r is called the standard part of u, and is 

Consider again the fact that each statement true for 61 is true for “bi when 
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entity. Now a concept of 63 such as the notion of the set of all subsets ofR,  
in *63 is merely a set of certain subsets of *R. Each member of *(!?R) is said to 
be an internal subset of *R; any other subset of *R is called an external subset 
of *R. This terminology applies to each supporting set of *63. For example, the 
set of all functions is a supporting set of 63; in *63 the corresponding supporting 
set is merely a set of certain functions (i.e., maps of an internal subset of *R 
into *R). Each function in this set is said to be an internal function; any other 
map of a subset of *R into *R is called an external function. Similarly we shall 
speak in *R of its internal or external sequences. 

The importance of internal versus external entities rests on the fact that 
each statement that is true for 63 is true for *63 provided its quantifiers are re- 
stricted to the internal entities of *@. 

Let us, once again, illustrate this vital point. Now Peano’s induction postu- 
late 

(1  -8) 

is certainly true for 63. Therefore (1.8) is true for *63 when interpreted in *63; 
i.e., 

V S  [l E S  A Vx [x E S + x + 1 €81 +S = N ]  

(1.9) V S  [1  ES A V x  [X E S + x  + 1 E S ]  +S = *N] 

is true for *6? provided that we read “VS” as “for each internal subset S of *N”. 
Thus (1.9) asserts that there is just one internal subset of *N, namely *N itself, 
such that both 1 is in the subset and the successor of each member of the 
subset is in the subset. Of course, N has both these properties; we also know 
that N # *N, so we must conclude that N is an external subset of *N. 

2. The languages of di and *6( 

Here we shall spell out the fragment of the informal language of a structure 
which we used in Section 1 .  We shall follow the procedure used to define the 
language of the predicate calculus, a basic notion of mathematical logic. For 
each structure, then, the resulting language follows a common pattern. By 
restricting our attention to this fragment of the informal language of a structure, 
we can take advantage of powerful metatheorems of mathematical logic (i.e. 
theorems about the language, e.g. the Transfer Theorem 1.2 and Log Lemma 4.1). 
Moreover, there is a well-defined procedure for determining the truth or falsity, 
in the structure involved, of a statement in the restricted language. 

Turning to the real number system 63, we regard numbers, tuples of num- 
bers, and sets of numbers as objects; more generally, the members of the 
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supporting sets of 61 are called objects. These, together with the relations of di, 
generate statements such as 

3 E N ,  ( 2 , 5 )  E<, (2,5,7) E +, 
which are true. On the other hand, we can formulate the statements 

- 3 E N ,  (5,2)E<, (2,5,6)E+, 

which are false. More usually, some of these statements are expressed by: 

2<5 ,  2 + 5 = 7 ,  5<2, 2 + 5 = 6 .  

Each statement of the form a E T,  where a is a tuple of objects of 61 (i.e. 
members of its supporting sets) and T is a relation of 63, is called an atomic 
statement of 61. The statement a E T is true if the tuple a is a member of the 
set T ;  otherwise a E T is false. Each atomic statement of 61 has a unique 
truth value. 

We build on the atomic statements of 61 by utilizing the connectives of 
symbolic logic. Let p and 4 be any statements of our language, either atomic 
statements introduced above or more complicated statements built up from 
atomic statements by means of our connectives. Then we say that each of the 
following is a statement of R: 

1 P  (notp), 
P v 4 (P or d? 
P A 4  (P and 41, 
p +. 4 (ifp, then 4), 
p - 4  (Piff4).  

Thus l p  is true if p is false, and is false if p is true; p v q is false just in case 
both p and q are false; p A 4 is true just in case both p and 4 are true; p -+ 4 is 
false just in case p is true and 4 is false; p - 4 is true if p and 4 have the same 
truth value, and is false i f p  and 4 have different truth values. 

Continuing our definition, let P(x) be a statement form, i.e. an expression 
involving a placeholder, here x ,  such that replacing x by an object yields a 
statement. Then we say that Vx [P(x)]  , which we sometimes write more 
simply as VxP(x ) ,  is a statement of di; this statement is true for Qi provided 
that each statement of the form P(u), where Q € A  and A is a specified 
supporting set of 61, is true for 61. Thus each quantifier refers to some 
supporting set of 61; as we have mentioned earlier, this is usually done typo- 
graphically. Similarly, 3 x  [P(x)]  is a statement of &; this statement is true for 
di provided thal at least one statement of the form P(u), where a E A and A is 
the supporting set of di referred to by the quantifier, is true for 61. 
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We mention that each statement in the language of 61 must be of finite 
length; i.e., each statement may contain only a finite number of instances of 
connectives (so only a finite number of instances of atomic statements). 

The language of *A, indeed of any structure, is defined by following the 
same procedure as in the case of 61. First we define the atomic statements of 
the language; thus each expression of the form a E T, where a is a tuple of 
objects of *IS? (i.e., members of its supporting sets) and T is a relation of *A, is 
called an atomic statement of *61. The statement a E T is true if the tuple a is 
a member of the set T;  otherwise a E T is said to be false. Just as for the 
language of 61, we build on the atomic statements of *A by utilizing the con- 
nectives of symbolic logic. Moreover, we define the truth value of each of the 
resulting statements in terms of the truth values of its components, just as in 
the case of the language of 61. 

As we have suggested, certain relations of *61 correspond to relations of A; 
each relation of this sort is  denoted by starring the corresponding relation of 
61. Each statement in the language of *A which involves only relations that 
correspond to relations of 61 in this way yields a statement in the language of 
61 by merely removing all * 's and interpreting all quantifiers appropriately 
(i.e., as referring to a supporting set of 61, not *R). 

There are two sorts of statements in the language of *61: those that yield a 
statement in the language of A, as just described, and those that do not yield 
a statement in the language of di. A statement of the latter sort will involve a 
relation of *A that does not correspond to any relation of A, or it will involve 
an external object of *A, or it will involve an internal object that is not rooted 
in an object of di. For example, the equivalence relation =, introduced in 
Section 1, is a relation of *61 but not of A; the set of all infinitesimals, the set 
of all infinite numbers, and the set of all finite numbers form unary relations 
of *61 but not of 61. We point out that the Fundamental Theorem about 
Finite Numbers 1.7 is a statement of *A which does not reduce to a statement 
of 61. 

This classification of the statements of *A into two classes is of fundamen- 
tal importance; for example, see the Ultrapower Theorem 4.2. To sharpen 
this concept, we shall refer to the internal language of *A and to the external 
language of *a. A statement in the language of *63 is in the internal language 
(and is called an internal statement of *61) provided that it is the interpretation 
in *A of some statement in the language of 61. The external language of *61 
consists of all other statements (called external statements of *A) in the 
language of *a. 

other external object of *61 i s  an external statement of "61. 
For example, any statement of *61 that involves N ,  R ,  {E I E = 0) or any 
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3. Filters 

The purpose of this section is to establish the existence of a free ultrafilter 

We begin by presenting the notion of afilter over an index set I. Let F be 

( 1) VAB [A E F A A C B C I + B E F ]  (the superset requirement); 
(2) V A B  [A,B€ F + A  r7 B E F ]  (the intersection requirement); 
(3) @ @ F (the empty set requirement); 

Here are some examples. 

over a denumerable index set. 

a collection of subsets ofZ such that: 

then F is said to be afilter over I .  

3.1. EXAMPLE. Take { 1,2} as the index set, and let F = {{ l}, { 1,2}}. Then 
F is a filter over { 1, 2). 

3.2. EXAMPLE. Take N = { 0, 1,2, ...} as the index set, and let 
F = { A  I A C N A  O E N } .  Then F is a filter overN. 

Notice that there is just one filter over the empty set, namely the empty 
set. For this reason, many authors require an index set to be nonempty. More 
generally, the empty set is a fdter over any index set. 

The filters of our examples have the property that n A E F A  # 9; indeed, 
some member of the index set is in each element of the filter. Any fiter with 
this property is said to be fixed. A filter which is not fixed is said to befree. 

3.3. EXAMPLE. Take N as the index set, and let A E F iffA is a cofinite 
subset of N ,  i.e., N - A  is finite. It is easy to verify that F is a filter over N .  
Moreover, F is free. We must show that no member of the index set is in each 
element of the filter. Let n E N .  ThenA E F ,  whereA = N -  {n}. But n $ A .  
This proves that F is free. 

3.4. EXAMPLE. Let I be any infinite set, and let A be any infinite subset of I. 
Define F as follows. Let S E F iff S C I and S contains infinitely many mem- 
bers ofA. Certainly F satisfies the superset requirement and the empty set 
requirement; however, F does not satisfy the intersection requirement (e.g., 
there are two disjoint subsets o f l  each of which contains infinitely many 
members of A ) .  So F is nof a filter over I. 

Next we want to characterize a filter F over I, a non-empty index set, 
which cannot be extended to a bigger filter over I; i.e., if A is a subset of I 
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such that F U { A }  is a filter, then A E F. This is the notion of a maximal 
filter over I. It turns out that a filter F over I ,  a nonempty index set, is maxi- 
mal provided that F satisfies the following condition: 

Any filter that satisfies the ultrafilter requirement is said to be an ultrafilter. 
Notice our use of the “exclusive or” in (3’). 

We mention that the empty set requirement is deducible from the superset 
requirement, the intersection requirement and the ultrafilter requirement, 
provided that the index set is nonempty. Accordingly, we can characterize an 
ultrafilter over a nonempty index set as follows. 

(3’) VA [A C Z -+A E F v I - A  E F ]  (the ultrafilter requirement). 

3.5. THEOREM. Let Z be any nonempty set, and let U be a collection of 
subsets of I such that: 

(1) v A B [ A E U A A  C B C I + B E U ] ;  
(2) ~ A B [ A , B E U + A  ~ B E U ] ;  

(3‘) VA [A CZ+A E u y I - A  E U]. 
Then U is an ultrafilter over I. 

Proof. Since I is nonempty, it follows from (3‘) that U is nonempty. Indeed, 
let x EZ; then {x} C I ,  so either {x} E U orZ - {x} E U (but not both). It 
may be that I -  { x }  = 6;  even so, U possesses a member, {x} or Z - {x}. By 
(l), each superset (in I )  of a member of U is also in U; therefore Z E U. So, 
by (3‘), (4 4 U. This proves that U meets the empty set requirement, so U is a 
filter over I .  This completes our proof. 

The filter of Example 3.2 is an ultrafilter over N ;  this is a fixed ultrafilter 
since 0 is in each element of the filter. The filter of Example 2.3 is not an 
ultrafilter; for example, neither { 1,3 ,  5, ...} nor { 0, 2 , 4 ,  ...} is in this filter. 

We have not yet presented an example of a free ultrafilter. The difficulty 
is due to the fact that the index set of a free ultrafilter must be infinite. 

3.6. LEMMA. Each filter that possesses afinite subset of the index set is 
fixed. 

Proof. Let F be a free filter over an index set I ,  and let T be a finite subset of 
Z such that T E F.  Since F is free, corresponding to each member t of T there 
is a member A ,  of F such that t $ A , .  By the intersection requirement, 
A ,  n T E  F for each t E T.  So n t E T ( A r  n T )  E F, again by the intersection 
requirement. But ntET(At fl T )  is the empty set. This contradicts the empty 
set requirement. We conclude that no finite subset of I is in F.  So each filter 
that possesses a finite subset of the index set is fixed. 0 
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To prove the existence of a free ultrafilter we shall make use of Zorn’s 
lemma, which we now recall. 

3.7. ZORN’S LEMMA. Let P be a nonempty partially ordered set for which 
each simply ordered subset has an upper bound. Then P has a maximal element. 

We explain that a maximal element of P is a member of P which precedes 
no other member of P (with respect to the given partial ordering). 

Throughout the remainder of this section, we shall restrict our attention to 
nonempty index sets. 

It is clear that each ultrafilter is maximal over its index set. It  is not so clea 
that each maximal filter over a nonempty index set I is an ultrafilter. Our plan 
is to prove that each filter over I can be extended to a maximal filter over I 
(i.e., is a subset of a maximal filter over I). Next, we shall prove that if F is 
maximal, then F is an ultrafilter. Finally, we shall prove that if the index set I 
is infinite, then the filter of cofinite subsets o f 1  can be extended to  U, a 
maximal filter over I. Since U is maximal U is an ultrafilter; since U contains 
the filter of cofinite subsets of I, U is free. 

and let P be the set of all filters F over I such that Fo C F.  The subset relation 
C is a partial ordering on P. Moreover, each simply ordered subset of P has an 
upper bound in P, namely its union (we shall prove this in a moment). Therefore, 
by Zorn’s Lemma, P has a maximal element, say U. 

To begin this program, let I be any nonempty set, let Fo be any filter over I, 

We shall now prove our statements. 

3.8. LEMMA. Let S be any simply ordered subset of P, and let F = US. Then 
F E P .  

Proof. By construction, F is a superset of Fo. We must show that F is a filter 
over I. 

(i) Let A E F ,  and let A C B C I. There is a member of S, say Fi, such that 
A E Fi ;  thus B E Fi (since Fi is a filter over I). Therefore B E F.  

(ii) LetA,B E F.  There are members ofS, say Fi and Fi, such thatA E Fi 
and B E Fi. Since S is simply ordered, Fi C Fi or Fi C Fi. So A,B E Fk, where 
k E { i , j } .  ThereforeA n B E Fk; soA n B E F.  

(iii) If 8 E F ,  there is a member of S, say Fi,  such that 8 E Fi. This is im- 
possible since Fi is a filter. We conclude that 8 $ F. This completes our proof 
that F is a filter over I; so F E P. 0 
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By Zorn’s Lemma, P has a maximal element, say U; by construction, U is a 
superset of Fo and is a filter over I .  This establishes the following fact. 

3.9. LEMMA. Each filter over r. a nonempty set, can be extended to a maximal 
filter over I .  

Next we want to prove that each maximal filter over I ,  a nonempty set, is 
an ultrafilter over I .  Let U be maximal and suppose that U is not an ultrafilter. 
Then there is a nonempty subset A of I such that A 4 U and I --A @ U. Our 
plan is to regardA as an index set, and to construct a filter overA from the 
sets in U. Delete from each member of U all members of I - A  ; this yields a 
collection of subsets ofA which we call F. The idea is to use F to extend U to 
a bigger filter over I .  First we shall show that f is a filter over A .  

3.10. LEMMA. F is a filter over A. 

Proof.(i) L e t A I E F , a n d l e t A 1  C A 2  CA.There isasubset o f I -A , sayB,  
such that A,  U B E U. But A , U B C A, U B, so A, U B E U. ThusA2 E F. 

(ii) LetAl,A2 EF. By assumption, there are subsets ofl--A, sayB1 and 
B2, such that A,  U B ,  E U and A ,  U B2 E U. By the intersection requirement, 

i.e., 
(-A 1 UB,) n (A2 uB2) E u, 

(A 1 n -A 2 )  u (B 1 n B 2 )  E u, 
S O A ,  n ~ ,  E F. 

(iii) If 8 E f ,  there is a subset of I --A, say B ,  such that B E U. By the 
superset requirement, I - A  E U. But I - A  4 U; we conclude that 8 @ F. 
This proves that F is a filter over A .  0 

We propose to use f to extend U to a bigger filter over I .  Adjoin to U each 
member of F ,  together with each of its supersets in I .  The resulting collection 
of subsets of I ,  which we shall call U ’, is a filter over I .  

3.1 1. LEMMA. U ’ is a filter over I. 

Proof. The superset requirement is met by construction. Let C,D E U’. NOW 
C n D E U’ if both C and D are in U or if both are in F,  more generally, if 
both C and D are supersets of elements of F. Assume that C E U and D E F 
(this covers the case that D is a superset of an element of F). Then there is a 
subset ofl--A, sayB,, and a subset ofl, sayAl,  such that C = A ,  UB,. 
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Thus 

cnD=(A, uB,)nD=A, nDEF 

(since F is a filter). So C n D E U'. This shows that U' meets the intersection 
requirement. Since b f$ F and (4 f$ U, 8 is not in U'. We conclude that U' is a 
filter over I. 0 

a maximal filter over I .  This contradiction proves that U is an ultrafilter. 
By construction, U C U'; indeed, U is a proper subset of U'. Thus U is not 

3.12. LEMMA. Each maximal filter over I ,  a nonempty set, is an ultrafilter. 

Lemma 3.12 establishes our claim that the ultrafilter requirement is a 

Finally we shall establish the existence of a free ultrafilter. Take I infinite; 
criterion for a maximal filter over a nonempty index set. 

by Lemma 3.9, the filter of cofinite subsets o f f  can be extended to a maximal 
filter over I, say U. But the filter of cofinite subsets is free; thus U is free. 
Moreover, by Lemma 3.12, U is an ultrafilter. We conclude that U is a free 
ultrafdter. T h s  establishes the following fact. 

3.13. THEOREM. There is a free ultrafilter over I ,  provided that I is infinite. 

4. The ultrapower construction 

In Section 1 we showed that there is an extension of the real number 
system, which we called *A, that possesses infinitesimals and possesses each 
property of the real number system. Here we present another method of 
establishing this fact. 

a model of the postulate set of Section 1, which we shall again call *A, by 
utilizing A, the index set I and the free ultrafdter U. By *R we shall mean the 
set Rf of all maps o f l  into R ;  this is the number set of our structure *A. Here 
each number is a map of I into R .  Each supporting set of A yields a supporting 
set of *A in exactly the same way. For example, suppose that N ,  Seq, 9 R  and 
F are supporting sets of A, where N is the set of all natural numbers, Seq is the 
set of all sequences (of standard numbers), 3 R  is the set of all subsets o f R ,  
and F is the set of all functions on R (i.e., all maps of a subset o f R  into R). 
Then in *A the terms real number, natural number, sequence, subset and 
function have the following meaning: 

Let U be a free ultrafdter over a denumerable index set I. We shall construct 
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real number: 
natural number: 
sequence: map o f 1  into Seq; 
subset: map ofZ into YR;  
function: map o f l  into F. 

map of I into R ; 
map of I into N ;  

Similarly, each supporting set of bi is represented in *bi by the set of all maps 
of I into that supporting set. We shall refer to members of the supporting sets 
of bi as standard objects. 

Next we construct the relations of *bi; here we shall use our ultrafilter U. 
Each relation of *bi is obtained from a relation of bi by the following proce- 
dure. Let T be a relation of 43; then *T, the corresponding relation of *bi, is 
defined by 

(fp ..., f,) E *T iff { v E I  I (fI(V), ... ,f*(v)> E T I E  u. 
The underlying idea is that each relation of a structure is a set of tuples; we 
decide which tuples are members of *T by asking whether the subset of I that 
yields members of T, as described in the definition, is a member of the ultra- 
filter. Of course, a relation can connect (i.e., relate) objects from different 
supporting sets of the structure; thus the mapsfi, ...,f, mentioned above may 
be drawn from different supporting sets of *bi. For example, let VS be the 
relation of bi that expresses the value of a sequence at a natural number; here 
a typical member of VS is a tuple (a,  n,  x), where (II is a standard sequence, 
n is a standard natural number, and x is a standard real number. Thus 
(a, n, x )  E VS iff x is the value of a at n. 

corresponding relation of bi, via the ultrafilter U, let us consider the less than 
relation <. We shall write “x <y” in place of the more cumbersome (but, 
from our viewpoint, more precise) “(x, y)  E <”. Then *< is defined as 

To illustrate the manner in which each relation of *bi is built up from the 

f *<g  iff { v E I J f ( v ) < g ( v ) } E U ,  

where f and g are maps of I into R .  For example, 1 *< 2 since 

{v E I I l(v) < 2(v)} = I E u. 
Here 1 is a name for the map {(v, 1) I v € I }  and 2 is a name for the map 
{(v, 2 )  I v € I } .  Notice that f *< 2 ,  where f is  a map of I into R such that 
f ( v )  = 1 for each v in a cofinite subset of I .  

We shall identify each standard number, indeed each member of each 
supporting set of 61, with the corresponding constant map o f l  into the 
supporting set involved; constant maps of this sort are called standard. For 
example, we shall identify r E R with {(v, r)  I v E I }  and shall refer to both as 
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standard real numbers. This yields an embedding of 61 into *&I. We shall find 
it convenient to identify our index set Z withN, the set of all natural numbers. 
Under this agreement, w = { ( v ,  v) I v E N }  is a map of I into N ;  thus w is a 
natural number. Let us prove that w is greater than each standard real number r 
(i.e., r is the map of I into R such that r(v) = r for each Y €1). Now 

{v  E N I r(v) < w ( v )  1 = {v E N I r < v 1 ; 
this is a cofinite subset o fN ,  therefore is in the ultrafilter U. This proves that 
r < w ;  we conclude that w is an infinite natural number. 

As we have observed, we can regard *61 as an extension of A. We wish to 
prove, moreover, that *61 is an elementary extension of 61; i.e., each statement 
A in the language of 61 is true for 61 iff *A is true for *61, where *A is the state- 
ment of *& obtained from A by starring each of its relations and interpreting 
each object of 61 that occurs in A ,  say t ,  as the corresponding constant map 
((v, t) I v € I } .  In short, *A is the natural interpretation ofA in '61. If x l ,  ..., x, 
are the objects of 61 that occur in a statement A ,  we write A(xl, ..., x,) for A .  
Lety l ,  ...,yn be any objects bf 61. ThenA(yl, ...,y,) denotes the statement 
obtained from A by replacing xl, ..., x,*byyl, ..., y,, respectively. Moreover, 
*A( f l ,  ..., f,) denotes the statement of 61 obtained from A by starring its 
relations and replacing xl, ..., x, by fl, ..., f , ,  respectively, provided that 
f l ,  ..., f, are objects of *61. 

To achieve our goal we need the following fact. 

4.1. LO!? LEMMA. Let A = A(xl, ..., x,) be any statement of 61, and let 
f i ,  ..., f ,  be any objects of *a. Then *A(fi, ..., f , )  is true for *61 iff 

{ v  I A(f l ( v ) ,  ..., f,(v)) is true for 61) E U. 

To make the logical structure of this section more evident, and to avoid 
drowning the reader in a flood of details, we shall postpone our proof of 
Log' Lemma to Section 5; this will also allow us to elaborate on some of the 
underlying ideas of the proof. 

applies to the ultrapower R1/U = *61. This result is known as the Ultrapower 
Theorem. 

It  is an immediate corollary of Lo? Lemma that the Transfer Theorem 1.2 

4.2. THE ULTRAPOWER THEOREM. Let A be any statement in the 
language of R. Then *A is  true for *61 i f f A  is true for 61. 
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Proof. First we shall prove that *A is true for *@ in caseA is true for 61. Let 

A = A ( x l ,  ..., x,), 

gi= ((v,xj) I v e I }  

and let 

for i = 1, ..., n. ThenA(gl(v), ..., g,(v)) = A  for eachv € I .  Now 

{vIA(gl(v),  ...,g,( v ) )  is true for bi} = (v  I A is true for & } . = I .  

But I €  U ;  so, by toS’s Lemma, *A is true for *bi. 

part of this proof to the statement lB, we see that B is true for bi if *B is true 
for *&. This completes our proof. 

Next let B be any statement in the language of bi; by applying the first 

5.  Proof of tog‘s Lemma 

First we observe that toi’s Lemma asserts that each statement 
A = A ( x l ,  ..., x,) in the language of 61 possesses a certain property; namely 
that for any objectsfi, ..., f, of *bi, *A(fi, ..., f,) is true for *bi iff 

{ v  I A ( f l ( v ) ,  ..., f ,(v))  is true for bi} E U. 

Our point is that Los‘s Lemma declares that each statement in the language 
of bi possesses a common property; for the moment, we are not concerned 
with the specific property involved. 

The underlying idea of our proof is that if hi's Lemma is false, then there 
is a shortest statement of 63, say A ,  that does not have the required property. 
The length of a statement is the number of instances of logical connectives in 
the statement. Since the connectives mentioned in Section 2 can be expressed 
in terms%f three connectives, 1, v and V, we can simplify our work by ex- 
presding each connective that occurs in a statement in terms of 1, v and V; 
then we count the instances of these connectives in the resulting statement 
and so obtain the length of the given statement. Of course, each atomic state- 
ment has length zero. 

that our statement A involves a connective, which is one of 1, v and V. 
Accordingly there are just three possibilities remaining: A = lB, A = C V D, 
A = Vx E ,  where B ,  C, D and E( t )  are statements that are each shorter than A 
(so have the property), where t is any object of bi. The idea of our proof is to 
demonstrate that A has the property in each of these cases. I t  follows that 
each statement of bi has the property; in other words, Logs Lemma is correct. 

First we shall prove that each atomic statement has our property. I t  follows 
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Accordingly, there are four parts to our proof. Throughout, A represents 
a shortest statement that does not have the property of the lemma, and 
fl, ...,f, are any objects of *A. 

Part 1. Assume that A is atomic. Then A has the form 

(xi, ..., x,) E T , 

where T is a relation of A and xl, ..., x are objects of @. Here *A(f,, ..., f,) is r (f,, ..., f,) E *T. By our definition of T,  

(f,, ...,f,) E *T is true for *R iff 

{v I (fl(v), ...,f,( v)) E T is true for A }  E U, 
thus 

*A(f, ,  ...,f,) is true for *A iff 

{v I Acf l (v ) ,  ...,f,( v)) is true for A }  E U. 

We conclude that A has our property. 
Part 2. Assume that A = 1 B.  Then B has the property of the lemma, i.e., 

*B(f,, ...,f,) is true for *@ iff 

{v I Bcfl(v),  ...,f,( v)) is true for A }  E U. 

We shall show thatA = 1 B  has this property also. Assume that *A(fl, ...,f,) 
is true for *A; but 

*A(f,, ..., f,> = l*B(f,, ..., f,), 
so *B(fl ,  ...,f,) is false for *@. Therefore 

{v I B(fi(v), ...,f,( v)) is true for A }  $ U, 

{v I lB(fl(v), ...,fn( v)) is true for A }  E u 
so 

since U is an ultrafilter. Thus 

{v I Acfi(v) ,  ...,f,( v)) is true for A }  E U. 

Reading “up” this argument establishes the converse. We conclude that 1 B 
has the property. 

Purr 3. Assume that A = C v D. Then both C and D have the property. 
Assume that *A(fl, ..., f,) is true for *@, i.e., 

*w1, ..., f,) v *Dcf,, ..-,f,> 
is true for *R. Then one of the disjuncts, say *C(fl, ...,f,), is true for *R. But 
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C has our property: so 

{ u  I C(fl(u), ...,f,( u) )  is true for 61) E U. 

Thus, by the superset requirement (( 1) of Section 3) 

(5.1) { u  I C(fl(u), ..., f,(u)) v D(f l (u ) ,  ..., f,(u)) is true for bi} E U. 

To establish the converse, assume (5.1). We wish to show that 

*C(fI9 ...* f,) v *w,, .*-,f,) 

l * C ( f l ,  ...,fJ A -mf1, ..., f,) 

is true for *&I. If not, then 

is true for *bi. Since both C and D have our property, it follows that 

{ u  I I C c f l ( v ) ,  ...,f,( u)) is true for 61) E U, 
and 

{v I l D ( f l ( u ) ,  ...,f,( u)) is true for bi} E U. 

Thus, by the intersection requirement, 

( u  I 1  C(fl(u), ..., f,(u)) A l D ( f l ( u ) ,  ..., fn(v)) is true for bi} E U. 

This contradicts (5.1) since U is an ultrafilter. We conclude that 

*C(fl, ..., fJ v *D(f,, ..., f,) 
is true for *bi. ThusA has our property. 

Part 4. Assume thatA = V x E ( x , x , ,  ..., xn) .  ThenE(t,xl ,  ..., x, )  has our 
property for each object t of bi. First assume that V x  *E(x , f l ,  ..., f,) is true 
for *bi. If 

{ u  IVxE(x , f l ( v ) ,  ...,f,( u))  is true for bi} 4 U,  

D = {v I j x  [ l E ( x , f l ( u ) ,  ...,f,( u))]  is true for A} E U. 
then 

For each u ED, let a, be an object of bi such that putting Q, for x throughout 
l E ( x , f l ( u ) ,  ...,f,( u)) yields a statement true for bi. Notice that the a,’s are 
not unique; accordingly, we need the Axiom of Choice to establish the exis- 
tence of a function, say h, such that h(u) = a, for each u ED. Clearly 

{ v  I l E ( h ( u ) , f l ( v ) ,  ...,f,( u)) is true for bi} E U 

since this is a superset o fD.  By our induction assumption, l *E(h , f l ,  ...,f,) is 
true for *bi; so 3 x  [ - ~ * ~ ( x , f ~ ,  ..., j ~ l  is true for *bi, i.e., vx * E ( X , ~ ~ ,  ..., f,) is 
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false for *@. This contradiction proves that 

(5.2) 

3 x  [ l * E ( x , f l ,  ...,f,)] is true for *@. Thus there is an object g of *@ such that 
l*E(g,fl, ..., f,) is true for *@. But E = E ( t , x l ,  ..., x,)  has our property; so 

{ u  I VxE(x , f l (u ) ,  ..., f ,(u)) is true for @} E U. 

Next assume (5 .2 ) .  If V x  [*E(x , f l ,  ...,f,)] is not true for *@, then 

{ v  1 E(g(u) ,  fl(v), ..., fn(u)) is true for @I4 U. 

Notice that E(g(u) , f i (u) ,  ...,fn( Y ) )  is true for bi if V x  E(x , f l (u ) ,  ...,f,( u)) is 
true for 61; thus 

{ u  I V x  E(x , f l (u ) ,  ...,f,( u)) is true for @} 

c { u  I E(g(u),fi(u), ..., f,(u)) is true for @}.. 
Therefore 

{ u  I V x E ( x , f l ( u ) ,  ...,f,( u)) is true for @} 4 U. 

This contradiction proves that V x  [*E(x , f l ,  ...,f,,)] is true for *@. ThusA has 
our property. 

Since we have exhausted all possibilities, we conclude that each statement 
in the language of @ has our property. This completes our proof of Logs Lemma. 0 

6. *63 is sequentially comprehensive 

The purpose of this section is to prove the following fact about the ultra- 
power *@, namely that each sequence, over N ,  of objects of *@ can be extended 
to an internal sequence of *N(see Robinson [ 19731). 

6.1. LEMMA. Let B be a supporting set of *@ and let g ,  E B for each n EN. 
In *@ there is an internal sequence ( s , ) , ~ * ~ ,  such that s ,  = g ,  for each n EN. 

Proof. For simplicity we treat the case in which B is *R; our argument, however, 
easily extends to the case of sequences over any supporting set of *@. So we 
shall regard the given sequence (g,) as a sequence of real numbers, i.e., mem- 
bers of *@, where n E N .  In view of the ultrapower construction (see Section 4) 
we may interpret a real number as a map of I into R ;  thus (g,) is a sequence 
of maps. 

As we have mentioned earlier, the set of all sequences over R ,  which we 
denote by Seq, is a supporting set of @. The corresponding supporting set *Seq 
of *@ is the set of all internal sequences over *R (this is not the set of all 
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sequences over *R; recall the distinction between internal and external). In 
Section 4 we introduced VS, the relation of A that expresses the value of a 
sequence at a standard natural number; *VS is the corresponding relation of *61. 
Now a sequence in *A is a map of I into Seq, the set of all sequences whose 
terms are standard numbers. Let s be the sequence such that s(u) = (g,(u)) for 
each u E I ;  i.e., 

= (gl(4, g 2 ( 4  &), ... 1, 
a member of Seq. We claim that s is an internal sequence of *A and that s,, 
its value at n, isg, for each n E N .  

First we shall prove that s is internal. Let n be any map of I into N (i.e., n 
is a natural number), and let u be the map of I into R such that u(u) = g,(,>(u) 
for each u €I. Of course, (s(v), n(u), u(u)) E VS for each u €I; so 

{ u  I (s(u) ,  n(u), u(u) )  E VS} = I €  u. 
We conclude that (s, n, u) E *VS. 

sequence. This is due to two facts: 
We point out that the first term of each member of *VS is an internal 

(i) the first term of each member of VS is a sequence; 
(ii) (i) can be expressed in the language of 61. 

Let us make sure of this point. Consider the following statement in the 
language of A: 

(6.2) Vx [3yz [ (x ,y ,z)EVS]+xESeq] ,  

where the quantifiers refer to the basic set of 61. To see that (6.2) is true for A, 
it is sufficient to appeal to the definition of the relation VS. By construction, 
a triple is a member of VS iff its first term is a standard sequence, its second 
term is a standard natural number, and its third term is the value of the se- 
quence at that natural number. So the set of first terms of VS is the set of 
standard sequences, namely Seq. Thus (6.2) is true for A. Interpreting (6.2) in 
*A yields 

(6.3) vx [3yz [ (x ,~ ,z )E*vs]  + x ~ * ~ e q ] ,  

which is true for *61 by the Ultrapower Theorem 4.2. Therefore the first term 
of each member of *VS is an internal sequence. Since (s, n, u) E *VS, we 
conclude that s E *Seq; i.e., s is an internal sequence of “61. 

Next we shall show that the value of s at m isg, for each m E N .  Here the 
first in is the constant map that associates the standard natural number m with 
each member o f l ;  i.e., m(u) = in for each u €I. Define u as above, i.e., 
u(v) = gm(”](v) for each u E I. Then 

(~(v), m(v),  ~ ( ~ 1 1  = ( ~ ( ~ 1 9  in, gm(V))* 
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Clearly, the value of the sequence (gl(v),g2(v),g3(v), ...) at m isg,(v). So, 
for each v € I ,  (s(v), rn(v), u(v)) E VS; i.e., 

t v  I (s(v), m(v), u(v)) E VS) = I E  U. 

Thus (s, m, u) E *VS; this means that u is the value of s at m (in symbols, 
s, = u). But for each Y € I ,  

4~) = gm(v)(v) = g,(v), 
so u = g,. This proves that s, = g, for each m E N ,  and completes the proof 
of our lemma. 

The lemma asserts that each sequence (g,) overN, of objects of *61 from 
the same supporting set, can be extended to an internal sequence of *61. We 
describe this property of *A by saying that *A is sequentially comprehensive. 
It  is important to know that a sequence over N can be extended to an internal 
sequence over *N because of the central importance of internal entities. 
Moreover, each internal sequence yields many internal subsets of *N. For 
example, if s is an internal sequence, then both { n  I n E *Nh s, = 1) and 
{ n  I n E *N h 0 < s, < 1 } are internal subsets of *N. 

of *A. Notice that in 61, corresponding to each c E R there is a sequence (a,) 
defined as follows: 

In t h s  regard we bring out another method of generating internal sequences 

0 i f n  < r ,  
a n =  [ 1 i f n 2 t .  

This fact can be expressed in the language of A as follows: 

(6.4) Vtx [Vn [n< r + (x,n,O) E VS] A Vn [n 2 t + ( x , n ,  1) E VS] + x E Seq]. 

Here the first quantifier refers to R, the second to the basic set of bi, and the 
remaining quantifiers to N .  

Since (6.4) is true for bi, its interpretation in *A is true for *A. So the 
following statement is true for *R: 

(6.5) Vtx [Vn [n  < t + (x,n, 0) E *VS] A Vn [ n  2 I + (x ,n, 1) E *VS ] + x E * ~ e q ] .  

Here the first quantifier refers to *R, the second to the basic set of *61, and the 
remaining quantifiers to *N. 

Since (6.5) is true for *A, so is each statement obtained from (6.5) by 
deleting “Vt” and replacing the remaining t ’ s  by a specific member of *R. In 
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particular, we obtain that (s,) is an internal sequence of *&, where 

0 i f n < w ,  
s n = (  1 i f n > w ,  

here o is the infinite natural number defined in Section 4. Thus (sn) is an 
internal sequence of *R. 

On the other hand, the map (t,) for which 

0 i f n E N ,  
1 i f n E * N - N  

is an external sequence of *R, i.e., (t ,)  *Seq. 

7. Principles of permanence 

In the remainder of this book, by *& we shall mean any sequentially com- 
prehensive model of the postulate set of Section 1, not necessarily the ultra- 
power *& of Section 4. 

We have agreed to call each member of *(’3”) an internal subset of *N; 
and we have agreed to call any other member of ;P(*N) an external subset of 
*N. The Transfer Theorem 1.2 allows us to establish certain facts about *(;PN) 
by merely observing that 3” has the corresponding property in & (i.e., the 
corresponding statement about YN, in the language of 63, is true for &). 

To illustrate this fact, we mention that Peano’s induction postulate (see 
(1.8)) yields the following statement. 

7.1. PRINCIPLE OF MATHEMATICAL INDUCTION FOR *&. I f S  is an 
internal subset of *N such that 1 E S and Vx [x E S + x + 1 E S], then S = *N. 

Proof. In effect, we are quantifying over *(I;PN), which we regard as a support- 
ing set of *&. The corresponding statement in the language of bi is true for 62; 
so, by the Transfer Theorem 1.2, our statement is true for *bi. 

By a principle of permanence we mean a statement which declares that if 
each member of a set B has a stated property, then each member of some super. 
set of B has the property. 

7.2. FIRST PRINCIPLE OF PERMANENCE. Let A be an internal subset of *N 
that includes N. Then there is an infinite natural number K such that n E A for 
each n < K, n E *N. 
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Proof. In 61, each nonempty subset of N has a smallest member; therefore, in 
*R, each nonempty internal subset of *N has a smallest member. Now either 
A = *N or A is a proper subset of *N. In the former case, there is nothing to 
prove. In the latter case, *N - A  is a nonempty internal subset o f  *N. Therefore, 
by the observation that begins this proof, * N - A  has a smallest member, which 
must be infinite, say K + 1. Thus n € A  for each n < K ,  n E *N. This establishes 
our principle of permanence. 0 

7.3. SECOND PRINCIPLE OF PERMANENCE. Le tA  be an internal subset of 
*N that contains each infinite natural number. Then there is a finite natural 
number q such that n E A for each n > q,  n E *N. 

Proof. In 61, each nonempty subset o f N  that is bounded above has a largest 
member; therefore, in *61, each nonempty internal subset of *N that is bounded 
above, has a largest member. Now, eitherA = *Nor there is a finite natural 
number that is not in A .  In the former case, there is nothing to prove. In the 
latter case, *N -A is a nonempty internal subset of *N whch is bounded above 
(by each infinite natural number). So, by the observation that begins this 
proof, *N -A has a largest member, say q. We conclude that n € A  for each 
n > q ,  n E *N. This establishes our principle of permanence. 0 

For our next principle of permanence we shall require the following lemma, 
which expresses a fact about internal sequences. 

7.4. LEMMA. Let (s,) be an internal sequence of *R, and let m E *R be such 
that Is, 1 < m for each n EN. Then there is an infinite natural number K such 
that lsnl < m for each n < K. 

Proof. If Isn[ < m for each n E *N, there is nothing to prove. Otherwise, let 

A = {nInE*NAIs,I>m}.  

Certainly, A is a nonempty internal subset of *N; thus A has a smallest member, 
say K ,  which of course is infinite. We conclude that lsnl < m for each n < K ,  

n E *N. 

We are now ready for the 

7.5. THIRD PRINCIPLE OF PERMANENCE. Let (s,) be an internal sequence 
of *61 such that s, N 0 for each n EN.  Then there is an infinite natural number 
Ksuchthats, -Oforeachn<K,nE*N. 
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Proof. We point out that ( n  s,) is an internal sequence of *R. Let n E N ;  then 
n s, * 0, so lns,l < 1 .  Thus, by Lemma 7.4, there is an infinite natural number 
K such that ls,I < I/n for each n < K ,  n E *N. Thus s, = 0 if n < K andn is 
infinite. By assumption, s, = 0 for each n E N .  This completes our proof. 0 

7.6. COROLLARY. Let (s,) be an internal sequence of *6? such that s, is 
infinite i f  n EN.  Then there is an infinite natural number K such that s, is 
infinite for each n < K ,  n E *N. 

Proof. The sequence ( l/s,) is internal, and l/s, N 0 for each n E N  (clearly, 
l/s, f 0 if n E N ) .  So, by the Third Principle of Permanence, there is an 
infinite natural number K such that l/sn = 0 for each n < K ,  n E *N. The 
reciprocal of a nonzero infinitesimal is infinite; we conclude that s, is infinite 
if n < K ,  n E *N. 0 

We can also use the Thud Principle of Permanence to establish a result of a 
different character (see Robinson [ 19731, Theorem 4.1). 

7.7. LEMMA. Let (a,) be a decreasing sequence, over N, of infinite natural 
numbers; i.e., a, 2 a,, and a, E *N - N for each n E N .  Then there is an 
infinite natural number K such that a, > K for each n E N .  

Proof. Since *R is sequentially comprehensive, there is an internal sequence 
(s,) such that s, = a, for each n E N .  Let (u,) be the internal sequence 
obtained from (s,) by replacing each of its zero terms (if any) by 1. Next let 
(t,) be the internal sequence such that for each n E *N, 

t ,  = n/min{lull, ..., IU,~}. 
For each n E N ,  t,  = n/a,; so t, ‘v 0. By the Third Principle of Permanence 
there is an infinite natural number, say K + 1, such that t ,  = 0 for each 
n < K + 1, n E *N. In particular, t ,  = 0, i.e., 

K/min(lull, -.., IuKl} = 0, 

SO lunl > K  for eachn < K ,  n E *N; thusa, > K  for eachn E N .  0 

Returning to our proof of Lemma 7.7, notice that K/a, = 0 for each n E N .  
This points out the fact that *N - N is so extensive that each of its members, 
indeed any sequence of its members, is preceded by an infinite natural number 
so small that its ratio to each member of the sequence is infinitesimal. 
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7.8. COROLLARY. Let (a,) be a decreasing sequence, over N, of infinite real 
numbers. Then there is an infinite natural number K such that a ,  > K for each 
n EN.  

Proof. For each n E N ,  replace a, by the largest natural number that does not 
exceed a,. Apply Lemma 7.7 to the resulting sequence. 0 

Now we can prove the following fact. 

7.9. LEMMA. Let (a,) be an increasing sequence, over N, of positive infinites- 
imals. Then there is an infinitesimal E such that a, < E for each n E N .  

Proof. By assumption, ( l /a , )  is a decreasing sequence, over N ,  of infinite real 
numbers. By Corollary 7.8 there is an infinite natural number K such that 
l /a ,  > K  for eachn E N .  Let E = 1 / ~ ;  then E *  0 anda, < e  for each n E N .  0 

Here is an example. 

7.10. EXAMPLE. Let p be any positive infinitesimal. Then(plln), where 
n E N ,  is an increasing sequence, over N ,  of positive infinitesimals; so, by 
Lemma 7.9, there is an infinitesimal E such that E > 
conclude that corresponding to each positive infinitesimal p there is an 
infinitesimal E so large compared with p that en > p for each n E N .  

for each n E N .  We 

Our next lemma should be compared to Corollary 7.8. 

7.1 1.  LEMMA. Let (a,) be an increasing sequence, over N ,  of  infinite real 
numbers. Then there is an infinite natural number K such that a, < K for each 
n € N .  

Proof. Since *di is sequentially comprehensive, there is an internal sequence 
(s,) such that s, = a, for each n E N .  For each n E *N, let t ,  = max{sl, ..., s,}; 
clearly (t,) is an internal sequence. Now w is an infinite natural number; so 
ta  2 t ,  for each n < w. Certainly there is a natural number greater than t,, 
say K .  Then t ,  < K for each n < w ;  thus Q, < K for each n E N .  0 

This result has the following corollary. 

7.12. COROLLARY. Let (a,) be a decreasing sequence, over N, of positive 
infinitesimals. Then there is a positive infinitesimal E such that a ,  > E for 
each n E N .  
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Proof. Apply Lemma 7.11 to the sequence of reciprocals (lla,). 0 

Our principles of permanence can be formulated in terms of the notion of 
aproperty. Now, a property of natural numbers is characterized by the set 
that consists of all natural numbers which possess the property. 

Here are some examples, replacing sets by properties. 

7.13. EXAMPLE. Let (s,) be an internal sequence of *bi such that IS,[ > rn 
for each n E N .  We shall say that a natural number t has property P if l s t l  > m. 
T h s  is an internal property since the corresponding subset of *N is internal. 
Therefore, by the First Principle of Permanence, there is an infinite natural 
number K such that each natural number less than K has the property; i.e., 
Is, I > m if n < K ,  n E *N. 

7.14. EXAMPLE. Let (s,) be an internal sequence of *bi such that s, = 1 for 
each n E *N - N .  We say that a natural number t has property P if st = 1 ; this 
is an internal property. Therefore, by the Second Principle of Permanence, 
there is a finite natural number q such that each natural number greater than 
q has the property; i.e., s, = 1 for each n > q ,  n E *N. 

We present one more lemma. 

7.15. LEMMA. Let (s,) be an internal sequence of *bi such that Is, I < rn for  
each n E *N - N,  where rn E *R. Then there is a finite natural number q such 
that Is, I < m for each n > q. 

Proof. If  IS,^ < M for each n E *N, there is nothing to prove. Otherwise, let 

A = { n I n E * N A  Is,I>m). 

Now A is a nonempty internal subset of *N; moreover, A is bounded above by 
each infinite natural number. I t  follows that A has a largest member, say q ,  
which of necessity is finite. We conclude that Is, I < m for each n > q .  0 

Finally, we mention that principles of permanence must be formulated with 
some care. The following statement, which has the form of a principle of 
permanence, is clearly false. “Let (s,) be an internal sequence such that s, is 
finite for each n E N .  Then there is an infinite natural number K such that S, 
is finite for each n < K.”  To see that this statement is false, apply it to the 
internal sequence (n ) ;  i.e., take s, = n for each n E *N. 

Here is another false principle of permanence. “Let (s,) be an internal 
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sequence such that s, = 0 for each infinite n. Then there is a finite natural 
number q such that s, = 0 for each n > q,  n E *N.” To see that this statement 
is false, take (sn) = (l/n). 

8. Continuity in @ 

The purpose of this section is to prepare the way for the discussion of con- 

The notion that a functionfis continuous at a standard number Q in its 
tinuity in *@ presented in Section 10. 

domain was characterized by Weierstrass as follows: 

Here the Greek letters indicate quantification over positive standard numbers, 
and the last universal quantifier refers to the domain off. 

By utilizing certain concepts of *62, we can characterize continuity in terms 
that follow ur intuition; i.e., we say that f i s  continuous at a, wherefE F and 
Q E domf, €7 rovided that y(x) is infinitely close to *f(~) whenever x is in- 
finitely close to a. In symbols, 

(8.2) VX [X N a + y(X) N ?(a)], 

where the quantifier refers to the domain of *fin *62. 

of 62. So, removing stars throughout (8.2) does not yield a statement in the 
language of 62; i.e., (8.2) corresponds to no statement of @. This observation 
explains the difficulty in characterizing continuity when *62 is not available. 
I t  took the genius and insight of many mathematicians (e.g., Eudoxus, Euclid, 
Archimedes, Bolzano, Weierstrass) before it was appreciated that (8.1) charac- 
terizes this notion. 

Notice that (8.2) invoIves =, a relation of *@ that corresponds to no relation 

We shall now show that (8.1) and (8.2) are mathematically equivalent. 

8.3. LEMMA. Let f E F, and let Q E domf Then (8.1) is true for 62 i f f  (8.2) is 
true for *a. 

Proof. (i) Assume that (8.1) is true for 62. Let h be any positive standard 
number; by (8.1) there is a positive standard number t such that 

(8.4) 

is true for @. Therefore (8.4) is true for *@ when interpreted in *62. Now con- 
sider (8.2). Let x =a,  and let x be in the domain of y ;  then Ix - 0 1  is less than 

vx [ I x -Q l  < t +  If(x)-f(Q)I < h ]  
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each positive standard number, so Ix -a1 < 1. Thus, by (8.4) interpreted in *@, 

If(x)-f(a)I < h .  

Since h is any positive standard number, we conclude thatf(x) - f ( a )  is an 
infinitesimal, sof(x) = f ( a ) .  Therefore (8.2) is true for *@. 

We claim that 
(ii) Assume that (8.2) is true for *@. Let h be any positive standard number. 

(8.5) 36VX [ I x -a I<6-+ I f (x ) - f (a ) I<h ]  

is true for *@. To see this, take any infinitesimal for 6 .  If lx - a  I < 6,  then 
x = a, so by (8.2), 

f(x) = f(a) 1 

If(x) -f(a)I < h .  

3 6 vx [ Ix - a  I < 6 +. I f(x) - f ( a )  I < h ]  

and it follows that 

By Transfer Theorem 1.2, (8.5) is true for 61 when interpreted in G; i.e., 

(8.6) 
is true for 63. Here h is any positive standard number; i.e., (8.6) is true for bi 
for each positive standard number h .  Thus 

(8.7) V€ 36 vx [ Ix - a  I < 6 +. I f ( x )  -f(a) I < €1 
is true for @. This completes our proof of the lemma. 0 

Weierstrass characterized continuity off (as opposed to continuity off at 
a member of its domain) as follows: f i s  continuous iff 

(8.8) vy€ 36Vx Ex -yI < 6 +. If(x) -f(y)I < € I  
is true for @. Again, the Greek letters indicate quantification over positive 
standard numbers, and the Latin letters indicate quantification over the 
domain off. 

lation; i.e., f i s  continuous, where f E F ,  iff 
Quantifying the “a” of (8.2) yields the corresponding nonstandard formu- 

(8.9) vax [x - a  -f(x) - f ( a ) ]  

is true for *@. Here the first quantifier refers to standard numbers in the 
domain off, and the second quantifier refers to the domain off. 

of uniform continuity. The Weierstrass characterization is as follows: a func- 
The value of the nonstandard approach is particularly evident in the case 
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tion f is uniformly continuous iff 

(8.10) Ve 3 6  V X ~  [ I X  -y I < 6 + If(x) - f(y)l < €1 
is true for bi, under the same conventions on quantifiers as for (8.8). 

that corresponding to each y there is a suitable 6 ,  whereas for uniform con- 
tinuity Weierstrass requires much more, namely that a 6 exists which is suitable 
for eachy. In short, the condition for uniform continuity can be obtained 
from the condition for continuity by moving the quantifier Vy to the right of 
36 .  

a function f E F is uniformly continuous iff 

Comparing (8.8) and (8. lo), we see that for continuity Weierstrass requires 

Using the concepts of *bi we formulate uniform continuity as follows: 

(8.11) VXY [X'Y-+f(X)'f0.')1 
is true for *bi; here the quantifiers refer to the domain off. 

and uniform continuity reduces to the domain of a single quantifier, the Va 
of (8.9). For continuity, this quantifier refers to standard members of the 
domain o f f ;  for uniform continuity, the corresponding quantifier of (8.11) 
refers to the entire domain off. 

The two characterizations of uniform continuity are mathematically 
equivalent: 

Contrasting (8.9) and (8.1 l) ,  we see that the distinction between continuity 

8.12. LEMMA. Let f E F. Then (8.10) is true for bi iff(8.11) is true for *bi. 

Proof. Follow the pattern of the proof of Lemma 8.3.0 

The power of Nonstandard Analysis is revealed by the ease and directness 
of our proofs of key facts concerning such notions as continuity, limits and 
series. To illustrate this, we shall prove the well-known fact that a continuous 
function is uniformly continuous if its domain is a finite closed interval; by 
finite we mean that the closed interval contains only finite numbers. 

8.13. LEMMA. Let f be a continuous function whose domain is a finite closed 
interval I .  Then f is uniformly continuous. 

Proof. Let a = b, a ,  b E *I; then a and b are finite. By the Fundamental 
Theorem about Finite Numbers 1.7 there is a standard number c E  *I such that 
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c N a and c = b .  But f is continuous at c, so 

f ( c )  = f (a), f(c) = f ( b ) .  

Therefore f ( a )  * f ( b ) .  In view of (8.1 1) this proves that f is uniformly con- 
tinuous. 

Next we shall use the resources of '61 to characterize the limit of a sequence 
and the sum of a series. 

8.14. CRITERION FOR THE LIMIT OF A SEQUENCE. Let (a,) E Seq and 
L E R. Then (a,) converges and lim(a,) = L iff aK = L for each K E *N - N .  

The proof is left to the reader. 
We can simplify this criterion by dropping the requirement that each aK is 

finite. Thus we claim that (a,) converges iff aK cz a, for each K E *N - N .  
Moreover, if (a,) converges under this criterion, then we say that lim(a,) = On,. 
Of course, we must prove that a, is finite if (a,) converges. 

8.1 5. LEMMA. Let (a,) E Seq, and let aK =a, for each K E *N - N .  Then a, 
is finite. 

h o 9 f .  The sequence (a,) extends to an internal sequence of *61 which we can 
denote by *(a,), or, following the usual mathematical convention, simply by 
(an) .  Certainly, the difference of two internal sequences is an internal sequence; 
so (a - a,) is an internal sequence. By assumption, /aK -a, I < 1 for each 
K E N - N .  Therefore, by Lemma 7.15, there is a finite natural number q 
such that la, - a, I < 1 for each n > q. In particular, (aq+l  -a, 1 < 1; here 
aq+l is finite, so a, is finite. 

*, 

8.16. CRITERION FOR THE SUM OF A SERIES. Let Z N a ,  be any series in 
bi, and let S E R . Then XN an converges and X N  a, = S i f f  

a1 + ... + U K  -s 
for each K E *N - N .  

Again, we can simplify our criterion by dropping the requirement that each 
sum al  + ... + a K  is finite. Thus we say that CN an converges iff 

a1 + ... + U K  = a1 + ... +a, 

for each K E *N - N .  Moreover, if X,,, a, converges under this criterion, then 



CH. 2, 091 INTERNAL FUNCTIONS 65 

we say that 

a, = o(al + ... + a,). 

Of course, we must prove that a l  + ... + a, is finite if z ~ a ,  converges. 

8.17. LEMMA. Let CN a, be any series in A, and let 

al  + ... + aK =al  + ... +a, 

for each K E *N - N. Then al + ... + a, isfinite. 

Piroof. Follow the pattern of the proof of Lemma 8.15. 

9. Internal functions 

It  is important to realize that *F, the set of all internal functions of *A, is 
an extension of F ,  the set of all functions of A, in two senses. First, certain 
members of F extend their domains and ranges in the passage from A to *A. 
For example, the identity function ( ( I ,  t )  I t E R }  grows to the identity func- 
tion { ( t ,  t )  1 t E *R} which is a member of *F. We mention that a finite func- 
tion such as {( 1 , 0), (2, 5)) does not grow in the passage from A to *A. 

Secondly, *F contains functions that are not rooted in F in this way. Here 
is an example. 

9.1. EXAMPLE. The mapping ( ( t ,  w )  I t E * R }  is an internal function of *A; 
here w is the infinite natural number introduced in Section 1. Why? Because 
the following statement is true for A and can be expressed in the language of A: 

(9.2) Corresponding to each a E R there is a function f such that 
f ( t )  = a for each t E R .  

By the Transfer Theorem, (9.2) is true for *A when interpreted in *@. The 
universal quantifiers of (9.2) refer to R ,  and its existential quantifier refers to 
F. To interpret (9.2) in *A we must star its relations, and interpret its quanti- 
fiers appropriately, i.e., the universal quantifiers refer to *R and the existential 
quantifier refers to *F. It follows, in particular, that ( ( t ,  w )  I t E *R} E *F; i.e., 
{ ( t ,  w) I t E *R} is an internal function. Clearly this function is not rooted in 
any member of F.  
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We must clarify the first paragraph of this section. The basic fact is that 
corresponding to each f €  F there is an internal function, say *f, which 
possesses all properties off that can be expressed in the language of A. More- 
over, and this is important, ?is a superset off. This is due to the fact that the 
statement (a, b)  E f i s  in the language of @. Therefore, if (a, b) E f i s  true for 
@, it is also true for *A; i.e., (Q, 6 )  E *fi So ?is a superset off. Of course, this 
is merely a necessary condition for an internal function of the first kind and 
is not a sufficient condition. Frequently, though, this necessary condition 
allows us to demonstrate that a given internal function has not grown from a 
member of F. 

We obtain more examples of the second kind of internal functions by 
quoting suitable methods of constructing members of F from given members 
of F and members of R (it is the presence of the latter that is essential here). 
The following statement is true for A and can be expressed in the language 
of A: 

(9.3) Corresponding to each function f with domain R ,  and to each 
number Q, there is a function g such that g(r) = f (ar)  for each f f R .  

It follows that (9.3) is true for *A when interpreted in *A. The universal quan- 
tifiers of (9.3) refer to F andR,  and its existential quantifier refers to F. 
Therefore, interpreting(9.3) in *@ involves quantifying over *F and *R; in 
particular, its existential quantifier refers to *F. 

Here are two internal functions that are obtained by applying (9.3) in *@. 

9.4. EXAMPLE. The function s i n E F  grows to a member of *F that we shall 
also denote by sin, following the usual mathematical convention. Therefore, 
by (9.3) interpreted in *@, 

{ ( r ,  sin or) I r E *R} 

is an internal function of *A. We shall denote this function, for later reference, 
by sin ox.  We mention that sin o x  is not rooted in any member of F. 

9.5. EXAMPLE. The function expx or ex of 61 grows to a member of *F that 
we shall also denote by exp x or ex. Moreover, ecx2 E F and this function 
grows in the passage to *A. Therefore, by (9.3) interpreted in *6? (with a = do), 

{ ( r ,  exp [-or2]) I r E *R} E *F; 

i.e., exp [-ox21 is an internal function. Since exp [-wr2] is an infinitesimal 
for each non-zero r E R ,  we conclude that exp [-ox2] is not rooted in a 
member of F. 
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For 63, the product of any two functions is a function. Of course, this is 
true for *di as well; i.e., the product of any two internal functions is an internal 
function. 

9.6. EXAMPLE. We form the product of the internal function of Example 9.3 
and the constant function {(t ,  d(o/n)) I t E *R}, which is an internal function. 
By the preceding observation, this yields the internal function 

{ ( t ,  tlw7n exp [-at2]) I t E *R), 

which we shall denote more simply by m e x p  [-ox2]. 

The function of Example 9.6 is a realization of the notion of a Dirac delta 
function; but there are other possible realizations. Generally an internal func- 
tion, say 6 ,  is called a Dirac delta function if 

(1) dom6 = *R; 
(2) V t  [t + 0 + 6 ( t )  = 01 ; 
(3)  S’(r)  > 0 f o r t  < 0, and 6’(t)  < 0 for t > 0; 
(4) JI,6(t)dt= 1. 

There might also be a requirement of infinite differentiability, except at 
specified points. 

following statement: 
Here is another method of constructing members of F,  expressed by the 

(9.7) Corresponding to the standard real numbers a and b, there is a 
functionfsuch that f ( t )  = a for each t < 0, and f ( t )  = b 
for each r > 0. 

Since (9.7) can be formulated in the language of 61, and is true for 61, it is true 
for *di when interpreted in *di. 

9.8. EXAMPLE. Let E be a nonzero infinitesimal, and le t fbe  the map of *R 
into (0 ,  E }  such that f ( t )  = 0 for each t < 0, and f ( t )  = E for each r > 0. By 
the preceding observation, f E *F. Clearly, f is not rooted in any member of F. 

We mention that each internal function yields two internal subsets of *R, 
its domain and range. To see this, observe that the statements 

(9.9) 
(9.1 0) 

V f  3 s v x  b E S *  3Y [ ( X , Y ) E f I l ,  

V f  3 s VY [Y E s +-+ 3 x [(x, Y )  E f 1 1 
are true for 63, where the quantifiers refer to F ,  ’?R, R and R .  By the Transfer 
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Theorem, these statements are true for *A when interpreted in *A. To interpret 
(9.9) and (9.10) in *A, we must realize that the quantifiers refer to *F, *(9R),  
*R and *R. Let g be any internal function; from (9.9), interpreted in *A, 
{x 1 (x,y) Eg} is an internal subset of *A; from (9.10), interpreted in *a, 
{y I (x, y) Eg} is an internal subset of *A. In other words, the domain and 
range of an internal function are internal subsets of *R. 

On the other hand, if g is not rooted in a member of F ,  then 

(9.1 1) 3S Vx [x E S  - 3y [(x,y) E g ] ] ,  

Notice that (9.9) and (9.10), interpreted in *A, are internal statements of *A. 

(9.12) ~ S V Y [ ~ E S ~ ~ ~ [ ( X , Y ) E ~ I I  

are external statements of *A. The point is that (9.1 1) and (9.12) cannot be 
interpreted in A sinceg has no meaning there, even thoughg is an internal 
entity of *A. 

10. Continuity in *A 

The fact that *F is a two-way extension of F means that we face a double 
problem when deciding how to define continuity in *A. Here we are referring 
to continuity of a function at a member of its domain. In the case of a func- 
tion rooted in a member of F,  say y, we must define continuity so that for 
each a E R  n dom 7, *fis continuous at a iff f is continuous at a. The main 
problem is t o  decide how to  extend the notion of continuity to members of 
the domain of *fin *R - R .  

Secondly, we must decide on the continuity of an internal function which 
is not rooted in a member of F. In this case there is no member of F available 
to assist us. 

We need a criterion for continuity in *A that will handle both cases. 
Fortunately, the criteria for continuity in di, discussed in Section 8, can be 
generalized to *A in a straightforward manner. 

Hereafter, by a real number we mean any member of *R. 
First we shall generalize the Weierstrass criterion for continuity (8.1) to *@. 

10.1. DEFINITION OF Q-CONTINUITY. We say that an internal function f 
is Q-continuous at a, where a E domf, if 

(10.2) V e 3 6 V x [ l x - a l < 6  +If(x)-f(a)I <el 

is true for *A, where the Greek letters indicate quantification over positive 
real numbers and the Latin letter indicates quantification over dom f. 
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Clearly, each constant function is Q-continuous at each a E *R, and the 
identity function is Q-continuous at each a E *R. 

10.3. EXAMPLE. The internal function sin wx (see Example 9.4) is Q-continuous 
at each a E *R since for Ix - a  I < 6, 

I sin wx - sin wa I = 2 I sin$w(x - a) cos+w(x + a) I 
< 2 sin +, 

provided that 6 is chosen so that WS 'is a positive infinitesimal and w6 < E .  But 

2 s in iw6  < w6 < E ;  

we conclude that sin wx is Q-continuous at each a E *R. 

For our next example we consider an internal function of Example 9.8. 

10.4. EXAMPLE. Let E be a positive infinitesimal, and le t fbe  the function 
such that 

0 i f t G 0 ,  
E i f t > 0 .  

Certainlyfis Q-continuous at each a # 0, a E *R. However, f i s  not Q-continuous 
at 0. In particular, there is no positive real number 6 such that 

vx [ I x I < 6 --f I f (x) I < 4 €1. 

f ( i6)  = E .  

Indeed, for each positive real number 6 ,  

Next we shall generalize the nonstandard criterion for continuity, i.e. (8.2). 
First notice that (8.2) can be expressed in terms of monads as 

(10.5) V x [ x E I . l ( a ) - f f ( x ) E I . l ( f ( a ) ) l ,  

where p ( t )  = {s I s N t} ,  the monad of t ,  for each r E *R. 

off. Moreover, a is any member of the domain off. 

to it also as S-continuity. 

Now (10.5) is a statement about *&, and its quantifier refers to the domain 

We shall call this sort of continuity monadic continuity, and we shall refer 
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10.6. DEFINITION OF S-CONTINUITY. We say that an internal function f is 
S-continuous a t  a ,  where a E dom f, if 

(10.7) v x  [XEP(a)- , f (x )EP( f (a) ) l  

is true for *R, where the quantifier refers to the domain off. 

In other words, f is S-continuous at a provided that 

(10.8) 

is true for *R. 
Clearly each constant function is S-continuous at  each a E *R, and the 

identity function is S-continuous at each a E *R. 
Although the function sin wx of Example 10.3 is Q-continuous at 0, it is 

not S-continuous at 0. For nl(2w) E p(O), but sinnl(2w) $ p(sin0) = ~(0 ) .  
Of course, this is a counter-example to the conjecture that each internal func- 
tion that is Q-continuous at a member of its domain is also S-continuous there. 

The internal function presented in Example 10.4 is a counter-example to 
the converse conjecture that each internal function that is S-continuous at a 
member of its domain, is also Q-continuous there. Clearly any internal func- 
tion whose image contains only infinitesirnals is S-continuous at  each member 
of its domain. So the function of Example 10.4 is S-continuous at each a E *R. 

Nonetheless, the concepts of Q-continuity and S-continuity are closely 
analogous. Indeed, the distinction between these notions reduces t o  the 
domain of two quantifiers in (10.2), the statement that characterizes Q- 
continuity at a. 

V x  [x=a --* f ( x ) -  f ( a ) ]  

10.9. LEMMA. Let f be any internal function, and let a E dom f .  Then f is 
S-continuous at a iff 

( 10.10) 

is true for *a, where the Greek letters indicate quantification over the positive 
standard numbers, and the last quantifier refers to dom f .  

V E  36 V x  [ lx -a  I < 6 -+ I f  ( x )  - f ( a )  I < E ]  

Proof. (i) Assume that 

Ve 36 V x  [ lx -a  I < 6 -+ I f ( x )  - f ( a )  I < el 

is true for *R, under the above agreements re quantifiers. Let h be any positive 
standard number; by assumption there is a positive standard number, say t ,  
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such that 

(10.1 1) vx [ Ix -111 < r + If(x) -f(a)I < h] 
is true for *A.TakexEp(a);then Ix-ul < t , s o b y ( l O . l l ) ,  If(x)-f(a)I <h. 
But h is any positive standard number; thus f ( x )  = f ( a ) .  We conclude thatfis  
S-continuous at a. Notice the similarity, and the differences, between this 
argument and the first part of the proof of Lemma 8.3. 

(ii) Assume thatfis  S-continuous at a ;  i.e., 

vx [x - a + f ( x )  - f(a)] 
is true for *a, where the quantifier refers to domf. Let h be any positive 
standard number. We claim that there is a standard number t such that 

(10.12) 

is true for *A, where the quantifier refers to domf. Certainly each positive 
infinitesimal yields a true statement of *A when put for t throughout (10.1 2). 
If no standard number satisfies (10.12), it  follows that the set of all positive 
infinitesimals is an internal subset of *R. To see this, observe that 

vx [t  > 0 A ( Ix - < C -+ If@) -f(a) 1 < h)] 

(10.13) Vf 3S Vt [t  E S f--, Vx [ t  > 0 A (x E domf A Ix - al < t 

+If(x)-f(a)I 
is true for A, where the first quantifier refers to F,  the second to 3R, and the 
remaining quantifiers to R .  Therefore (10.13) is true for *A when interpreted 
in *A. In particular, since the functionf of our lemma is an internal function, 
there is an internal subset of *R, say S, such that for each r E *R, 

(10.14) 

is true for *A. If no standard number t satisfies the RHS of (10.14), it follows 
that for each t E *R, 

t E S *  Vx [ r  > O A  (x E domfA Ix --a1 < t +  I f ( x )  -.f(a)I <h)]  

t € S  iff t > O A t - o ;  

i.e., S is the set of all positive infinitesimals. So this set is an internal subset of 
*R. Of course, it follows from this that the set of all infinitesimals is an internal 
subset of *R. But this is impossible (see Section 1). This contradiction proves 
that (10.12) is true for *A, where t is a positive standard number, and verifies 
our claim. We conclude that (10.10) is true for *A. This completes our proof 
of the lemma. 0 

In our next two lemmas we show that both Q-continuity and S-continuity 
are generalizations of the notion of continuity in A. 



72 NONSTANDARD ANALYSIS [CH. 2, 510 

10.15. LEMMA. Let f E F, and let a E domf: Then ?is Q-continuous at a iff 
f is continuous at a (in R). 

Proof. By (8.1), f is continuous at a iff 

(10.16) 

is true for &, where the Greek letters indicate quantification over positive 
standard numbers, and the Latin letter indicates quantification over dom f. 
It  follows that (10.16) is true for & iff it  is true for *R when interpreted in *R. 
But (10.2) is the interpretation of (10.16) in *&. We conclude that f is con- 
tinuous at a (in &) iff *fis Q-continuous at  a (in *&). 0 

VE 36 VX [ I X  - a  I < 6 + I f(x) - f ( a )  I < E ]  

10.17. LEMMA. Let f E F, and let a E domf Then *fis S-continuous at a iff 
f is continuous at a (in &). 

Proof. By Lemma 8.3, f is continuous a t a  iff 

vx [x = a + * f (x )  = ?(a)] 

is true for *&, where the quantifier refers to dom *f. In other words, f is con- 
tinuous at a iff *fis s-continuous at a. 

Another approach, more in the spirit of Nonstandard Analysis, is to allow 
the extending process itself to make the decision as to which internal func- 
tions are to be labelled “continuous at a”, where a is a member of the domain 
of the function involved. To this purpose, we shall consider the relation of & 
that connects a function and a member of its domain, just in case the function 
is continuous at that member of its domain. Denoting this relation by PC 
(point continuity), we can appeal to k, the corresponding relation of *&, to 
decide whether a given internal functionf is continuous at a ,  a member of its 
domain; i.e., we say that f is continuous at a iff (f, a)  E P C .  

10.18. LEMMA. Let f E F, and let a E domf Then (*f, a)  E P C  iff f is con- 
tinuous at a (in R).  

Proof. By the Transfer Theorem, (f, a) E PC is true for & iff (7, a)  E 
true for *&. CI 

is 

I t  might appear that we are confronted with three competing notions of 
continuity at a number in *&. In fact there are only two since the notion of 
continuity represented by the relation 
Q-continuity at a. 

is identical with our notion of 
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10.19. LEMMA. Let f be any internal function, and let a E domfi Then 
(f, a) E ?C i f f  f is Q-continuous at a. 

Proof. Here we exploit the fact that Weierstrass characterized continuity in 61 
by a statement in the language of 61. To be specific, for each functionfand 
for each member of its domain, say a,  

(10.20) Ve 3 6 Vx [ Ix - a I < 6 + I f(x) - f ( a )  I < €1 
is true for 61. Therefore, by the Transfer Theorem (10.20) is true for *61 when 
interpreted in *R; i.e., for each internal functionfand for each member of its 
domain, say a, 

(10.21) (f, a) E ?C iff f i s  Q-continuous at a 

since the RHS of (10.21) is the interpretation in *61 of the RHS of (10.20). 0 

(f, a)  E PC iff 

Pursuing this approach, in which we use the extending process itself, let us 
move on to the notion of a continuous function, as opposed to the notion of 
continuity at a point (i.e. number). After all, we do possess a clear-cut notion 
of the continuous functions of 61; this can be formalized by an appropriate 
unary relation of 61, which we can call CF. Thus CF is the set of all functions, 
sayf, such thatfis  continuous at each member of its domain; of course, 
CF C F. Just as F extends in a two-fold manner to *F, so CF extends in a 
two-fold manner to *CF. Since CF is a proper subset of F ,  just so *CF is a 
proper subset of *F. The idea is to allow *CF to make the decision about the 
continuity of an internal function; thus we say that a member of *F is con- 
tinuous iff it is also a member of *CF. 

Of course, sinECF; moreover, for each standard number t the composite 
function sin tx E CF. Therefore in *61 the composite function sin tx  E *CF for 
each t E *61. In particular, sin ox E *CF; recall that sin wx is not S-continuous 
at 0 (see the remarks following Definition 10.6). 

Next consider the internal functionfof Example 10.4. We want to decide 
whether f is continuous, i.e., whether f E *CF. Observe that, for 61, no function 
whose domain is R and whose range has exactly two members is a member of 
CF. Moreover, this fact can be expressed in the language of 61. Therefore no 
internal function whose domain is *R and whose range has exactly two mem- 
bers is a member of *CF. We conclude t h a t f q  *CF, i.e., f is nor continuous, 
even though f i s  S-continuous at each member of its domain. 

We pointed out in Lemma 10.19 that (f, a )  E ?C ifff is Q-continuous at a. 
Just so,fE *CF ifffis  Q-continuous at a for eacha E domf. Let us prove this. 

To illustrate these ideas, consider the internal function s i n o x  of Example 10.3. 
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10.22. LEMMA. Let  f be any internal function. Then f E *CF iff f is Q- 
continuous a t  u, for  each a E dom f .  

Proof. For each function f ,  

(10.23) f E CF iff Vx [ ( f ,  x) E PC] 

is true for @, where the quantifier refers to dom f .  Therefore this statement is 
true for *@ when interpreted in *R; i.e., for each internal function f ,  

(10.24) f E *CF iff Vx [( f ,  x) E P C ]  

is true for *@, where the quantifier refers to dom f .  By Lemma 10.19, 
( f ,  x) E & iff f is Q-continuous at x. Thus, for each internal function f ,  

(10.25) f E *CF iff Vx [ f  is Q-continuous at x] 
is true for *@, where the.quantifier refers to domf. This completes our proof. 

Finally, we consider the problem of determining the derivative of an 
internal function. Obviously, the simplest procedure is to allow the extending 
process to make the decision for us. Let DF be the relation of @ that pairs 
with each function its derivative (remember that the empty set is the derivative 
of certain functions, viz. those functions that are not differentiable); so 
( f ,  g )  E DF iff g = f ', the derivative off. Now DF extends in a two-fold 
manner to %F, a set of ordered pairs of internal functions, which is moreover 
a binary relation of *@. Of course, no two ordered pairs in %F have the same 
first term. So to determine the derivative of a given internal function, sayf, 
we have only to consult *DF as follows. Look up the ordered pair in *DF 
whose first term is f ;  its second term is the derivative off. Of course the 
familiar algebraic properties of derivatives in 63 are preserved in *@. 

a E R .  Then a E domf' iff 
We mention that for each standard function f ,  f '  is defined as follows. Let 

whenever E. and 6 are nonzero infinitesimals. If a E domf', then 

where e is any nonzero infinitesimal. 
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10.26. EXAMPLE. To determine the derivative of the internal function sinwx 
of Example 10.3, recall that (sinnx)’ = n cosnx for each standard natural 
number n. This is a fact about DF in A which can be expressed in the language 
of 63; so the corresponding statement is true about bF in *A, i.e., 
(sinnx)’ = n cosnx for each natural number n. In particular, 
(sin ax)’ = o cos ax.  

10.27. EXAMPLE. Letfbe the internal function of Example 10.4. Then 
(f, g) E b F ,  where 

g = {( t ,  0) I t E *R A t # 0). 

This is so because each function in A of this sort (i.e., a union of two constant 
functions, and whose domain is R )  has the zero function, with one pair deleted, 
for its derivative. 

10.28. EXAMPLE. Consider a Dirac delta function 6 = m e x p  [ -Kx~] ,  
where K is any infinite natural number (see Example 9.6.) Clearly 6 E *CF and 

6’ = - 2 K X m e X p  [-KX2]. 

Notice that 6’(t) > 0 if t < 0, and S ‘ ( t )  < 0 if t > 0. Moreover, S’(0) = 0 and 

6’( 1 / K )  = - 2 m T  eXp [- 1/Kj 

which is negative and infinite; finally we mention that 
- 2 m ,  

6’(1) = - 2 K G  eXp [ - K ]  N 0. 



CHAPTER 3 

THE FIELD PR 

1. Maximal ideals 

A characteristic property of a maximal ideal, say I ,  of a commutative 
ring A with identity 1 is that the ring of cosets A / I  is a field. In fact, A / I  is a 
field iff I is a maximal ideal of d . We shall prove this statement here; this will 
prepare the way for our discussion of the nonarchimedean field Pbi  of Section 2. 

First recall that a subset of A ,  say I ,  is an ideal of provided that: 
(1) OEI; 
(2) v x y  [x,yEI-+x-y EI]; 
( 3 )  VUX [ a E A  A x E I - t a x E I ] .  
An ideal I of Pq is said to be a proper ideal if I # A  (i.e., I is a proper subset 

An ideal I of SQ is said to be maximal provided that I is a proper ideal and 
of A ) .  

is not a subset of any other proper ideal of d . 

1 .l. LEMMA. Let SQ be a commutative ring with identity 1, and let d have 
just two ideals, (0) and A .  Then d is afield. 

Proof. Notice that for each nonzero ring element a ,  {ax I x E A }  # { 0) is an 
ideal o f d .  By assumption, { a x J x E A } = A ; s o  3 x  [ax=  11. Thuseach 
nonzero ring element has a multiplicative inverse; i.e., SQ is a field. 0 

1.2. LEMMA. Let 94 be a commutative ring with identity 1, and let I be a 
maximal ideal of d . Then A / I  is a field. 

Proof. Clearly A / I  is a commutative ring with identity [ 1 1. We shall show that 
A / I  has just two ideals, viz. { I }  and A / I .  Notice that I is the zero ofA/I. Let 
B be any ideal ofA/I, B # { I } .  It is easy to verify that 

I ’ =  { X E A  I [ X I  E B ]  

76 
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is an ideal of d . But I E B since I is the zero of A/Z; therefore I C I '. Since I 
is maximal, either I ' = I or I ' = A .  By assumption, B # { I } ;  thus there is a 
nonzero ring element, say [ y ] ,  such that [ y ]  E B and [ y ]  # I .  Therefore, 
yEI 'andy$Z.Weconclude t h a t I ' = A , s o B = A / I .  Thismeansthatthe 
ringA/I has just two ideals, { I }  and AII. Thus, by Lemma 1.1, A / I  is a field. 

1.3. LEMMA. Let d be a commutative ring with identity 1, and let I be an 
ideal of OQ such that the ring of cosets A / I  is a field. Then I is maximal. 

Proof. Let I' be an ideal of 94 such that I C I ' ,  and suppose that there is a 
ring element a such that a E I ' and a $!I. We shall show that I' = A .  By 
assumption, [ a ]  # I ,  so [a] has a multiplicative inverse [ b ] ;  i.e., 

[a ]  [ b ]  = [ab] = [ 11. 

Let x = ab - 1. Then x € I .  Therefore ab - x E I '  (since x € I '  and ab € I  '); 
i.e., 1 E I '. Thus I ' = A .  We conclude that I is maximal. 0 

2. The field 

In a sense the field 6? suffers from the disadvantage of being archimedean, 
i.e., it has neither infinitely small nor infinitely large numbers. The field *a, 
on the other hand, suffers from a surfeit of infinitely small and infinitely large 
numbers. We propose in this'chapter to construct and investigate a field 
midway between 63 and *R, which is nonarchimedean, but does not contain 
infinite numbers of unrestricted size, nor infinitesimals that are arbitrarily 
small. 

The first step toward constructing this field consists in choosing a positive 
infinitesimal, say p. We shall call our field P6? since it is constructed from *6? 
and p. Recall our agreement that *6? is any sequentially comprehensive model 
of the postulate set of Section 2.1. 

The next step in our construction is to form two subsets of *R which we 
call Mo andM,. Mo consists of each number that is smaller, in absolute value, 
then p-" for some n E N ;  i.e., 

Mo = { t  I t E *R and It I < p-" for some n EN}. 

M, consists of all numbers that are smaller than p" for each n E N ;  i.e., 

M, = { t  It E *R and It1 < p "  for eachn E N } .  
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It is easy to show that both Mo and M, form rings with respect to the addi- 
tion and multiplication of *A. We claim that MI is a maximal ideal of the ring 
formed by Mo. To see this, let x EM1 and let a EMO. Then la1 < p-” for 
somenEN,and  I ~ l < p ” + ~  foreachmEN.Thus  l u x l < p m  f o r e a c h m E N ,  
s o a x E M 1 .  Moreover,x+y€M, i f x , y E M 1 .  SoM1 isanidealofMo. 

Let a EMO -M, then for some m,n  EN, 

pm < la1 < p - ” ,  

p”<Il /uI<p-m,  

To prove thatM1 is maximal, we shall apply the argument used in Section 1.3. 

thus 

and it follows that l /a  EMo -Ml. Let J be an ideal of the ring formed by Mo 
such thatM1 isaproper subset o f J ,  andletaEJ-~lLII;thenaEMo-MM,. 
But we have just observed that l / u  EMo; sou- ( l /u)  E J ,  i.e., 1 E J ,  and it 
follows that J = Mo. This establishes that M, is a maximal ideal of the ring 
formed by Mo. 

Applying Lemma 1.2, we see that the quotient ring of residue classes 
Mo/M1 is a field. This is the field that we call PA. Here MI = [ O ]  is the additive 
identity. 

Next we introduce an order relation on our field PA; we shall follow the 
procedure discussed in Section 1.3, which centers on defining the positive 
elements of pR in terms of the positive elements of Mo (with respect to the 
field *a). Let [ r ]  be a nonzero field element of PA; so t EMo -M,. Now all 
members of [ t ]  are positive in *A or all members of [ t ]  are negative in *A. 
Accordingly, we define [t] to be positive in PA iff t is positive in *A. Let P ’  be 
the set of all positive members of PR; then P’ has the following properties: 

(1) O $ P ’ ;  
( 2 )  V x [ x # O - , x E P ‘ v - x E P ’ ] ;  
( 3 )  v x y  [ x , y  E P’ + x -k y E P ‘  A x y  E P ‘ ] .  

The idea is to use P’ to define a binary relation < on pR.  We say that x < y 
iff x - y E P’. This binary relation is an order relation on pR and is compatible 
with both addition and multiplication (see Section 1.3). So extends to an 
ordered field under <. We claim that this ordered field is nonarchmedean. It 
is enough to find a E P ‘  such that V n  [nu  < [ 111. Clearly p EMO -M, and 
p > 0; so [ p ]  E P‘ .  For each n E N ,  

n [ P 1 =  [ P I  + ... + [ P I  = h l .  
n [PI’S  

But np < 1 since p is an infinitesimal of *@(see Section 1.3); thus 1 - n p  is 
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positive in *61, so [ 1 - n p ]  E P' in pH. Therefore, by our definition of < in P b i ,  
[np] < [I] ,  i.e. n [ p] < [ 11. This proves that P61 is nonarchimedean and that 
[ p ]  is an infinitesimal of this field. 

Now E is an infinitesimal of Pdi iff 

Vn [n I E I <  [ I l l ,  
and K is infinite in P61 iff 

Vn [n [I]  < IKI]. 
Let E f 0; then E is an infinitesimal of 
just observed, [ p ]  is an infinitesimal of pdi, so [ 1 / p ]  is an infinite number of Phi. 

An important feature of our field p61 is that, putting it paradoxically, its 
infinite numbers are small and its infinitesimals are large. More precisely, the 
members of each infinite number are bounded above by p-K,  and the mem- 
bers of each positive infinitesimal are bounded below by p K ,  where K is any 
member of *N - N .  Indeed, for each K E *N - N and for each t E Mo, 

iff 1 / ~  is infinite in p61. As we have 

[t] # 0 + pK < It I < p - K .  

Notice that each coset [ t ]  is an interval inMo, so in *R; indeed, 

[t] C ( x I x E * R a n d t - p p " < x < t + p " }  

for each n E N ,  so [t] is a subset of the intersection of all intervals of the form 

Let us prove that 61 can be embedded in P@. Of course, R CMn; moreover, 
0 is the only standard number contained inM1. Therefore each coset [ t ]  con- 
tains at most one standard number. If two cosets each contain a standard 
number, so do their sum and product. Accordingly we can identify each coset 
that contains a standard number t with t .  This "labelling" procedure preserves 
addition, multiplication and the order relation. So 61 is isomorphic to a sub- 
field of PA; i.e., 61 is embedded in P b i .  

[ t  - P", t + P"1. 

PA is introduced in Robinson [ 19731. 

3. Valuation 

Let t EMO -MI, and let i E M I ;  so [t] = [t  + i]. By assumption, there are 
standard natural numbers m and n such that 

p" < It1 < p-m, pn < It + il < pLm. 

Of course, if 0 < a  < b, then logp b < logp a; thus 

--m < logp It1 < n, -m < logp It + il < n. 
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Clearly log, tt I and log, It + i )  are finite, so possess standard parts. We shall 
show that 

log, It1 =log, It + il. 
Now the function log, can be expressed in terms of the function In as 

follows: 

In log =-. 
P l np  

so  

log, It + il - log, 

But l np  is infinite (and negati ?), and 

lnll  + i/tl =In  1 = 0 

since i / t  == 0 and the function In is continuous. Therefore 

log, It1 = log, It + iI 
and it follows that 

O(log, I t ] )  = O(log, It +it). 

This proves that if a E ,R and OL f 0, then 

O(log, 1x1) = O(log, IYl), 

provided that x ,y  E a. 

u(0) =-. If a E P R  and a #  0, let 
In view of this fact, we define a map u of PR into R U {w} as follows. Let 

44 = O ( b ,  Ix I), 
where x E a. We claim that u is a nonarchimedean valuation on ,bi; moreover, 
we shall prove that our field is complete with respect to this valuation. 

To illustrate our definition, notice that 

4 b l )  = 1, 

u( [ p " ] )  = n 

u( [ p " ] )  = On 

if n E R ,  

i f n  is finite. 

Moreover, log, t is a negative infinitesimal if t is finite and t > 1 ; so O(log, t )  = 0; 
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thus for each such t and for each n EN, 

u ( [ t p n ] )  = O(logp ItpnI) = O(log, It1 + logp I ~ " I )  = O(log, I t I )  + n = n .  

Our claim that u is a nonarchimedean valuation on the field PA is based on 
the following two lemmas. 

3.1. LEMMA. VOQ [u (a  * 0) = u(o1) + @)I, where quantification is over ,R. 

Proof. If a =  0 or P =  0, then a .  P =  0, and u(a) = = o r  u(0) = =, so 
u(a * 0) = = and u(a) + u(P)  = = (see the properties of = listed in Section 1.4). 
Next assume that a # 0 and 0 # 0, and let CY = [x] and 0 = [ y ]  . Then 
a.p= [xy];so 

u(a.P) = O(log, Ixy I )  = O(log, 1x1 + log, Iy I) 

= O(l0gp 1x1) + O(log, Irl) 
= u(a) + U(P). 

This completes our proof of the lemma. 0 

3.2. LEMMA. Vap [u(a + p) 2 min(u(a), u( /3 ) ) ] ,  where quantification is over ,R. 

Proof. If a + P = 0, or if a = 0, or if = 0, then clearly 

u(a + 6) min{u(a), ~(0)). 

Therefore we may assume that CY f p # 0, a # 0 and 0 # 0. Let x E a, and let 
y E 0; by the Trichotomy Law for *R, 1x1 < Iy I or ly I < 1x1. Since a + P = P + a, 
there is no loss of generality in restricting ourselves to the first case; so we shall 
assume that 1x1 < Iy I .  Thus 

log, lul <logp 1x1, 

O(l0gp lyl) <O(log, 1x1). 

O(log, Ix +rl) 2 0 ( h p  171). 

so 

We shall prove that 

By the Triangle Inequality for *R, 

Ix+yl < 1x1 + IyI 2lyl 

since 1x1 < IyI. Thus 

l o g p I x + y l ~ l o g p 1 2 ~ I ,  
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so 

0(1ogp lx + y I )  2 O(log, I 2y I )  = wag, 2 + log, I y I )  = 0(logp 2) + 0(logp I y I). 
But log, 2 is a negative infinitesimal, so O(log, 2) = 0. Thus 

0 ( h p  Ix +rl) 20(10!3, Irl), 
i.e., u(a + 0) 2 ~(0) .  By assumption, u(0) < u(01); so 

U((Y + 0) 2 min{u(a), u ( p ) ) .  

This completes our proof of the lemma. 0 

Considering the requirements for a nonarchimedean valuation listed in 
Section 1.4, we conclude that u is a nonarchimedean valuation on the field ,bi. 
It follows that u(-(Y) = u(a) and u(l/cu) = -u(a) if (Y # O(see Section 1.4). 

valuation u in the next section. There we shall need the following fact. 
We shall prove that is complete with respect to the nonarchimedean 

3.3. LEMMA. Let y E *R, and let x be a member o f  M o  such that log, ix - y I > 0. 
Then y EMo. 

Proof. By assumption, (x  - y  I = p a ,  where a > 0; sox - y  is finite. Moreover, 
there is a standard natural number t such that Ix I < p-'. Thus 

ly I < ( y  -XI+ (x 1 < p" + p-' < 2p-' < p-f-1, 

SOY EMo. 0 

Let us pin down our comment in the proof of Lemma 3.3 that x - y is 
finite. 

3.4. LEMMA. Let x E *R, and let logp 1x1 > 0; then x is finite. 

Proof. Let 1x1 = p a ;  thena > 0. Now pf = exp[ t lnp]  for each t E  *R. But lnp  
is negative, and the function exp is monotonically increasing; therefore the 
function p' is monotonically decreasing. Thus p a  < pan since a > 0; so 
( P " ) ~  < 1, and we conclude that 0 < p a  < 1 . 0  

We shall need the following facts later. 

3.5. LEMMA. Let a E R ,  where a f 0. Then u( [a]) = 0. 
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proof. Let 

I at = pf = exp [ t  lnp]. 

Now lnp is infinite and negative. Assume that I a I > 1 ; then t In p > 0 since 
es > 1 iff s > 0. So, if I a I > 1 ,  then t < 0. Also, t In p is finite since 
exp [ t  In p ]  = I a I is finite. Therefore t N 0. This proves that log,, I a I is a 
negative infinitesimal in case I a I > 1. If I a I = 1, then log,, I a I = 0, so 
u ( [ a ] )  = 0. If tat < 1, then 

u ( [ a ] ) = - u ( [ l / a ] ) =  0 

by the first part of this proof. We conclude that u( [ a ] )  = 0 if a E R  and a # 0.17 

3.6. LEMMA. Let x * a ,  where a E R and a > 0. Then u( [ x ] )  = 0. 

Proof. By assumption, +a < x <$a.  Thus 

log,, (4.) < log,, x < log,, (fa), 

O(log,, (; a)) G O(log,, x )  O(log,, (f a)), 

U<[$al> U ( [ X I )  G U([$71>.  

so 

i.e., 

Thus u( [ X I )  = 0 by Lemma 3.5.0 

3.7. COROLLARY. Let x =a, where a E R and a # 0. Then u( [ X I )  = 0. 

Proof. Let a < 0. Then, by Lemma 3.6, 

u( [ X I )  = u( [ - X I )  = 0 

since -x N -a. 0 

3.8. LEMMA. Let a,t € R ,  where a f 0. Then u( [up']) = 1. 

Proof. 

u( [up' ] )  = u( [ a ] )  + u ( [ p ' ] )  = u( [ p ' ] )  by J-emma 3.5 

= O(log, Ip'I) = 1. 0 

Our next two lemmas relate the inequalities on PR and R U {=I. 

3.9. LEMMA.Zf u(P) <u(a), then IctI < IPI. 
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Proof. To avoid misunderstanding, we point out that 

If u(a) = m, then CY = 0; but f 0, so la[ < 101. Assume that ~ ( c Y )  # m, i.e., 
CY # 0, and let a E I C Y \  and b E IPI. Then 

O(log, b) < O(log, a), 

so b = pY and a = p x ,  where y < x ;  thus px < pY . Therefore a < b. This means 
that (a1 < [PI. 

3.10. LEMMA.fflal <IPI,then u(P)<u(a ) .  

Proof. If Q = 0, then u(a) = m; but P # 0, so u(P)  E R. Thus u(P) < u(01). 
Assume that (Y # 0, and let (I E [crl and b E [PI; then u(a) = *(logp a) and 
u(P) = o(log, 6) .  By assumption, 0 < a  < b;  thus h a  < In b, so 

In a/ln p > In b/ln p ; 

i.e., log, b < log, a. Therefore 

O(log, b) < O(log, a); 

i.e., u(@ < u(a). 

4. Convergence 

The role of u ,  the nonarchmedean valuation on P63 defined in Section 3, 
is to build up a metricd on ''63. As we saw in Section 1.5 this is achieved in 
two steps. First, we define the mapping I I u ,  in terms of u,  where 

,, = ,-,,(a) 

for each CY E pR; here we identify e-" with 0. This map has the seven proper- 
ties listed in Section 1.5. Next we define the map d, in terms of I 1 ,,, where 

d(a,P)= ICY-PI,  
for each a,P E pR. In short, d(a,P) = e-dWP) for each C Y , ~  E pR. As we 
pointed out in Section 1.5, d is a metric on ,R and satisfies the ultrametric 
inequality: 

VaP7 [d(a,7) max{d(f%P),d(P,y)Il. 
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The metric d allows us to define, in p6?, the notions of a convergent sequence 
and its limit, and the notion of a Cauchy sequence. In the first place, a sequence, 
say (a,), is a map o f N  into ,,R. Moreover, (a,) converges to a, where a €  pR,  
provided that the standard sequence (d(a,,a)) converges to 0 (in 61). A sequence 
(a,) is called a Cauchy sequence if 

V E  3no Vrnn [m,n > no + d(a,, a,) < E ] ,  

where the first quantifier refers to the positive standard numbers, and the other 
quantifiers refer to N .  If each Cauchy sequence converges in Phi, we say that p6? 
is complete with respect to the nonarchimedean valuation u. 

Notice that for each standard natural number q ,  

d(a,, a,) < e-4 iff u(a, -an) > q .  

So (a,) is a Cauchy sequence iff 

V q  3 no Vrnn [m,n > no + 401, - a,) > 41, 

where the quantifiers refer to N .  
In Section 1.5 we pointed out that sequences and series possess nice 

properties, from the viewpoint of convergence, if the metric is yielded by a 
nonarchimedean valuation and the field involved is complete with respect to 
that valuation (see Lemmas 1.5.7, 1 S.8 ,  1.5.1 1, 1 S.13 and 1.5.15). Accord- 
ingly, it is useful to establish the following fact. 

4.1. THEOREM. is complete with respect to u. 

Proof. Let (a,) be any Cauchy sequence in PR, and let x ,  E a, for each n E N .  
Then 

Vq 3nq Vrnn [ m,n > nq + u(a, - a,) > 41, 

Vq3nqVmn [m,n>nq+o( logp  Ix , -x , I )>q l ,  
so 

where the quantifiers refer to N .  It  follows that 

V q  3nqVmn [m,n > nq + log,, lx, - x ,  I > 41- 

Recall that *6? is sequentially comprehensive; so there is an internal sequence 
(s,), where s, E *R for each n E *N, such that s, = x, for each n E N .  Therefore 

(4.2) 
is true for *6?, where the quantifiers refer to N ,  and the sequence involved, 
namely (s,), is internal. In words, corresponding to each q E N  there exists 

V q  3nq Vmn [m,n > nq + log,, Ism - s, I > ql 
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an nq E N  such that 

m,n>nq- t log , l s , - - , I>q ,  

A =  ( t E * N l V m n  [ m , n > n q A m , n < f + - t o g ,  Is,-s,l>4]] 

is an internal subset of *N that contains N .  Thus, by the First Principle of 
Permanence 2.7.2, there is an infinite natural number K ;  such that c E A  for 
each t d K ~ ,  t E *N. 

The idea is to choose K~ first, then K ~ ,  K ~ ,  and so on. In this way we are 
free to take K~ < K ~ ,  K~ < K ~ ,  p3  < K ~ ,  and so on. So ( K , )  is a decreasing 
sequence, over N ,  of infinite natural numbers. Thus, by Lemma 2.7.7, there is 
an infinite natural number K such that K < K~ for each 4 E N .  Therefore, for 
each 4 E N ,  there is an nq E N  such that 

where m,n EN. Let q E N ,  and choose nq in accordance with (4.2). Then 

m,n < K A m,n > Mq --f logp Is, - s, I > q ,  

where m,n E *N. Taking n = K yields 

(4.3) m<K A m > n q + l o $  Is,-s,I>q 

for each m E *N. In (4.3) take 4 = 0 and m = 1 + nq ; then log, Is, - s, I > 0, 
so by Lemma 3.3, s, E M O .  Moreover, from (4.3), 

V m  [ m  < K A m > nq + O(log, Is, - sKI )  2 41, 

where the quantifier refers to *N; in particular, 

(4.4) V m  C m > n q - t ~ ( [ x , - - , l > ~ 4 1 ,  

where the quantifier refers toN. We claim that (a,) converges to [s,]. Given 
q E N ,  choose nq in accordance with (4.2); for m > nq , 

d(a,, [s,]) = exp (-u([x,-s,I))  < e-4 

by (4.4). Thus (d(or,, [s,])) converges to 0. This proves that (a,) converges to 
[s,] and completes our proof of the theorem. 

Here are some basic facts about the map I I,. 

4.5. LEMMA.ZfIa1 < 1/31, then la), < 1/31,. 

Proof. By Lemma 3.10, u(/3) < u(a); so -u(a) < -u(P). The function exp is 
monotonically increasing, so 

e 4 a )  < e-u(P), 

i.e., IaI, < 1/31,. 0 
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4.6.LEMMA.If Ia1,<Jp),, thenlal<Ipl.  

Proof. By assumption, 
Therefore la1 < 101 by Lemma 3.9. 0 

< e-u(fi); so -u(a) <-u(/3), thus ~ ( 0 )  < ~ ( a ) .  

Our next lemma has a bearing on the discussion of continuity in Section 4.3. 

4.7. LEMMA. Let a >  0, and let y be such that Iy -aI, < Ial,,. Then y > 0. 

Proof. By Lemma 4.6,Iy - a I < a; so y # 0. Assume that y < 0; then -y > 0, 
so a - y > a,  thus I -y - a I > a. T h s  contradiction proves that y > 0. 0 

4.8. COROLLARY.Leta<O,andletybesuch that Iy-at, <lal,. Then 
y<o. 

Proof. By ( 2 )  of Section 1.5, la - 71, < I-al,, where -a > 0; i.e., 

1-7 - (-4 I , < I -a I ”. 
So, by Lemma 4.7,-7> 0, i.e., y <  0. 0 

Later we shall need the following fact. 

4.9. LEMMA. Let (7,) be u sequence such that lim(y,) = y, and let a, be 
between y, and y for each n EN. Then lirn(a,,) = y. 

Proof. Let x, E y, and t ,  E a, for each n E N .  Then t ,  is between x, and x 
for each n E N .  Now, for each n E N ,  

la, - TI, = I [ t ,  - X I  I u  I [X, - X I  I, 

by Lemma4.5, since It,-xl G Ix,-XI. So, for e a c h n E N ,  

1 %  - ? I u  G IYn-YI,. 

Butlim(Iy,-yl,)= O , s ~ l i m ( I a , - - y ( ~ ) =  O;i.e.,lim(a,)=y. 0 

5. Series 

The notion of a series is discussed in Section 1.5 in a rather general setting. 
We now apply those ideas for the case of the field P61 and the metric induced 
by the nonarchimedean valuation u. 
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A series is an expression of the form Z,v a, , where an E PR for each n E N ;  
the field elements a, are generated by a map of N into PR. Intuitively, the 
formal expression EN a, represents the infinite sum 

“0 + a1 + ... + a, + ..., 
i.e., the sum of the terms of the infinite tuple (ao, a l ,  ..., a,, ...) which has as 
many terms as there are natural numbers. We say that a series EN a, converges 
if the corresponding sequence of partial sums (a,) converges, where 

a, = “0 + ... + an 
for each n E N .  Throughout this discussion, our notion of convergence is 
based on the metric d induced by our nonarchimedean valuation u. 

If (a,) converges, we say that the series EN an converges to lim(u,), a 
member of pR,  and identify the formal expression Z N  a, with the field 
element lim(a,); i.e., 

a n -  -lim(U,). 

The results of Section 1.5, which are of a general nature, apply in particular 
to our field phi. It  is convenient to summarize these results here. 

5.1. THEOREM.Iflim(a,) = a ,  then lim(lanl,,) = lal,,. 

5.2. LEMMA. (a,) is a Cauchy sequence ifflim(a,+l - a,) = 0. 

5.3. LEMMA. Z,,,,, an converges ifflim(oc,) = 0. 

5.4. LEMMA. EN an converges if EN I a,I ,, converges. Recall that I0IV = e-,,(fl) 
for each B E pR. 

5.5. LEMMA. (an) converges iff lim(an+l - an) = 0. 

5.6. LEMMA. Let lim(a,) = a, and let B be a standard real number. Then 

3qVn [ n > q + u ( a n ) > B ] .  

5.7. LEMMA. Let lim(a,) = a and lim( 0,) = 0. Then 

lim(a, + 0,) = a + 0, lim(a, 0,) = 4. 
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5.8. LEMMA. Let EN % = and XN 0, = p. Then 

c (a,, + 0,) = a + p. 
N 

5.9. LEMMA. Let CN a,, = a, let CN p,, = p, and for each n E N  let 

Then 
Yn =aoP,, + a IPn- l+  ... + anPo- 

c y,, = ap. 
N 

5.10. LEMMA. Let (a,,) be a convergent sequence such that u(a,,) = t for  each 
n > j ,  where t E R and j EN. Then lim(a,,) # 0. 

5.11. THEOREM. Let lim(a,,) = a, and let j be a standard natural number 
such that u(a,) = t for each m > j .  Then u(a) = t .  

5.12. LEMMA. CN a,, converges iff lim(u(a,,)) = 00; i.e., 

VB3qVn [n>q+u(a,,)>B]. 

5.13. THEOREM. Let lim(a,,) = a, where a # 0. Then 

3 j V m  [ m > j - +  Ia,Iu=IaIu]. 

To dispel1 the notion that each series converges, we point out that by 
Lemma 5.3, X N  an converges iff lim(an) = 0. If there is a standard natural 
number j such that a,, = ai for each n 2j and ai # 0, then lim(an) = ai # 0. 
So CN a,, diverges. For example, let a be the map o f N  into pR such that 

0 i f n < 5 ,  
[l] i f n > 5 ,  a(n) = 

then lim(a,,) = [ 11 ; so EN % diverges. Indeed, the sequence of partial sums 
is (0, 0, 0, 0, 0, [ 11, [2], [3], ...) which converges iff ([n]) converges. By 
Lemma 5.2, this sequence diverges. 
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6. p-series 

Each series of the form ZN a, [ p ]  ’,, where a,, v, E R for each n E N ,  

Here are some facts about p-series. 
vo < v1 < v2 < ..., and {v, In E N }  is  unbounded, is called a p-series. 

6.1. LEMMA. Each p-series converges. 

Proof. Let Z N  a, [pl’n be any p-series, and let a, = [anp’”] for each n E N .  
If a, # 0, then u(a,) = v, by Lemma 3.8; of course, if a, = 0, then u(a,) = 00. 
Thus u(a,) > v, for each n E N .  By Lemma 5.12, ZN a, converges iff ( u(a,)) 
increases without bound iff (v , )  is unbounded. But the sequence (v , )  is un- 
bounded by assumption. We conclude that each p-series converges. 

6.2. COROLLARY. Let Z N Q ,  [ p ] ” ”  be any p-series; let ((3,) be the corre- 
sponding sequence of partial sums, i. e., 

on = ao[p]”O + ... + a, [pl ’n 

for each n E N .  Then (on)  converges and 

6.3. LEMMA. Let ZN a, [PI’, be any p-series, and let (on)  be the correspond- 
ing sequence of partial sums. Either a,  = 0 for each n E N ,  or there is a 
standard natural number j such that ~ ( I J , )  = vj for each n 2 j. 

Proof. If a, # 0 for some n E N ,  then there is a smallest standard natural 
number j such that aj f 0. For n 2 j ,  

thus 
o, = [aopYO + ... + anpun] = [ajp’j + ... + a n p u n ] ,  

u(u,) = O(log, I ajp’j + ... + a,p’nl) 

= O(log, Ip”l(a, + a j+ lpu i+ l -u i  + ... + a,p’~-’i) I) 

= vj  + ()(log l a .  + a. p U i + l - V  + ... + a,p”n-’il). 
P I 1+1 

But 
a j+ lP  I 

and aj f 0; so, by Corollary 3.7, 

’‘+1-V + ... + a,pYn-”i N O 

[a, + aj+ 1 P ~ i + i - ~ i  + ... + anpun-uj ] )  = 0. 

Thus u(o,) = v j .  T h s  completes our proof of the Lemma. 0 
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Alternatively, we can establish this lemma by applying Lemma 1.4.3, since 

u([a jp”i ] )  < u(u, - 0,) 

for each n > j .  

6.4. COROLLARY. Let EN a, [ p ]  
m e n  C N  a, [p]” ,  # 0. 

be any p-series such that some a, # 0. 

Proof. Let (u,) be the corresponding sequence of partial sums. By Lemma 6.3, 
there is a standard natural number j such that u(a,) = u.  for each n 2 j .  
Therefore, by Lemma 5.1O,lim(un) # 0; thus ZN a, [pi’” # 0. 0 

6.5. LEMMA. Let ZN a, [p]“,  be any p-series. Then Z N  a, [p]”n = 0 iff  
a, = O f o r e a c h n E N .  

Proof. If a, = 0 for each n E N ,  then u, = 0 for each n ;  so lim(u,) = 0 and 
CN a, [ p ] ” ”  = 0. If a, # 0 for some n E N ,  then CN a, [p ] ’ ,  # 0 by 
Corollary 6.4. 

The following lemma has a bearing on the relation between p-series and the 
generalized power series of Section 1.7. 

6.6. LEMMA. Let CN a, {p]”” be a p-series such that some a, # 0. Then 

where j is the smallest standard natural number such that aj # 0. 

Proof. Let (a,) be the corresponding sequence of partial sums. By Corollary 6.4, 
CN a, [ p ] ” ”  # 0; thus lim(o,) # 0. For each n 2 j ,  u(u,) = ui, by Lemma 6.3, 
where j is the smallest standard natural number such that aj # 0. Therefore, 
by Theorem 5.1 1, u(lim(u,)) = ui; i.e., 

As a simplifying convention, we shall identify two p-series if they yield the 
same series upon suppressing each term whose coefficient is zero, or if each 
coefficient of each series is zero. 

(see Section 2 )  to the 
definition of < for d: (see Section 1.7). 

Next we want to relate the definition of < for 
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6.7. LEMMA. Let CN a, [p]”n be a p-series such that a. # 0. Then 
ZN a, [p]”” > 0 iffao > 0. 

Proof. Letx  E C N  a,+l [ p ] ” n + l ;  then 

C a, [ p ]  ”n = [aOpuo + XI.  
N 

Now u( [x]) > u1 > v o  (indeed, u( [XI) = u1 if al # 0); so 

~ ~ [ x l ) > ~ ( [ a o P ” o l ) ~  

aOpVO + x >  o (in *R) iff a. > 0, 

[aOpVO t x ]  > 0 (in PR) iff a. > 0, 

Can [ p l v n  > o 

thus 1x1 < /aopuO(. Therefore 

so 

i.e., 

iff a. > 0. 
N 

Our next two lemmas show the connection between addition and multipli- 
cation in PR, restricted to p-series, and the corresponding operations of the 
field J. 

6.8. LEMMA. ZN a, [p]”n + ZN b, [PI”,  = ZN c,, [ p ]  ’n, provided the series 
on the LHS are p-series, and the series on the RHS is obtained from these 
p-series by applying the definition for the sum o f  two generalized power series 
(see Section 1.7). 

Proof. Consider the manner in which CN c, [p] ’n is obtained from ZN a,, [p]”n 
and ZN b, [ p l p n .  For each n E N  there is a corresponding m E N  ( n  <m < 2n + 1) 
such that 

[aOpuO + ... +anpun] + [boppo + ... + b,ppn] = [coph + .-. + cmphm]. 

Therefore, by Lemma 5.9, 

lim( [aop”O + ... + a n p u n ] )  + lim( [boppo + ... + b,p”n]) 

= lim([cop’o + ... + c,pAn]), 
i.e., 

c a n  [ p l v n  + c b, [pJpn  = c c, [ P I  ‘n. 0 
N N N 
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6.9. LEMMA.(ZNU,[~]”~).(CN~,[~]~~) = Z N  ~,[p]’~,providedthe 
series on the LHS are p-series, and the series on the RHS is obtained from these 
p-series by applying the definition for the product of two generalized power 
series (see Section 1.7). 

Proof. Consider the manner in which CN c, [ p ]  *, is obtained from 
ZN a, [p]” ,  and CN b, [ P I P ” .  For each n E N  there is a corresponding 
m E N  ( n  < m < ( n  + 1)2) such that 

[UOP’O + ... + ~,p”]  [bopuo + ... + b,p”] = [COP” + ... c ~ P ’ ~ ] .  

Therefore, by Lemma 5.9, 

(lim( [aOpuO + ... + a , p ” ~ ] ) )  (lim( [bopu0 + ... + b,p’n])) 

= lim([cop’o + ... + c,p’,]), 

We have shown that p-series behave under the field operations of p R  in the 
same way as the generalized power series of the field L. To be specific, let CP 
be the map of L into ”R such that 

@( Cant””) = Can [PI”, 
N N 

for each generalized power series ZN antun E L .  Then @ is a homomorphism 
of X into PR. Notice that CP is a one-one map since @ ( C N a ,  t u n )  = O(the 
additive identity of iff a, = 0 for each n E N ;  i.e., @(CN antu”) = 0 iff 
CN antun = 0 (the additive identity of L). Therefore d: is isomorphic to CPX, 
a subfield of PR. From Lemma 6.7, the map @ preserves the order relation of L; 
indeed, for each p-series EN a, [p]””, 

C a, [ p l v n  is positive (in PR) iff C a,tvn is positive (in L), 
N N 

so 

Moreover, for each p-series EN a, [PI”,, 

u( c a, [ p ]  ””) = u( c antV,) 
N N 

by Lemma 6.6. Thus @ is analytic (i.e., value preserving). 
We conclude that the system ( p R ,  u) is an extension of the system (L, u). 
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7. Iotas and megas 

By construction, the field PA lies between the fields A and %; indeed PA 
is an extension of A that includes large infinitesimals and small infinite numbers, 
but excludes small infinitesimals and large infinite numbers. As we know, we 
can study the real number system A effectively by utilizing various concepts 
of *A; e.g., infinitesimals, infinite natural numbers, infinite sums. Similarly, 
certain concepts of *A assist our study of ”63; e.g., the concept of a small 
infinitesimal and the concept of a large infinite number. 

Intuitively, we regard each member of M I ,  say i ,  as a small infinitesimal, 
and its multiplicative inverse (provided that i # 0) as a large infinite number. 
Introducing some terminology, we shall call each member ofMl an iota, and 
we shall call the multiplicative inverse of each nonzero iota a mega. We point 
out that i E *R is an iota iff li I < p n  for each n EN; also, K E *R is a mega iff 
I K I  > p +  for eachn EN. SoK is a mega iff K E *R -M0.  

t oy )  i f fx  -y  is an iota. In particular, i f y  E M o ,  then x z y  iff x E b], 
a member of pR. 

Let =Z be the binary relation on *R such that x * y (read x is infinitely close 

7.1. LEMMA, = is an equivalence relation on *R. 

Proof. Use the fact that M, is a ring. 

One goal in constructing is to raise the large infinitesimals and small 
infinite numbers of *R to the status of standard numbers; more precisely, we 
are referring to the equivalence classes that contain large infinitesimals or 
small infinite numbers. To  a certain extent, this allows us to think of large 
infinitesimals and small infinite numbers in the same way that we think of 
standard numbers. Accordingly, we shall use the iotas and megas of *A to 
study in the same manner that infinitesimals and infinite numbers assist 
our study of A. Just as for infinitesimals, notice that the equivalence relation x 

provides us with a convenient abbreviation for the statement “i is an iota”, 
namely “i x 0”. 

The arithmetic of iotas is similar to the arithmetic of infinitesimals. For 
example, the sum of two iotas is an iota, and the product of two iotas is an 
iota. 

Here is a useful way of characterizing iotas. 

7.2. CRITERION FOR IOTAS. i is an iota iff there is an infinite natural 
number, say v, such that I i I < pv. 
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Proof. Let i E *R. 
(i) Assume that i = 0. Then I i I < p" for each n E N .  Notice that 

is an internal subset of *N that contains N .  Therefore, by the First Principle 
of Permanence 2.7.2, there is an infinite natural number, say v, such that 
lil < p v .  

thus l i I < p n  foreachnEN.SoiEM1,i .e . , i=O.D 
(ii) Assume that I i I < p v  for some v E *N - N .  For each n E N ,  p' < pn ; 

Here are some applications of our Criterion for Iotas. 

7.3. LEMMA. If i is an iota and a is not a mega, then ai is an iota. 

Proof. We are given that I i I < p v  for some v E *N - N ,  and that I a I < p-" 
for some n E N .  Thus I ai I < pV-". But v - n E *N - N ;  so, by the Criterion 
for Iotas, ai is an iota. 0 

7.4. COROLLARY. I f  K is a mega and if a is not an iota, then aK is a mega. 

Proof. We are given that 1 / ~  is an iota and that l / a  is not a mega. Thus, by 
Lemma 7.3, ( l / a )  * ( 1 / ~ )  = 0; so QK is a mega. 0 

Later we shall need the following facts. 

7.5. LEMMA. (1 - h)K = 0,  provided that: 
(i) K is u mega and K E *N, 

(ii) O <  h < 1 ,  
(iii) h is not an iota. 

Proof. For a, 
( 1  -a)" < 1 / ( 1  +an) 

if n E N  and 0 < a < 1. Therefore, for *@, 

( 1  - h)K < 1/(  1 + hK). 

But 1 + hK is a mega; so I / (  1 + hK) = 0. Applying the Criterion for Iotas we 
conclude that ( I  - h)K = 0 . 0  

7.6. LEMMA. hK/K! = 0  if^ is a mega, K E *N, and h isfinite. 
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Proof. Since h is not infinite, I h I < n for some n E N .  Now nV/v! N 0 if 
v E *N - N .  Therefore, 

nK-l/(K - I ) !  < 1; 

so nK/K!  <n/K. By Lemma 7.3, n/K = 0. Applying the Criterion for Iotas, 
nK/K!  = 0. But 

o< Ih lK/K! < n K / K ! ;  

applying the Criterion for Iotas again, we conclude that hK/K !  is an iota. 0 

We can strengthen Lemma 7.6.  

7.7. LEMMA. hK/K !  = 0  if^ is a mega, K E *N, and h is not a mega. 

Proof. We are given that 1 h 1 < p-" for some m E N .  Thus 

O<--,<- lhlK (P-")" 
K .  K !  

1 1  ___- ... 1 1 - -__ 
Kpm (K- 1)p" 2pm pm 

1 1 1  1 - ~ -  ... 1 1 ... 1 - - -- 
Kp2m ( K  - V -k l ) p 2 m  (K - V)pm (V + I )pm '- ' I 

1 ... 1 1 ... 1 <- 
Up2" (K - V + 1)p2" ( K  - U)pM (V -k 1)p" 

= 0, 
I ... 1 <- 

Kp2" ( K  - V -k l)p2" 

where v is the smallest integer greater than p-". So hK/K!  = 0. 0 

Our proofs of the preceding lemmas have used &he fact that a number is an 
iota if it is smaller, in absolute value, than some iota. Of course, this is a basic 
property of iotas and deserves a proof. 

7.8.  LEMMA. Let i = 0, and let Ihl < li I, where h E *R. Then h = 0. 

Proof. By the Criterion for Iotas, li 1 < pv for some v E  * N - N .  Therefore 
I h I < p'; so h is an iota by the Criterion for Iotas. 0 
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Similarly, a number is a mega if it  is larger, in absolute value, than some 
mega. 

7.9. LEMMA. Let K be any mega, and let I h I > I K I, where h E *R. Then h is 
a mega. 

Proof. 1 / ~  x 0 and 1 I/h 1 < 1 1 / ~  1; by Lemma 7.8, l / h  = 0. We conclude that 
h is a mega. 

Later we shall need the following principle of permanence, which asserts 
that each natural number greater than some q EMo has a specified internal 
property, provided that each mega in *N has the property. This is analogous 
to the Second Principle of Permanence 2.7.3. 

7.10. FOURTH PRINCIPLE OF PERMANENCE. Let A be an internal subset 
of *N such that K E A if K is a mega in *N. Then there is an infinite natural 
number in Mo, say q, such that 

vn [n E *NA n > q - + n ~ ~ ] .  

Proof. Either each infinite natural number is in A ,  or these is an infinite 
natural number K such that K $ A .  If the former, there is nothing to  prove. 
If the latter, then *N --A is a nonempty internal subset of *N which is 
bounded above. Therefore *N --A has a greatest member, say q. So 

V n  [n E *N A n > q -+ n E A 1. 

The following principle of permanence is analogous to the Third Principle 
of Permanence 2.7.5. 

7.1 1. FIFTH PRINCIPLE OF PERMANENCE. Let ( in)  be an internal sequence, 
in *6(, such that in = 0 for each n E N .  Then there is an infinite natural number 
K such that in = 0 for each n < K , n E *N. 

Proof. Notice that (p-" in) is an internal sequence of *I%. For each n E N ,  
p-" in = 0;  so Ip-" in I < 1. By Lemma 2.7.4, there is an infinite natural 
number K such that I p-" in I < 1 for each n < K .  Therefore I in! < pn for each 
n < K .  If n is infinite and n < K ,  then in = 0 by the Criterion for Iotas. If 
n E N ,  then in = 0 by assumption. This completes our proof. 
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Here is another useful fact. Each decreasing sequence, over N ,  of positive 
megas is bounded below by a positive mega. This is analogous to Corollary 2.7.8. 

7.12. LEMMA. Let ( K , )  be a decreasing sequence, over N ,  of positive megas. 
Then there is a positive mega s2 such that 0 < K ,  for each n E N .  

Proof. Since *61 is sequentially comprehensive, there is an internal sequence 
(s,) such that s, = K ,  for each n E N .  Let (u,) be the internal sequence ob- 
tained from (s,) by replacing each of its zero terms (if any) by 1. Let (t,) be 
the internal sequence such that for each n E *N, 

t, = l/min{lul 1, ..., Iu,( 1. 
For each n E N ,  t ,  = 1 / ~ , ;  so t ,  x 0. By the Fifth Principle of Permanence, 
there is an infinite natural number K such that t ,  = 0 for each n < K ,  n E *N. 
In particular, t K  = 0; i.e., 

l/min{lul(, ..., IuKIl 0. 

l/min{lull, ..., IuKIl < pV,  

p-” < min{lull, ..., IuKI}. 

By the Criterion for Iotas there is an infinite natural number v such that 

thus 

Therefore p-v < I u, I for each n < K , n E *N; in particular, p-” < Iu, I for 
each n E N .  But a= p-” is a positive mega. This completes our proof. 

(Of course, u, = K ,  for each n E N . )  

The set of natural numbers included in M o  is of particular importance; in a 
sense, this set acts as the natural number set for P b i .  Let 

p N =  * N n M o ;  

pN = *N- { K  1 K is a mega}. 
so 

Our next principle of permanence is analogous to the First Principle of 
Permanence 2.7.2. 

7.13. SIXTH PRINCIPLE OF PERMANENCE. Let A be an internal subset 
of *N such that pN C A .  Then there is a positive mega s2 such that K E A for 
each K < a, K E *N. 
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Proof. Either A = *N or there is an infinite natural number which is not a 
member ofA.  In the former case there is nothing to prove. In the latter case 
*N - A is a nonempty, internal subset of *N. Thus *N - A has a smallest 
member, which must be infinite and positive, say 52. Therefore, K € A  if 
K < 52 and K E *N. 0 

It is useful to formulate this principle of permanence as follows. 

7.14. LEMMA. Let q E pN, and let A be an internal subset of *N such that 

{ r n E P N I m > q }  CA.  

Then there is a positive mega 52 such that K E A for each positive mega K , 
K < a. 

Proof. Let 

B = A  U { n E P N  1 n Gq} .  

Notice that B is an internal subset of *N; moreover, PN C B.  By the Sixth 
Principle of Permanence, there is a positive mega 52 such that K E B for each 
K < 52, K E *N. But no mega is a member of ( n  E "N I n d q } .  Therefore 
K E A for each positive mega K , K < 52. 



CHAPTER 4 

FUNCTIONS IN P& 

1. The function concept 

Fundamentally, by a function in a field 9 we mean any map of a subset of 
F into F. For the field P A ,  therefore, each map of a subset of PR into pR is a 
function in this field. For example, the identity map {(y, y) I y E p R }  is a 
function in P&; any constant map, e.g. {(y, 0) I y E pR}, where 0 is the addi- 
tive identity of p&, is a function in P&; the map ((7, y2) I y E PR}, where 
y2 = y - y, is a function in Phi. 

to a function in *&; indeed, the process by which & is extended to *& auto- 
matically extends each standard function, sayf, to a unique function in *&, 
called *f. 

There is a natural way of extending certain standard functions to functions 
in %. Let f be a standard function with domain R such that *fhas the property 

Recall that each function in & (which we call a standard function) extends 

where the quantifiers refer to Mo.  This property of *fallows us to associate a 
unique member of pR with each member of PR. Namely, with each y E pR we 
associate [ * f ( x ) ]  provided x E y. By assumption, [ * f ( y ) ]  = [*f ( x ) ]  if y E y. 
This defines a function in P& which we denote by pf (read the extension o f f  
to p@). In short, for each y E pR,  

pf(r) = [*f  (41 7 

where x E y. This definition is acceptable because [* f (x ) ]  = [*f(y)] for all 
X,Y E 7. 

Here are some examples. 

1.2. EXAMPLE. Let f be the squaring function in 61; i.e., 

Then 
f = { ( t ,  t 2 )  1 t E R } .  

*f= { ( t ,  t 2 )  I t E *R).  

100 
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First we must show that ?satisfies (1.1). Let x , y  EMo, and let x = y ;  then 
y = x + i for some iota i. Thus 

?(y) - *f(x) = (x + i )2  - x2 = 2xi + i 2  = o 
since 2xi = 0 (by Lemma 3.7.3). Therefore we can extendf to pf, the function 
in such that for each y E PR, 

Wr) = [ * f W  = fx21 = 72, 

provided that x E 7. Thus 

pf = ((7, r2) I YE pR 1. 

1.3. EXAMPLE. The standard function sin (i.e., ((t, sint) I t E R } )  extends to 
the function *sin in *R. We shall show that *sin satisfies (1.1). Let x , y  E Mo, 
and let x % y ;  theny = x + i for some iota i. Thus 

*sin(y) - *sin(x) = 2*sin(+i)-*cos(x ++i) = o 
since *sin(+i) = 0 and (*cos(x +fi)l G 1. Therefore the standard function sin 
extends to the function "sin defined as follows. For each y E pR, 

Psin(y) = [*sin(x) J , 
where x E y. 

Of course, some standard functions cannot be extended to p6? in this simple 
way, because ( 1.1) fails. 

1.4. EXAMPLE. Let fbe  the standard function such that for each c E R ,  

Then for each r E *R, 

1 ifc>O, 
0 i f t G 0 .  

We shall show that *fdoes not satisfy (1.1). Let i be any positive iota; then 
i,-i E 0. But ?(i) = 1 and ?(-i) = 0. Therefore *f does not satisfy (1.1); so 
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Pfdoes not exist. On the other hand, 

{(7,1) I7 E pR and 7 > 0) U ((7, 0) I 7 E pR and 7 G 0) 

is a function in pR which we may regard, in a sense, as the extension off to 
Our point is that this function is not yielded by our definition of p f .  

We shall say that fsatisfies ( 1.1) in case *f satisfies ( 1.1). 
Here is a sufficient condition for (1.1). 

1.5. LEMMA. A standard function f whose domain is an open interval (a, b) 
satisfies ( 1.1) i f f  meets a Lipschitz condition in each closed subinterval of 
(a, b). 

Proof. f meets a Lipschitz condition in [a’, b’] ,  a subinterval of (a, b), provided 
that there is a standard number k (which depends on a’ and b‘) such that 

(1.6) VXY [ Ifb) - f  ( X I  I G k I y - x I1 1 

where the quantifiers refer to the closed interval [a’, b’]. Since (1.6) is true 
for R, it is also true for *R when interpreted in *R. Let x , y  E *(a, b), and let 
x = y ;  then forsomea’,b’E(a,b),  x ,yE*[a‘ ,b‘] .  From(l.6), 

I*f(u> - * f ( X ) l  G k I y - - X I  = 0 

since k is standard andy  - x  is an iota. So * f (x )  = *f(y). This completes 
our proof. 0 

We mention that the hypothesis of Lemma 1.5 is met by a standard func- 
tion f if f ’  is continuous on the open interval (a, b). In this case f ’  is con- 
tinuous on each closed subinterval [a’, b‘] of (a, b);  sof’  has a maximum 
value on [a’, b‘] , which can serve as the k of (1.6), in view of the Mean Value 
Theorem. 

Next, we present a necessary condition for (1 .1 ) .  First we establish the 
following fact. 

1.7. LEMMA. Let f be a standard function, and let a E d o m i  Then f is con- 
tinuous a t  a i f  

v x  [x = a  + f ( x )  = f ( a ) ] .  

Proof. Assume that f is not continuous at a. Then there is a standard positive E 

such that 

(1.8) v6 3x  [ Ix -a  I < 6 A I f ( x )  - f ( a )  1 2 € 1  
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is true for di. Therefore, (1.8) is true for *di when interpreted in *a. In par- 
ticular, corresponding to each n E N  there is an x ,  € *R such that 

(1.9) I x , - a l < P ” ,  ! f (x , ) - f (Q)I>E. .  

Since *di is sequentially comprehensive, there is an internal sequence (y,), 
n E *N, such that y, = x ,  for each n EN. Now 

A = { n  E *NI tun --a I < pn If(u,) - f ( a )  I 2 €1 
is an internal subset of *N; moreover, from (1.9), N C A .  By the First Principle 
of Permanence 2.7.2, A has an infinite member, say v. Thus 

I J ’ ,  - a  I < P” ,  If()’,) - f ( Q )  I 2 E .  

Thusy, = a, yet f(y,) + f ( a )  since E is standard and positive. We conclude 
that *fdoes not satisfy (1.1). This establishes our lemma. 

1 .1  0. COROLLARY. Each standard function that satisfies (1.1) is continuous. 

We have established that our procedure for extending standard functions 
to P d i  applies only to certain continuous functions. If a standard functionfis 
not continuous on its domain, then f does not satisfy ( 1.1). 

We emphasize that not every continuous function satisfies (1.1); here is an 
example. 

1 .1  1.  EXAMPLE. Let f be the standard function such that for each t E (-1, l), 

Now it is well known thatfis continuous on (-1, 1); we shall show thatf 
does not satisfy (1.1). Let K be an infinite natural number such that KP < 1 ; 
so pK is an iota. Iffsatisfies ( l . l ) ,  in particularf(pK) =f(O), i.e.,f(pK) = 0. 
Iff(pK) is an iota, so isf(pK)/p2 (by our Criterion for Iotas). But 

-1 -1 >- f ( P K ) -  -1 - 
p2 p2lnpK Kp2lnp P I ~ P ’  

which is infinite. Sof(pK)/p2 is not an iota; thusf(pK) is not an iota. In view 
of Lemma 1.5, and the comment following that lemma, we see that 0 $ domf’; 
this is easy to show directly. Continuing our example, let t E (-1, l), where 
t # 0, and let i be any iota; we shall prove that 

(1.12) f ( t + i ) = f ( t ) .  
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Now 
-1 1 

f ( t  + i) - f ( t )  = ____ + ~ l n I t + i l  lnltl 

- In I t + il - In I t I - 
In It + il In I tl 

i 
c In It + il In It I 

- - 

by the Mean Value Theorem, where c is between c and t + i. Since c is not an 
iota, l/c is not a mega, so i / c  
Mo -Ml (since t is a nonzero standard number). We conclude that 
f(t + i)=f(t) .  

0. Moreover, each of In I c 1 and ln I t + il is in 

2. More functions 

In Section 1 we showed how any standard functionf that satisfies (l.l), 
yields a unique function Pfin PA. Here we point out that our construction 
applies equally well to any internal function in *A that satisfies condition (1.1). 

Let f be an internal function in *A (not necessarily rooted in a standard 
function) such that 

(2.1) vxy [x = Y +f(d =fOt) l3  
where the quantifiers refer to Mo n domf. This property of fallows us to 
define a function in PA, denoted by pf, as follows. Let x E M o  n domf, and 
let 7 = [XI ; then we say that 7 E dom pf and define 

(2.2) T ( 7 )  = [f(x)l. 
We now present some examples. 

2.3. EXAMPLE. Letfbe the internal function in *A such that for each r E *R, 

f ( t )  = sinKt, 

where K E M o  (so K is not a mega). Take x,y E M o  so thaty - x = i = 0; then 

f(y) - f ( x )  = sin ~y - sin KX 

= 2 sin:K(y -x) cosfK(y + x) 

1 
= 2 s i n i ~ i  COSK(X +Ti) 

= O  
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since sin 
(2.1); so 
x E 7 .  If 
choose x 

1 
COS yK(Y 

1 p i  = ()(note that+i= 0) and I c o s ~ ( x  + fi)l < 1. Thusfsatisfies 
our procedure yields a function Pfin "R, where "f(7) = [sin K X ]  , 
K is a mega (i.e., K 4 M o ) ,  then (2.1) is not satisfied byf. We can 
andy so t h a t y - x =  1 / ~ ,  thereforesintKi= s int&Oand 
+x) = COS(KX + $1 is not an iota for appropriate x (e.g., x = 0). 

2.4. EXAMPLE. Let K E M o ,  K > 0. Then S is a Dirac delta function, where 

6 ( t )  = m e X p ( - K t 2 )  

for each t E *R. Notice that for each t E *R, 

6'(t) = -2Kf m e X p ( - K f 2 )  = - 2 K f  6(f).  

Take x,y EMo,  where y - x = i = 0. By the Mean Value Theorem, for some c 
between x and y 

6(y) - 6(X) = ( y  - X) 6 ' ( C )  = -2KCi 6(C). 

Clearly 2 ~ c i  = 0. If c + 0, then 6(c) N 0; so 2~ci6(c)  = 0. If c = 0, then 
0 < exp(--Kc2) < 1, and it follows that S(c) EMO; so -2~ci6(c) = 0. We 
conclude that 6(y) - S(x) = 0; so 6 satisfies (2.1). This means that 6 yields a 
unique function in PI%, denoted by P S ,  where 6 ( . y >  = [6(x)] for each 7 E pR, 
where x E 7. 

Our next example shows that for a function in PR, say pf, the functionf 
involved is not necessarily unique. 

2.5. EXAMPLE. Let i be any positive iota, and let f be the internal function 
such that 

i i f t > 0 ,  
0 i f f  < 0. 

Clearlyf satisfies (2.1); sofyields "f, where for each 7 E pR and x E 7, 
W7) = [f(x)l; thus 

Bi t  [i] = 0, so Pf(7) = 0 for each 7 E pR. Of course, the internal function 
{ ( t ,  0) I r E *R} also satisfies(2.1), and yields ((7, 0) I yE p R }  as well. 
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Here is an internal function to which our procedure for obtaining a function 
in 4% does not apply. 

2.6. EXAMPLE. Let f be the internal function such that 

p i f t > 0 ,  
0 i f t G 0 .  

Let i be any positive iota; then f ( i )  j :  f ( O ) ,  so f does not satisfy (2.1). There- 
fore, f does not yield a function in 4%. 

The following lemmas help us decide whether a given internal function 
satisfies(2.1). 

2.7. LEMMA. Let f and g be internal functions that satisfy (2.1). Then f + g 
and f - g  satisfy (2.1). Moreover, f Sgsatisfies (2.1) provided that 
f (x),g(x) E Mo whenever x E Mo. 

Proof. We are given that 

VXY [x = Y + ( f  (-4 = f ( Y )  A g(x) = g(Y))I> 

f (x) - f  (u) * 0, 

[ f ( x )  -fb)1 k -g(y) l= 0 9  

f(x) +g(x) =fb) +g(Y>* 

where the quantifiers refer to Mo r'l dom f r l  domg. So 

d x )  - g(u)  = 0- 

The sum, or difference, of two iotas is an iota; thus 

i.e., 

So both f + g and f - g  satisfy (2.1). Next, suppose as well that f (x ) ,g(x)  E M O  
whenever x EMo.  Then 

f (4 g(x) - f (u) g ( u )  = f (XI -g(Y)I + g(Y) [ f  - f  (Y)l 

= O  
since the product of an iota and a member of Mo is an iota. Thus 
f (x )g(x)  = f ( y )  g(y); so f - g  satisfies (2.1). 0 

2.8. LEMMA. Let f andg be internal functions that satisfy (2.1) such that no 
value of g is an iota and f (x) E Mo i f  x E Mo. Then f / g  satisfies (2.1). 
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Proof. Let h = l/g; then h satisfies (2.1) since 

ifg(x) % g ( y ) .  Moreover, h(x)  EMo if x E Mo; thus, by Lemma 2.7, f - h  
satisfies (2.1), i.e., f / g  satisfies (2.1). 0 

2.9. LEMMA. Let f and g be internal functions that satiffy (2.1) and such that 
g (x )  E Mo i fx E Mo. Then the composite function f 0 g satisfies (2.1). 

Proof. Let x % y ,  where x,y EMo n domf og. Theng(x) % g ( y ) ;  thus 
f k(x)) = f ( d Y ) ) ,  i.e.9 

[ f o g l ( x )  = [ f o g l ( y ) .  

3. Continuity 

We shall base our concept of continuity in the nonarchimedean field pR, on 
the metric induced by the nonarchimedean valuation u defined in Section 3.3 
(for the induced metric, see Section 3.4). The idea is that in "R,  a function f is 
continuous at y, where y f dom f, if each sequence (f (y,,)) converges to f (y), 
where (7,) is a sequence such that: 

(1) (y,,) converges to y; 
(2) y, E dom f for each n EN. 

This sort of continuity is called sequential continuity (for short, seq-continuity). 

3.1. DEFINITION. A function f is sequentially continuous at y, y E dom f ,  
provided that lim( f(y,)) = f(y) for each sequence (y,,) such that: 

0) M y , )  = 7; 
(ii) y,, E dom f for each n EN. 

Before illustrating sequential continuity, recall that for each sequence (a,,), 
and for each a f pR, 

lim(a,) = a iff lim(d(a,, a)) = 0 

iff lim( la,, - 011 J = 0, 

where Iyl, = e-u(7) for each yE pR, and u ( [ x ] )  = O(logplxl). For example, 

I [ p ] ~ ,  = e-u~b])  = 1/e. 
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Recall Theorem 3.5.13. If lim(a,) = a, where a # 0, then 

(3.2) 3 j V m  [m>j+ la , l , ,=  lal,,], j , m E N .  

follow. 
We shall use these facts in our examples of sequential continuity, which 

3.3. EXAMPLE. Letfbe  the function such thatf(7) = 1l-y for each 7 # 0. We 
shall show thatfis seq-continuous at [p]. Let (7,) be any sequence such that 
lim(7,) = Lp] and 7, # 0 for each n EN. We must show that lim( 1/7,) = [ 1/p] ; 
i.e., 

(3.4) E E R, E > 0, q ,m E N .  

But 

V E  3q  Vm [ m  > q -+ I l/7, - [ l /p] I ,, < E ]  , 

Now I [p] I, ,  = l/e. Also, lim(7,) = [ p ] ;  so by (3.2), 

3 j V m  [m>j-+17ml , ,=  l /e] ,  j , m E N .  

Therefore, fo rm > j ,  

(3.5) I l / 7m -  PI I u = e2 I7m - [PI I 
But lim(y,) = [ p ]  , so lim( 17, - [ p ]  1 J = 0. We conclude from (3.5) that 
(3.4) is correct, i.e., lim( 1/7,,) = [l /p].  This proves that f i s  sequentially con- 
tinuous at [ p ] .  

Continuing this example, let us show thatfis seq-continuous at 7 provided 
that 7 # 0. Let (7J be any sequence such that lim(7,) = 7 and 7, # 0 for 
each n EN. By (3.2) there is a standard natural number j such that kymIu = 171, 
for each m > j .  We shall show that lim( l/-y,) = 1/7. Now, for m > j 

Since lim( 17, - 71,) = 0, we conclude from (3.6) that lim( I l/7, - 1/71,,) = 0. 
Thus lim(l/r,) = 1/7. This proves thatfis  seq-continuous at 7 ;  sof i s  s eq  
continuous at each member of its domain. 
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3.7. EXAMPLE. Let f be the function such that f(y) = y2 for each y E PR. 
We shall show that f is seq-continuous at each member of its domain. Let 
a E pR, and let (an) be any sequence such that lim(an) = a. We wish to show 
thatlim(a~)=a2.Firstassumethata# [O].From(3.2),la,lU= IaI,ifm 
is sufficiently large; so 

Thus 
10, + 4, <mdla,I . ,  lal,) = Ial,. 

la; - a2 I , = I(a, - a) (a, + a)lu (since 

(by (4) of Section 1.5) 

is a field) 
- - la, - al, lam + al, 

G I f f l ,  la, -4,. 
By assumption, lim( I an - a I ,,) = 0; we conclude that lim( I a; - a21 ,) = 0, 
thus lim(ai) = a'. This proves thatfis seq-continuous at a. Next, assume 
that a = [O]. Then lim(a,) = [O] ; so lim(l an I ,) = 0. But lail , = Ianl, lanlu; 
so 

lim(lail,) = (1irn(lanlu))2 = 0. 

Thusf is seq-continuous at [0] . 

3.8. EXAMPLE. Letfbe the function such that 

We shall show thatfis not seq-continuous at [O]. Notice that 

lim( I [--plnl,) = lim(e-n) = 0. 

The corresponding sequence of values off is 

(f([--Pl")) = ( P I ,  111, 101, 1119 ..-I, 
which does not converge tof( [O]) = [ 11; indeed, this sequence does not con- 
verge. We conclude that f is not seq-continuous at [ 01. Continuing this 
example, let us show thatfis seq-continuous at any other member of PR, 
say 7. Take y > [O] and let (yn) be a sequence such that lim(y,) = 7. We 
claim that 

(3.9) 34Vm[m>4+.y,>[OIl,  4 ,mEN.  
If not, corresponding to each standard natural number 4 there is a standard 
natural number m, m >4,  such that y, < [O]. So l y, - yl 2 y, thus 
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I,> Iyl, by Lemma 3.4.5. But 171, is standard and positive; therefore 
- yl ,) f 0, so lim(y,) # y. This contradiction verifies (3.9). Thus, 
q ,  f ( y m )  = [ 11 = f(y). A similar argument works for y < [O]. We 

conclude that f is seq-continuous at y provided that 7 # [ 01. 

4. S-continuity 

In view of Lemma 2.10.9, the notion of S-continuity in *6? is meaningful in 

Let us be quite precise. 
the context of Pbi provided that we interpret absolute value as I I ,. 

4.1. DEFINITION OF S-CONTINUITY. A functionf is S-continuous at a, 
a E domf, if 

(4.2) VE 3s vr [IT - aI , < 6 + If($ --f(a) I , < E l  , 
where the first two quantifiers refer to positive standard numbers, and the 
last quantifier refers to domf. 

We shall show that each function f is S-continuous at a iff f is seq- 
continuous at a. First we present some examples. 

4.3. EXAMPLE. The absolute value function I I is S-continuous at each 
a E pR. Here 

In fact, we claim that 

(4.4) VE VT [Ir - 011, < E + I I Y I  - IaI I, < €1. 

I IyI- la1 I = I r+a l<  Iy-al. 

Notice that I y + a 1 < 17 - a I if a and y have opposite signs; in this case, 

Thus, by Lemma 3.4.5, 

I IY I  - IaI 1, G 17-01, < E  

by assumption. If a and y have the same sign, then 

I171 - IaI I = ly-al 
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so by (2), Section 1.5, 

I Iy I - la I I, = 17-a I, < E 

by assumption. This verfies (4.4). So I I is S-continuous at each member of pR. 

4.5. EXAMPLE. Let f be the function such that for each y E pR, 

We claim that f is not S-continuous at [ O ] .  To see this, in (4.2) take E = 1/(2e). 
Corresponding to  each positive standard 6 ,  there is a standard natural number 
m such that 

I [ P ] ~ I ,  = e c m  < 6 

(since lim(e-n) = 0). For each choice of 6 ,  in (4.2), take y = [ p l m .  Then 
ly1,<6,but 

Ifh)l,= “ l Iu=  l / e > e .  

So (4.2) is not satisfied; i.e., f is not S-continuous at  [ O ] .  
Next we shall show that f is S-continuous at a if a f [ O ] .  Take a > [ O ] .  

Choose E > 0 in (4.2), take 6 = lal,,, and let y be such that ly - al,  < 6. By 
Lemma 3.4.7, y > [ O ] .  So 

l f (T ) - f (41u  = I b l -  [Pll, = I[OIl, = O < E .  

Thus (4.2) is satisfied; i.e., f is S-continuous at a. Finally take a < [ O ] .  Choose 
E >  0 in(4.2), take 6 = la\,, and let y be such that Ir-al, <6. By the 
Corollary 3.4.8, y < [ O ] .  So 

If(y)-f(a)l, = I[O]  - [Oll,  = I[O]l, = O < E .  

Thus (4.2) is satisfied; i.e., f is S-continuous at a. 

We shall now establish the connection between S-continuity and seq- 
continuity. 

4.6. THEOREM. Let f be any function in p63, and let a E domf. Then f is 
S-continuous at a iff  f is seq-continuous at a. 
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Proof. (i) Assume thatfis S-continuous at a. Let (a,) be any sequence such 
that lim(a,) = a and an E domf for each n E N .  Then lim(l a, - a 1 ,,) = 0, so 

(4.7) 
where the first quantifier refers to positive standard numbers, and the other 
quantifiers refer to standard natural numbers. We shall show that 
lim(f(a,)) =f(a), i.e. lim( If(a,) -f(a)I,,) = 0, namely 

(4.8) 
where the quantifiers have the same designation as in (4.7). By assumption, 
f i s  S-continuous at a, i.e., 

V E  3qVm [m > q  + la,,, - al,, < €1, 

VE 3q Vm [m > q  +. If(a,,,)-f(a)l,, < e l ,  

(4.9) VE 36Vy [ Iy-al, < 6  +. I f ( $  -f(a)I,, < E l .  

Fix E positive and standard. From (4.9), there is a positive standard 6 such that 

(4.10) 

From (4.7) with E = 6,  there is a standard natural number q such that 

(4.11) Vm[rn>q+Ia,,,-alu<6]. 

So, from (4.1 1) and (4. lo), 

VY [ I T  - aI, < 6 +. I f ( $  -f(4 I,, < €1. 

V m  [m > q  + If(a,,,)-f(a)I, < €1. 
This establishes (4.8), i.e., lim(f(a,)) = f ( a ) ;  sofis seq-continuous at a. 

(ii) Assume thatfis not S-continuous at a. Then there is a positive 
standard number E such that 

(4.12) 

We shall show thatfis not seq-continuous at a. In (4.12) take 6 = i ; then 
for some rl E domf, 

V6 37 [ l~-al ,<S A lf(r)-f(~)l,>~I. 

IY1-al ,<L If(r1)-f(a)Iu>E. 

I72 - a I ,, < ($, 

I T ~ - ~ I , , <  G13, I ~ ( Y ~ ) - ~ ( ~ ) I , , > E .  

I?, - 4, <(9", If(?,) -f(41u 2 c. 

In (4.12) take 6 = (i)2; then for some y2 E domf, 

If(r2) - f(4 I ,, 2 6. 

In (4.12) take 6 = ($)3; then for some y3 E domf, 

More generally, take 6 = ti),, where n E N ;  then for some 7, E domf, 
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In t h s  way, (4.12) yields a sequence (7,) such that lim(y,) = a, yn E domf 
for each n EN, and I f(y,) - f ( a )  I 2 E for each n EN. Thus (f(y,)) does 
not converge tof(a). We conclude that f i s  not seq-continuous at a. This 
completes our proof of the theorem. 0 

What about Q-continuity in Well, the obvious way of formulating 
Q-continuity in PA yields a trivial concept. Let us demonstrate this point. 

4.13. DEFINITION OF Q-CONTINUITY. A functionfis Q-continuous at a, 
a E domf, if 

(4.14) 

where the first two quantifiers refer to positive real numbers (i.e., members 
of *R) and the last quantifier refers to domf. 

VE 36 Vy [ IT - 011, < 6 + M y )  -f(a)I, < €1, 

Unfortunately, each function f i n  
To see this, fur E E *R, E > 0, and choose 6 so that 6 > 0 and 6 = 0 (e.g., 
take 6 = p). Notice that for each y E pR, 

for which a E domf, satisfies (4.14). 

l y - a l u < 6  - y = a  

I f ($  -f(a) I = t[O] I = 0 < E ,  

(since 1/31 is standard and positive iff p # [ O ] ) .  But if y = a, then 

so (4.14) is satisfied. Thusfis Q-continuous at a provided that a€ domf. 
For this reason, we shall concentrate on S-continuity in "63, i.e., on 

seq-continuity . 

5. Functions Pfand continuity 

Let f be any standard function which satisfies (1.1); so f yields pf, a func- 

First, we introduce some ideas and terminology. 
tion in PA. In this section we shall discuss the continuity of "f. 

5.1. DEFINITION. Let a,/3 B "R; we say that a is infiniteb close to /3 (in 
symbols, a = /3) if u u b fof each u E a and b E /3. 

Since any two members of a differ by an iota, and any two members of /3 
differ by an iota, it is clear that 

a-/3 iff 3ub [ ~ ~ a h b E p h ~ = b ] .  
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Here is a fact about convergence in pdt. 

5.2.  LEMMA. Let lim(y,) = y. Then 

3 q V m  [ m > q + y m  -71 

PLoof. Assume that lim(y,) = y but 

V q 3 m  [ m > q ~ y m  + ~ l .  
Then ym - y contains no infinitesimals; sox E ym - y iff there is a positive 
standard number h such that 1x1 > h.  Thus 

I Ym - I = exp {-'(log, IX I ) I  2 exp {-'(logp h) 1. 
But h is positive and standard, so log,h 21 0; thus '(log, h)  = 0. So 
I ym - y I 2 1. This proves that 

V q 3 m [ m > q h l y m - y l v 2  11; 
therefore lim( I y, - y I,) # 0. This contradiction establishes the lemma. 0 

Given an open interval (a,  b)  in bi, we introduce p(a, b)  a subset of pR 
defined as follows. 

5.3. DEFINITION OF p(a, b). For each y E P R ,  

(5.4) y ~ P ( a , b )  iff 3t  [ t E R A a < t < b A y -  [ t ] ] .  

(5.4) more simply as 
Remember that we identify [ t ]  with t in case t E R ;  so we sometimes write 

Y E p ( a , b )  iff 3t [ t E R A a < t < b A y - f ] .  

Similarly, we can regard the open interval 

( a , b ) = { t E R l a < t < b )  

as a subset of pR, namely 

{ [ t ]  I t E R  a n d a < t < b ) .  

In this sense, P(a, b)  is a superset of (a, b). Moreover, if t E (a, b), so t f R ,  
then [t + €1 E P(a, b)  for each infinitesimal E. 

Here is a simple way of characterizing P(a, b). 

5 .5 .  LEMMA, Let (a, b)  be an open interval in R. Then y E p(a, b) i f f  y C *(a, b). 
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Proof. (i) Assume that y E P(a, b) .  Then y ‘v [ t ]  for some t ER such that 
a < t < b.  Thus y = [XI, where x = t and x E *R. So y C *(a, b) .  

tal Theorem about Finite Numbers 2.1.7, there is a standard number t such 
that x N t .  Since a < x < b and a,  b E R ,  we see that a < t < b. By construc- 
tion, y N [ t ]  ; so y E ”(a, b).  This completes our proof of the lemma. 0 

(ii) Assume that y C *(a, b). Let y = [XI, where x E *R. By the Fundamen- 

Notice that the converse of Lemma 5.2 is false. For example, consider the 
sequence (y,), where y, = y + [ p ]  for each n E N .  Here Vn [y, = y] , yet 
lim(7,) f 7. 

We are now ready for a continuity result. 

5.6. THEOREM. Let f be a standard function, whose domain includes (a, b) ,  
such that f‘ is continuous on (a, b). Then pf is seq-continuous on p(a, 6) .  

Proof. in view of the comment that follows Lemma 1.5, f satisfies (1.1); so 
the domain of p f  includes p(a, b). To show that pfis seq-continuous on p(a, b),  
let y E ”(a, b) ,  and let (7,) be a sequence such that lim(y,) = y, where 
y, E dom pf for each n EN. By Lemma 5.2, there is a standard natural number 
4 such that 7, = y for each m > 4. Let x, E y, for each n E N ,  and let x E y. 
Then x, = x for each m > q.  Since y E ”(a, b),  there is a standard number t 
such that a < t < b and y =  1. T h u s x 3  t andx, N t for eachm > q .  It 
follows that there are standard numbers a’ and b‘ such that a <a‘ < t < b’ < b 
and x, E [a’, b’]  for each m > 4 .  By assumption, f ’  is continuous on the 
closed interval [a‘, b’] , so I f  ‘ I  has a maximum value on [a‘, b ‘ ] ,  say B (B ER); 
i.e., If’(s)I G B  for eachsE [a’, b’](sER).Thus If’(t)I G B  for each 
t E *[a’, b’] ( t  E *R). By the Mean Value Theorem for *a, where m > 4,  

If(x,)-f(x)I = IXm - X I  If‘( t , )IGBlx,  - X I  
for some tm between x, and x.  Thus 

l”f(ym) - ’f(y) I G B  17, - 71. 
By Lemma 3.4.5, 

(5.7) if m > 4 ,  

since 1 [B] I,, = 1 if B > 0 (if B = 0, then 1 [B] 1 = 0). By assumption, 
lim( 1 y, - y I ,,) = 0; it follows from (5.7) that 

I ’f (Ym) - ’f(~) I ,, G Iym - i! I 

IPf(r,> - Pf(r) I ,,I = 0, 

so lim(Pf(y,)) = Pf(y). So pf is seq-continuous at y. We conclude that pf is 
seq-continuous on P(a, b).  0 
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We now turn to internal functions. 

5.8. THEOREM. Let f be an internal function such that f '  is continuous on 
an open interval *(a, b) with standard endpoints a and b, and such that the 
range off' is a subset of Mo. Then f is seq-continuous on "(a, b).  

Proof. First we show that f satisfies (2.1) on *(a, b).  Let x " y ,  where 
x,y E *(a, b);  then 

If(x)-f(v)I= Ix-ylIf'(t)IGBlx-yl, 

where B is the maximum value of I f  ' I  on the closed interval with endpoints 
x andy (i.e., B = I f  '(s) I for some s between x andy). But B Ix - y  I = 0 since 
x - y  
includes "(a, b) .  To show that "f is seq-continuous on "(a, b), let 7 E "(a, b),  
and let (7,) be a sequence such that lim(y,) = 7, where 7, E dom Pf for each 
n E N .  By Lemma 5.2,  there is a standard natural number 4 such that 7, = y 
for each m > 4 .  Let x, E 7, for each n E N ,  and let x E 7. Then x, N x for 
each m > 4 .  There are standard numbers a' and b' such that a <a' < x < b' < b 
and x, E [a', b'] for each m > 4 .  Since f '  is continuous on *[a', b ' ] ,  it follows 
that I f  ' I  has a maximum value on *[a' ,  b'] , say C. By the Mean Value Theorem 
for *bi, 

0 andB EMo (see Lemma 3.7.3). This proves that the domain of "f 

< c lx, -xI 

for some t ,  between x, and x. Thus 

I"f('Y,)-'f('Y)I GCI'Ym -71- 

So, by Lemma 3.4.5, 

(5 .9)  IPf(7,>-"f(7)IU I[ClI, 17, -71,. 

But I [C] I,, < e i  for somej E N ,  since CEMo.  Moreover, lim(ly, - 71,) = 0 
by assumption; so, from (5.9), 

l i d  I pf (7,) - pf (7) I "1 = 0, 

i.e., lim(Pf(7,)) = "f(7). Thus "f is seq-continuous at 7. We conclude that "f 
is seq-continuous on "(a, b).  This completes our proof of the theorem. 
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6. Differentiation 

Let f be any function in 4%. The derivative off, which we denote by f ', is 
defined in terms of the metric induced by the nonarchimedean valuation u, 
as follows. We say that y E dom f ' and f '(y) = a provided that 

lim ( f ( ~ n ) - f ( ~ ) )  7 n - Y  = a  

for any sequence (7,) such that lim(y,) = y, y, E dom f,  and yn # y for 
each n E N .  

6.1. EXAMPLE. Let f be the function such that f (7) = y2 for each y E "R. 
Let (7,) be any sequence such that lim(y,) = y, where y, # 7 for each n E N .  
Then 

since lim( I yn - y I ") = 0 by assumption. Thus y E dom f ' and f '(y) = 2y 
for each y E PR. 

6.2. THEOREM. Let f be a standard function such that f ' is continuous on an 
open interval (a, b). Then pf is differentiable on P ( ~ ,  b), and (pf)' = p( f '). 

Proof. As we have seen earlier, domPf includes "(a, b). Let y E "(a, b), and let 
(7,) be a sequence such that lim(y,) = y, y,, E dom f and 7, # y for each 
n E N .  Let x, E y, for each n E N ,  and let x E y. By the Mean Value Theorem 
for *R, corresponding to each n E N  there is a number t ,  between x, and x 
such that 

f(x,) -f(x) = (Xn - x) f'(t,). 
Let t, E a, for each n E N ,  where a, E pR. Then for each n E N ,  

Thus 

since "( f ') is seqcontinuous at 7, by Theorem 5.6, and lim(a,) = y by 
Lemma 3.4.9. We conclude that y E dom(Pf)' and ("f)'(y) = ["( f ')] (7) for 
each y €"(a, b). Thus ("f)' = "(f ') on "(a, b). This completes our proof of the 
theorem. 0 
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EULER-MACLAURIN EXPANSIONS 

1. Introduction 

In this chapter we shall approach asymptotic expansions in an informal 
manner in order to motivate the intuitive idea; in Chapter 6 we shall present 
the formal concept of asymptotic expansions. 

I t  is certainly true that a convergent series can be used to approximate its 
sum to any required accuracy; in certain cases, however, this involves sum- 
ming so many terms of the series that this technique becomes impractical. We 
seek a practical formula (from a computing viewpoint) that yields an approxi- 
mation to a given quantity (e.g., a definite integral) with only a few computa- 
tions; even though the remainder term of the resulting formula cannot be 
made less than any given positive number by the usual device of increasing 
the number of terms summed. 

Surprisingly, a divergent series can yield a practical formula for approxi- 
mating a given quantity. Here is an example. 

1 .l. EXAMPLE. The incomplete factorial function ei (see Jeffreys and 
Jeffreys [ 19561, p.470) is defined for t > 0 as follows: 

m 

ei(t) = j dx. 
t 

T h s  function is closely related to the exponential integral function E,; indeed, 
for each t > 0, 

m 

e-x 
Ei(t)  = e t  j d x  

t 

= etei(t). 

(see Bellman [ 19641). We seek a method of evaluating the incomplete fac- 

118 
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torial function ei. The idea is to construct a divergent series such that the sum 
of the first few terms of the series approximates ei(t). Our method is simple 
- we shall integrate the given integral by parts, and repeat this procedure. 
Now, for each n E N ,  

m OD m j%=-Ci --nJZ--- e c X  - e p t  

t xn t t t n  t 

(Notice that we suppress d x  in an integral if the independent variable of the 
integrand, here x, can be determined without this aid.) So 

=,-t _-- + 2  - [: ,:I t P :x 

Denoting the last term on the right by "R", we point out that 

For a fmed t ,  the product on the right is minimized by takingn to  be the 
integral part o f t .  For example, let us approximate ei(5); accordingly, we take 
n = 5 ;  i.e., we compute the sum of the first five terms of the divergent series 

.OW 738X .174 1 

A .001 17. 



EULER-MACLAURIN EXPANSIONS [CH. 5, $ 1  120 

Here 
e-5 
56 

IRI < 5! - G - 3:z5 X .OM 7 A .000052. 

Since the remainder term, in this case, is negative, we conclude that 
ei(5) = .001 l... to four decimal places. The correct value, to five decimal 
places, is .001 15. Notice that our approximation to ei(5) is not improved by 
taking more terms of the divergent series e-5 Znw(-l)n n!/5"+l;  indeed, 
the sum of the frrst seven terms of this series is 

e-5(3-&+ &-&+ - &+ -) A 6.737 9 X .17562 X lW3 

.001 18. 

This is typical of asymptotic expansions; there is a natural number, say q ,  
such that summing terms of the expansion up to the qth term improves the 
approximation, whereas including terms beyond the qth term worsens the 
approximation. 

Another typical feature of asymptotic expansions is that the accuracy of 
an approximation depends on the size of the argument t. For example, we 
can compute ei(l0) with an error less than 1.7 X lW9 by summing the first 
ten terms of the expansion given above; we find that ei(l0) A .00000416. 
Incidentally, now that we know the value of ei(l0) to eight decimal places, 
we can compute ei(t), where t is close to  10, by other methods; we rely on the 
fact that 

For example, using the quadrature formula: for some c E (a - h,  a + h),  

T h f =  i h [ f ( a - h )  + f ( a + h ) ]  + ! h f ( a )  + ~ h 3 f ( 2 ) ( a ) - ~ h 7 f ( 6 ) ( c )  
a-h 

(see Lightstone [ 1966]), we find that 

j? 5 .ooo 001 02. 
9.8 

S O  

ei(9.8) A .000004 16 + .OOO 001 02 = .000005 18. 

In this way we can build up a table of values of the function ei. 
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Turning to the exponential integral function Ei, we have that for each 
n E N a n d f o r e a c h t > O ,  

From (1.2), the error in this approximation is R, where 

This bound on the error is minimized by taking n so that n + 1 = [ t ] ,  the 
integral part o f t .  

2. The Euler-Maclaurin Formula 

The Euler-Maclaurin Formula 2.7 is a fertile source of asymptotic 
expansions; we shall illustrate this fact in Section 3. The purpose of this 
section is to derive this formula. We shall follow the method of Jeffreys and 
Jeffreys [ 19561. 

domf(2r+1), where r EN. Consider the problem of computing Jif; integrat- 
ing by parts we obtain 

Let f b e  a function such that the closed interval [0, 11 is a subset of 

We wish to continue integrating by parts. This operation is expedited by 
introducing functions P 2 ,  P3,  P4 ,  ..., each with domain including [0,1] and 
such that 

(a) P; = x -  i ;  
(b) P,(O) = 0 for each n > 1; 
(c) PA+1 = b, + P,,, where b, is chosen so that P,( 1) = 0 for each n > 1. 

The functions Pi and numbers bi, i > 1, are generated one after the other by 
(a), (b) and (c). For example, P2 = $x2 - ax ,  P ,  = ix3  - fx2 + & X, and 

Our immediate goal, however, is to derive the quadrature formula (2.5). 

1 b2 = E. 
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To this end, let n > 1; then 

We want to prove that bi = 0 if i is odd, i > 2. To this purpose, let co, cl, c2, ... 
and Qo, Q,, Q2, ... be numbers and functions such that for each a E R, 

Differentiating (2.4), 

Thus, for each i > 1, Qf,, = Qj + ci. 

by the preceding result 
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From (2.4), for each a E R ,  

a2 a3 a2x2 a3x3 
(a+-+-+ ...)(Qo +aQl  +a2Q2 + ...) =a(ax+-  +- + ...), 2! 3! 2! 3! 

1 so Q ,  = 0, Q ,  = x, and Q2 = $x2 - z x .  
Evaluating (2.4) at 0 yields 

C a i Q i ( 0 )  = 0; 
N 

so Qi(0)  = 0 for each i E N .  Evaluating (2.4) at 1 yields 

C a i Q i (  1) =a;  
N 

so Qi( 1) = 0 if i # 1, and Q l (  1) = 1.  We conclude that Qi = Pi and ci = bi 
for each i >  1. This means that (2.3) characterizes the b’s and(2.4) character- 
izes the P’s. 

We now show that the LHS of (2.3) is an even function of a: 

- a 1 a -5a  1 =--%a aea 1 = a  +- a 1 - Ta - - i Q = - - -  
- 1 1 - e-a e a -  1 ea-  1 

a + $a, - -- 
ea - 1 

which is the LHS of (2.3). Therefore, the RHS of (2.3) is an even function of 
a, i.e., 

Cci(-a)’ = C C i U i ,  
N N 

so 

2 ( c p  + c3a3 + c5a5 + ...) = 0. 

We conclude that ci = 0 if i is odd; so bi = 0 if i is odd. This is an important 
observation for our purposes; not only does it allow us to simplify (2.2), but 
it helps us deduce an important property of the remainder term R in the 
Euler-Maclaurin Formula, as we shall later see. From (2.2), for each m 2 1, 

1 m 1 

0 
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So, from (2.1), we obtain the following quadrature formula. For each m 2 1, 
rn 

(2.5) J f=  i[f (O)  +f(l)] - b2if (2 i -1) l i  - JP2rn+l  f(2rn+1). 
1 

It  is convenient to switch over to Bernoulli numbers Bj and Bernoulli 

1 1 

0 0 

polynomials $i which can be defined as follows: for each i E N ,  

B . = i ! c .  1 '  Gi = i! Qj. 

For later reference, we list some of these numbers and polynomials: 

B, = 1 ,  B2 = 1  69  8 4  =-&, 
B 6 -2 -- 42 9 B8 =-&, =&, 

3 6 1 7 .  
Biz = - 2 j ,  B 1 4  =$, B16 = -510' 

and 

40 = 0, 4 1  = x ,  

$2 = x 2 - x ,  3 -  

$4 = x 4 - 2 x 3 + x 2 ,  5 -  

$ - . 3 - a  2x 2 +5x,  1 

$ - ,5 - gx4 + 5x3 - ix, 
$6 = .6 - 3x5 + 2 ZX4 - 1 2x 2 3 

$8 = ,8 - 4x7 + !&6 - zx4 + i X 2 ,  

$7 = x7 - 5 x 6  + 5x5 - fx3 + ix ,  

$ - .9 - 9,8 + (jX7 - yx5 + 2 x 3  - 6.. 9 -  2 

In terms of Bernoulli numbers and Bernoulli polynomials the quadrature 
formula ( 2 . 5 )  can be stated as follows. For each r 2 1, 

For each i E N ,  

i + l  1 

J f = J f ( x + i ) ;  
i 0 

so, for each n E N ,  

" 1  

0 i = O  

This observation, together with the quadrature formula (2.6), yields the 
Euler-Maclaurin Formula which we now state. 
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2.7. EULER-MACLAURIN FORMULA. For each n E N ,  

where 
’ - - l  i + l  

R=-- 1 c J f#)2r+l (x-1) f (2r+1) .  
(2 r+1)!  0 . 

1 

We want to show that if, for each r, f(2r+1) is monotonic on [0, n ] ,  and 
the values off(2r+2) and f ( 2 r + 4 )  have the same sign throughout [0, n ] ,  then 
the remainder term R of the Euler-Maclaurin Formula changes sign when r is 
increased by one. In this case, then, the error in approximating J$by a finite 
number of terms of the Euler-Mucluurin expansion (see (2.11)) is bounded 
by the absolute value of the next term of the expansion; i.e., 

and the error in this approximation is bounded by the RHS of (2.8). 
With this goal in mind, we point out that on [0, 1 1  the zeros bf P2r are 0 

and 1 ,  and the zeros of P2r+l are 0, !j and 1 (see Jeffreys and Jeffreys [ 19561). 
Therefore the values of P2r have the same sign on the open interval (0, l ) ,  and 
the values of P2r+ have the same sign on the open interval (0, !j). 

From (c), 

so 
1 

bn = - j P n  
0 

for each n > 1. Thus 
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+ 
- 

if the values of Pi on (0, t )  are all positive, 

if the values of Pi on (0, $) are all negative, 
sgn Pi = 

and 
1 

J p 2 r + l =  0 
0 

since b2r+l = 0. So the values of P2r+l on (0, $) are positive iff the values of 
P2r+l on (i, 1) are negative. 

Let 0 < h < a ; by the Mean Value Theorkm there is a number c, 0 < t < h, 
such that 

p,(h) -P,,(o) = hPA(c); 

sgn P,, = sgn PA 

i.e., PJh)  = hPA(c). So 

for each n > 1. Moreover, from (c) and the fact that bi = 0 if i is odd, we 
obtain that 

Pir  =P21-1 
for each r > 1. By the Mean Value Theorem, 

P2,(h) = hP;r(t) = hP2,-1(t) 

for some c E (0, h). Thus 

sgn P2r = sgn P2r--1. 

Since P2,(0) = 0, we can choose h E (0, a) so that 

I P2r( h)  I < I b2 r I ; 
thus P;r+l(h) = b,, + P2,(h) has the same sign as b2,, so 

SgnPiri1 = sgnb2r, ~ P 2 r i 1  = sgnb2r- 
Summarizing, 

~ g n P ~ ~ + ~  = sgnb2,fsgnP2,= ~ g n P 2 ~ - ~ .  

Thus sgn P2r+l # sgn P2r-1 (as well, sgn b,, # sgn b,,,,). This proves that 

SP @2r+ 1 f SW @2 r- 1 

for each r > 1. 
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To establish our assertion (2.8) we must consider the remainder term R of 
the Euler-Maclaurin Formula. First, notice that for each i, 

i+ 1 

j ~ ~ ~ + ~ ( x  - i) [ f ( 2 r + l )  - f(2r+l)(i + 91 
I 

i + l  i+ 1 

= J p2r+1( - j)f(2r+l)-f(2r+l) ( i+ i) J ~ 2 r + l ( x - i )  
i i 

i+l  1 

= J ~ ~ ~ + ~ ( x  - i)f(2r+l)-f(Zr+l)(i + $1 J P ~ ~ + ~  
i 0 

Bear in mind that for each r > 1, the values of # J ~ ~ +  on the interval (0, i) 
have the opposite sign to the values of #J2r+l on (i, 1). Letf(2r+1) be mono- 
tonic on [0, n ] ;  then for each i the values off(2r+1)-f(2r+1)(i + f) on 
(i, i + i) have the opposite sign to the values off(2r+1)-f(2r+1)(i+ i) on 
the interval (i + i, i + l), or else are zero (but zero values can safely be ig- 
nored). Moreover, for each i, and fmed r, the values off(2r+1)-f(2r+1)(i + 2 L, 
on (i, i + f) have the same sign. This means that for fixed r, the sign of 

is the same for each i. 

both functions are decreasing on [0, n]  . We claim that in this case the re- 
mainder term of the Euler-Maclaurin Formula changes sign when r is in- 
creased by one. Let R be the first remainder term and R 2  the second re- 

Finally, suppose that bothf(2r+1) and f ( 2 r + 3 )  are increasing on [0, n ] ,  or 



128 EULER-MACLAURIN EXPANSIONS [CH. 5 ,  0 2  

mainder term. The sign of R is the sign of 

i + l  

- J 42r+l(x - i) [ f ( 2 r + l )  - f (2r+ l ) ( i  + ;)I; 
1 

the sign ofR2 is the sign of 

i+l 
- J ~2,.+3(X -i) [ f ( 2 ' + 3 ) - ~ ~ ' + 3 ) ( i +  :)I. 

i 

But ~ g y 4 2 ~ + ~  f ~ g " 4 2 ~ + ~ ;  also, the values of f (2r+l )  - f ( 2 r + l ) ( i  + :) on 
(i, i + 5) have the same sign as the values 0 f f ( ~ ~ + 3 )  -f(Zr+3)(i + i) on 
(i, i + $). We conclude that R l  and R 2  have opposite signs. Thus 

n n 

jf = a +  R l ,  
0 0 

Sf= a + b + R 2 ,  

where R l  and R 2  have opposite signs; so b = R ,  - R2 and the three numbers 
b,  R ,  and -R have the same sign. I t  follows that IR, I < I bl. Of course, 
f ( 2 r + 1 )  and&+3) are both increasing, or both decreasing, on [0, n ]  if the 
values of f ( 2 r + 2 )  andf(2r+4) have the same sign on [0, n ] .  This establishes (2.8). 

In the examples of Section 3 we shall be concerned with approximating 
definite integrals of the form J,"f, where a €I. To apply the Euler-Maclaurin 
Formula here, observe again that 

n n-a 

Jf= J f ( x  +a) ,  
a 0  

which is a direct consequence of the characterization of a definite integral in 
terms of a sum. Applying the Euler-Maclaurin Formula to J{-af(x + a )  
yields for each r ,  

where 

We mention that (2.9) is also known as an Euler-Maclaurin Formula. 
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Moreover, if for each r ,  f ( 2 r + 1 )  is monotonic on [a, n ] ,  and the values of 
f ( 2 r + 2 )  andf(2rf4) have the same sign throughout [a, n ]  , then 

i.e., IR I is bounded by the absolute value of the next term of the expansion. 
Let n- 1 

and consider the expression 

which is known as the Euler-Maclaurin expansion of J: f. We express this by 
writing 

or simply 

a 

For each r E N ,  the number 

is called an Euler-Maclaurin approximation 
yields 

to J: f ;  as claimed earlier, this 

Of course, the accuracy of this approximation depends upon the remainder 
term R of the Euler-Maclaurin Formula (2.9).  
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3. Some examples 

As we have seen, we can approximate J,"f by the Euler-Maclaurin Formula 
(2.9). However, to ensure that (2.10) provides a bound on the remainder term 
R ,  we require that: 

(1) for each odd i, f(') is monotonic on [a, n] ; 
(2)  the values of f ( 2 r + 2 )  and f(2r+4) have the same sign throughout [a, n] . 

In this case, then, we are in the fortunate position that the absolute value of 
the error in the Euler-Maclaurin approximation 

n- 1 r 

7 j - A  t f ( a )  + : f ( n )  + c f(i)- C--f(2i-1) 
a+ 1 

B2 i 
1: (3.1) 

1 (2 i ) !  
a 

is less than the absolute value of the next term of the expansion. 
We now illustrate this result. 

3.2. EXAMPLE. The function l/x satisfies conditions (1) and (2)  since 
(l/X)(i) = (-1)ii! .--i-l 

for each i. Thus, for a > 0 and i odd, (l/x)(') is monotonic on [a, n], and the 
functions ( 1 / ~ ) ( ~ ' + ~ )  and ( l / ~ ) ( 2 ~ + ~ )  are positive on [a, n]. So, by (3.1), 

A .695 634 92 - -002 487 75 = .693 147 17. 

The next term in our expansion is 

so we anticipate that our approximation to In 2 is slightly too small, with an 
error of about one in the eighth decimal place. In  fact, In 2 = .693 147 180 .... 
We can compute In 5 to seven decimal places with only a few calculations, 



CH. 5, 031 SOME EXAMPLES 131 

as follows: 

l n 5 = J  2o - = J  1 -+ 1 J - = 2 l n 2 +  2o 1 s -  2o 1 
16 

X X X 
4 16 16 

X 
4 

20 1 20 
A 1.38629436+& +&  +(A + &  +&)+;B~x-~I 16 + a B 4 ~ - ~ (  16 

A 1.609 437 91. 

Notice that 

gB6x--6(:; 1 = - T J ~ (  1 16-6 - 20-6); 

so the error in absolute value is less than 3 X 10-l0. We mention that 
In5 = 1.6094379124 .... 

approximate Euler’s constant y. 
In our next example we use the Euler-Maclaurin approximation (3.1) to 

3.3. EXAMPLE. For each natural number n ,  

thus 
n-  1 

1 1 5-2 5-4 5-6 

6 1  ) 10 12 120 252 
lim( c -+In5-1nn r--+---+-A-.09667975. 

Now 
1 

y = lim(1 + ; + ... + n -Inn) 

= 1 + ; + $ + $ + 5 -1n 5 + lim(i + ... + i- Inn + In 5 )  

2.283 333 33 - 1.609 437 91 - .096 679 75 

= .577 215 67. 

In fact, y = .577 215 664 9... . 

To see the importance of Euler’s constant, notice how we use y to develop 
an improved asymptotic expansion for In f .  
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3.4. EXAMPLE. By the Euler-Maclaurin formula, 

so 
n I 

1 1 1 B2 B4 -1n t A- + lim( C 7- Inn) - C 7- - -- - ... 
2t  1 1  1 1 2t2 4t4 

thus 
I 

1 1  B2 B4 
1 1 2 t  2t2 4t4 

(3.5) l n t A C T - - - r + -  +-+ ... 

so 

In 10 A 2.928 968 253 97 - .627 215 664 9 + X 1C2 - &j X + 252 X 

L 2.301 752 589 07 + .OOO 832 503 97 

2.302 585 093 0. 

In fact, In 10 = 2.302 585 092 994 ... . 

2t From (3.5) we easily obtain an asymptotic expansion of Z t + l  l/i, as 
follows. 

3.6. EXAMPLE. Taking the difference of the asymptotic expansions of In 2t 
and In t yielded by ( 3 3 ,  we obtain 

2 r  B2 B4 1 1 ___ (22 - 1) t-2 - - (24 - 1) t-4 - ... 
4t  t+1  1 2-22 4-  24 1 n 2 ~ - +  C,- 

so 
21 

t + l  1 4t  2.22 4-24 
tP2 + B4- 24- t-4 + ... , 1 1 22- 1 (3.7) c 7A1n2--+B2- 
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To illustrate, 
20 

11 ‘ .693 147 - .025 + .000625 = .668 772. 

20 In fact, Z l l  I / i =  .668771 4... , 

In a moment we shall derive an asymptotic expansion for i n 2 .  To illustrate 
the idea we first compute (&)2 + ... + (&)2 to ten decimal places. 

3.8. EXAMPLE. By the Euler-Maclaurin formula, 
199 

1 +- 1 + ~ - + B 2 x ~ 3 ~ l o o  1 200 
2.104 8.104 101 i 2  100 
199 

so 
200 200 

1 C - .000 025 - .000 062 354 2 + J - 
101 i2 100 x2 

A -.OOO 037 354 2 + .005 

A .004 962 645 8. 

Here is our computation for i n 2  and n. 

3.9. EXAMPLE. For each infinite natural number K ,  
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SO 
10 k-1 

C'&-l+CL 
N i2 1 i 2  1 1  i2  

10 

&x1+.095+ B2.1Oh3 +B4*10-5 +... 

G 1.549 767 73 1 166 4 + .095 166 335 681 8 
= 1.644 934 066 848 2 

- I  2 

1 i2 (our asymptotic expansion) 

-671 . 
Thus 

rr2 = 9.869 604401 089 2, 3.141 592 653 589; 

in fact, 71 = 3.141 592 653 589 ... . 

Our next example, although it is not an asymptotic expansion, illustrates 
the power of the Euler-Maclaurin Formula 2.7. 

3.10. EXAMPLE. Let p be any natural number. Then for each natural number n,  

where q is p or p - 1. Thus 

where q is p or p - 1. For example, 
n 

n 

A characteristic feature of an asymptotic expansion, in the case of a quantity 
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that involves a parameter, e.g. a function, is that the accuracy of the calcula- 
tion depends upon the value of the parameter. In general, the accuracy im- 
proves as the parameter takes on its limiting value. For example, the greater t 
is, the more accurately we can calculate ei(t) by the asymptotic expansion of 
Example 1.1. Here is another example that illustrates this point. 

3.1 1. EXAMPLE. Let s EN, and let p > 1, p E R .  Considering Jsmx-p and 
applying the method of Example 3.10, we obtain the asymptotic expansion 

m 

The RHS of (3.12) generates approximations to its LHS by taking partial sums. 
For example, 

The error in this approximation, in absolute value, is less than 

By increasing s, we decrease the bound on our error. In this sense, we can 
approximate 

ce S 

as accurately as we wish by choosing s sufficiently large. 
Here is a famous asymptotic expansion - Stirling's formula for In r(t + 1). 

3.14. EXAMPLE. For t > -1 and t E R ,  

) 
m 

n! n t  
(t + 1) ...( t + n )  ' r(t + 1) = Je-xxr = lim( 

0 
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and n 
(3.15) D l n r ( r + l ) = l i m ( l n n - C - - ) .  1 

1 t + i  

We get a grip on the RHS of (3.15) by applying the Euler-Maclaurin formula 
(2.9) to  Jyn l/x. This yields: 

t+n-1 

(3.16) l n ( t + n ) - l n t ~ - + -  1 + C A  
2 t  2( t+n)  t+n I 

+-x-2If+" B2 +- B4 x-4It+n + .... 
2 t 4  t 

so  
n 

1 n 1 1 Inn - C -A In - - 1 + In t + - + ~ 

1 t+i  t + n  t + n  2 t  2( t+n)  

+-x-2~:+"+-x-4('+" B2 B4 + ...) 
2 4 t 

thus 
n 

...) (3.17) l i m ( l n n - ~ L ) i l n t + - - - - - - - -  1 B2 B4 B6 
1 t + i  2t 2 t 2  4t4 6t6 

i.e., the RHS of (3.17) is the asymptotic expansion of the derivative of 
In r(t + 1). But the asymptotic expansion of an integral can be obtained by 
integrating the asymptotic expansion of its integrand term by term; so 

+ ... . C + ( t  +$) ln t  - t + - + - + - B2 B4 B6 (3.18) l n r ( t  + 1) 1 ' 2 f  3 . 4 t 3  5 . 6 t 5  

The constant C is obtained from the relation 

(3.19) 

which yields C = 4 In 2n. We have derived Stirling's formula: 

In r(t + 1) + In r(t + $) = -2t In 2 + $ In ?T + In r ( 2 t  + l) ,  

+ .... B2 B4 B6 (3.20) l n r ( t  + 1) A $In277 + (t +$) ln t  - c +-+ - +- 1 * 2 t  3 . 4 t 3  5 . 6 t 5  

The error in applying this asymptotic expansion is numerically less than the 
first term that is omitted. 



CHAPTER 6 

ASYMPTOTIC EXPANSIONS - THE FORMAL CONCEPT 

1. Asymptotic sequences; asymptotic expansions 

The approach of this chapter is based on the work of van der Corput who 
wrote many papers devoted to asymptotics (e.g. see van der Corput [1955/56]). 
The subject, in this form, goes back to Poincare (see PoincarB [ 18861). 

In Sections 5.1 and 5.3 we have presented several asymptotic expansions, 
which we now summarize: 

n1 
tn+ l  

... + (-1)n - + 
n! 

p + l  
+ ... +(-l)" - + ...) (2) E,(t) - - - - 

t2  
t 

B2 4 
y+-+---+ ..., 

1 1 2 t  2t2 4 t 4  

1 1 (3) l n t - C  T---- 

and 
m 

+Bz t - P - l + -  
p-1 2 2 0 1 
t l - P  t-P 

(6) i - p  cv--- 

t + l  

provided p > 1 .  
The RHS of each of the above expansions has the form C aiGi( t ) ,  and each 

LHS has the formf(t). Moreover, each exprission Z aiQi(f) generates approxi- 

137 
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mations tof(t)  by forming a partial sum C: a&(f) of C aiq+(t). The absolute 
value of the error in this approximation is less than la,+l@n+l(f)l, the absolute 
value of the next term of X u ~ @ ~ .  

Examining these expansions, we see that they share the following properties: 
(i) For each n E N ,  @, has no zero in R. 
(ii) limm@n+l /$, = 0 for each n E N .  
(iii) For each t E dom f, If@)  - C: ai#i(t)l < la,+l@n+l(t)l, where n E N .  
(iv) f -  Z: airpi = o(@,) for each n E N ;  i.e., limm(f- Z! u ~ @ ~ ) / @ ,  = 0 for 

To verify (iv), notice that for each n E N ,  
each n E N .  

by (iii). But 

by (ii). So 

= 0. 
f(t) - X: ai@i(t) 

lim 
m @,(O 

We now present our formal definitions; first we define the concept of an 
asymptotic sequence, and then we define the notion of an asymptotic expan- 
sion of a function. A sequence of standard functions @o, @ l ,  @ 2 ,  ... is said to 
be asymptotic provided that: 

(a) there is a neighbourhood of 00 in which no term of the sequence has 
a zero; 

(b) for each n E N ,  @n+l = o($,); i.e., limm @n+l/$n = 0 for each n E N .  
Notice that (b) can be expressed as follows: $ I ~ + ~ ( K ) / @ , ( K )  = 0 for each 

For example, the sequence (x-j) and (e-’”) are asymptotic. More generally, 
n E N  and for each positive, infinite K. 

let (vi)  be a strictly increasing sequence of standard numbers; then (x-”i) and 
(e-”i) are asymptotic sequences. 

Turning to  our second concept, let (Gi)  be any asymptotic sequence, let 
(ai) be a sequence of standard numbers, and let f be a standard function whose 
domain contains a neighbourhood of 00. Then the formal expression C ai$i, 
which is also denoted by writingao@O + alGl + a2rp2 + ... , is called an 
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asymptotic expansion for f provided that for each n EN, 

i.e., 
n 

In thiscase,we wri tef-Zai@iorf-ao$O+~l$l  - ! - u ~ $ ~  +.... 
At the beginning of this section we have presented asymptotic ex ansions 

f o r t h e f u n c t i o n s e i , ~ , , ~ n t - z ~  t 1/i, l n r ( t +  1 ) + t - ( t + + ) l n t ,  ZtiIl/ i ,  f. 
and Z;+l i-p,  where p > 1. 

but also that f is a function, (ai) is a sequence of standard numbers, and (@i) 
is an asymptotic sequence. 

Here are a few facts about asymptotic expansions. First we show that the 
coefficients ai are determined by f, once the asymptotic sequence (&) is given. 

When we assert that f - Z we imply not only that f - Z: ui@ = o(@,J, 

1 . 1 .  LEMMA. Let f - Z Q&. Then a. = limm f/@o and 

f- z:-' ai@; 
a, = lim 

@n 

for each n > 0. 

Proof. By assumption, for each n E N ,  

Taking n = 0 in (1.2) yields 

i.e. lim_f/$o = ao. For n > 0 we obtain from (1.2), 

f - Z"ol - 

lim = 0, 
m @n 
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thus 

This completes our proof. 0 

We have not proven that each function f has a unique asymptotic expansion; 
merely that there is at most one asymptotic expansion for f of the form 
Xui@,  where the asymptotic sequence ( g i )  is fxed  in advance. To illustrate 
t h s  point, notice that the function 1/(x2- 1) has several asymptotic expan- 
sions; e.g. 

-- 1 c X - 2 i - 2 ,  -- c (x2 + 1)  ~ - 4 i - ~ .  
x 2  - 1 x 2 - 1  

However, these asymptotic expapions reduce to the same asymptotic power 
series (see Section 6.2), and for this reason may be regarded as essentially the 
same, To better illustrate our point that a function may possess two asymp- 
totic expansions, consider the function In ( 1  + l/x). Let t be any positive 
standard integer; from ( 5 . 3 3 ,  

and by Example 2.8, 

- t t - l - i t - 2 + 5 t - 3 -  ... . 

Moreover, several functions can have the same asymptotic expansion. Let 
g - Z OGi, and let f - Z ai&. Then for each n E N ,  

f+ g - C: aigi f- 2: aigi g lim - = lim + lim - = 0 
m @n Q n  - G n  

by assumption. So f + g - Z aiqi; thus Z aiGi is an asymptotic expansion for 
bothfand f + g .  Let us illustrate this point; now, 
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Thus Z (-l)ix-i-l is an asymptotic expansion for both 1/( 1 +x) and 
1/(1 +x) + eYx. 

Z aiGi (which is also called an asymptotic series) be an asymptotic expansion 
for a given function f. 

Next we present a necessary and sufficient condition that a given expression 

1.3. CRITERION FOR ASYMPTOTIC EXPANSIONS. f - Zai#i iff 
(f - Z;-' aiGi)/@, is bounded on some neighbourhood of 00 whenever n > 0. 

Proof. It  may be helpful to spell out our criterion: corresponding to each 
positive standard natural number n there are standard numbers B and 4 such 
that for each standard number s > 4, 

There are two parts to our proof. 
(i) Assume that f - Z a j @ i .  By Lemma 1.1, for eachn > 0, 

f-Z;-lai$Ii- 
lim -a,. - @n 

In particular, then, (f - Xi-' u ~ @ ~ ) / @ ,  is bounded in some neighbourhood of 
by 1 + I a, I .  This establishes (1.4). 
(ii) Assume (1.4). For each n E N ,  

@n 
(1  5)  

Notice that limm = 0 since (Qi) is an asymptotic sequence; also, the 
first factor on the RHS of (1.5) is bounded in some neighbourhood of 00 by 
assumption. So, for each n E N ,  

Thus f - Z ai@i. This completes our proof. 
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Asymptotic expansions can be added; i.e., i f f  - and g - Z biGii, then 

f + g  - Z (ai + bi)Qi. 

Also,iff-Zai@i a n d c E R ,  then 

cf - Z cai@+. 

Generally, we cannot multiply asymptotic expansions; however, we can multi- 
ply asymptotic expansions of the form Zaix-i, and we can divide asymptotic 
expansions of this form provided that the first coefficient of the denominator 
is nonzero. By this we mean the following. Let f - L: aix-j, and let 
g - L: bix-l; then 

f ‘ g  - Z cix-1, 

where, for each i, 

ci = aObi + albiPl + ... + aibO. 

Also, if a. # 0, then 

where the coefficients di are computed by applying Lemma 1 .I ; so 

and so on. More simply, if i > 0 then 
aldi-l + ... + aidO 

d. = - 
a0 

Let $ be a function that has no zeros in some neighbourhood of 00. 
Clearly, 
Moreover, 

is an asymptotic sequence iff (Gi) is an asymptotic sequence. 

f -  J /  Z{ ai@i 

m $@n OD 

f/$ - Z{ aj@i 

@n 
lim = lim 3 

so f - Zai  $ * @ i  iff f/$ - Xui&. 
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The proof of our next lemma utilizes our Criterion 1.3. 

1.6. LEMMA. Let f be a continuous function such that f - Z aixPi and 
dom f = R. Then $;( f - a. - al / x )  converges provided that t > 0. 

Proof. By our Criterion, with n = 1, x2  ( f  -ao - a l / x )  is bounded on a 
neighbourhood of 00. Therefore, there are standard numbers B and 4 such that 

(1.7) VS [ s > ~ - , I ~ ( s ) - u ~ - u ~ / s I < B / s ~ ] .  

Moreover, 

m 

a1 a 4 

(1.8) S ( f - a 0 - $ )  t =J t ( f - a o - T ) + [  ( f - a o - ; )  

The first integral on the RHS converges since its integrand is continuous on 
the open interval ( t ,  4). The improper integral on the RHS converges by the 
Comparison Test for improper integrals; indeed, (1.7) asserts that its integrand 
is bounded by B / x 2 ,  and of course $ r B / x 2  converges. 0 

Later we shall require the following corollary. 

1.9. COROLLARY. Let f - Z U ~ X - ~ ,  let f be continuous on R, and let $Tf  
converge for some t > 0. Then a. = al = 0. 

Proof. If the improper integrals $;f and JT( f +g)  both converge, then $,"g 
converges. But J,"f converges by assumption, and$,"( f -ao - a l / x )  converges 
by Lemma 1.6; so Jy(ao +al /x) converges. I t  follows that a. = al = 0. 0 

The following fact is useful. 

1.10. LEMMA. 0 - Z ai$i i f f  each ai = 0. 

Proof. Clearly, 0 - Z O q .  Next assume that 0 - Xui&; we shall show that 
q = O f o r e a c h i € N . B y L e m m a  1.1, 

0 
a. = lim - = 0, - $0 

0 - lim - = 0, a l  = lim -- a 0 6  

= $1 - $1 
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and in general, 

provided that ai = 0 for each i < n. We conclude by mathematical induction 
that ai = 0 for each i EN. 0 

2. Asymptotic power series 

Five of the six asymptotic expansions which were developed in Sections 
5.1 and 5.3, and listed in Section 1, have the form Zaix-i ,  where some of the 
coefficients may be zero; only the expansion of the incomplete factorial 
function ei does not have this form. Expressions that have the form L: aixbi, 
where ai E R for each i E N ,  are called asymptotic power series. In Section 6.1 
we have mentioned some basic properties of asymptotic power series. Here we 
shall prove that asymptotic expansions of this special kind can be integrated 
and differentiated. 

2.1, LEMMA. Let f - C aix-i, let f be continuous on R,  and let F be the 
function such that 

m 

F ( t )  = 1 ( f - a o  -2) f o r t  > 0. 
t 

Then 

+ ... a2 a3 ai+ 2 

x 2x2 (i + 1) xi+l 
F-- + - + ... + 

Boof. By Lemma 1.6, t E domF iff > 0. We shall use our Criterion for 
Asymptotic Expansions 1.3. By this Criterion, each function xn+l  ( f  - 
is bounded in a neighbourhood of m for each n EN. It  follows that if t is 
large enough, 

aix-') 
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is bounded, i.e., 

t n  [F(t)  - f ~ u ~ x - ~ ]  2 

t 

is bounded. But 
m 

an ... + a2 a3 J (a2+ + ... + a,x-") =- +- + 
t t 2t2 (n - 1) t n - 1  

so 
an 

(n - 1) x"-1 

is bounded in a neighbourhood of m. Thus, by our Criterion, 

This completes our proof. 

We have proved that if f - a .  - al/x - E ai+2x-(i+2), then 

X 

where 
m 

for each i EN. By Corollary 1.9, the LHS of (2.2) simplifies to J,"f in case 
this improper integral converges. In this sense, we have proved that the asymp- 
totic power series expansion of the integral of a functionfis obtained from 
the asymptotic power series expansion off by integrating term by term. 
Remember, this is based on the assumption that the improper integral off 
converges. 

Next we shall prove that the asymptotic power series expansion of the 
derivative of a function f (if the expansion exists) is obtained from the asymp- 
totic power series expansion off by differentiating term by term. 
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2.3. LEMMA. Let f - Z aix-j, let f ’ be continuous on R and have an asymp 
totic power series expansion. Then 

f ’  - I: - ( i+  I)ai+lx++2). 

Proof. t e t  f’  - C bix-i, and let F be the function such that 

X 

m 

By Lemma 1.6, t E domF if t > 0. Now JT f ’  converges since 

t 

(recall that limm f = ao). Thus, by Corollary 1.9, bo = bl  = 0; SO 

m 

~ ( t )  = J f ’  =ao  - f ( t )  

for each t > 0, Le., F = a. - f. By Lemma 2.1, 

t 

+ ... , b2 b3 bi+2 
no - f -; +- + ._. + 

2x2 ( i +  ] )x i+ ’  

By assumption, 

f - a .  + a l / x + . . . + a i / x i + . . .  

Therefore 

for each i EN, since f has just one asymptotic power series expansion. Thus 
f ’  - z -(i + l )a i+ l  x++2). 

We now utilize the lemmas of ths  section to derive some asymptotic power 
series expansions. 
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2.4. EXAMPLE. Let 
m 

E = eet2 d t ;  
X 

2 it is known that ex * E has an asymptotic power series expansion, say 
which we shall now derive. Now 

( eXZ-E) '=2xeXZ .E-  1. 

Thus, by Lemma 2.3, 
2 

2 x  .E - 1 - -alx-2- 2a2x-3 - 3a3x-4 - ... 
so 

2 1 - E - - [ I  - alx-2 - 2a2x-3 - 3a3x-4 - ...I. 
2 x  

1 1 1 Therefore a. = 0, al = 5 ,  a2 = 0,  a3 = --5a1, and in general a,+2 = --Inan 
for each n EN. Thus 

i.e. 

In Example 5.1 .l, we worked out an asymptotic expansion for the incom- 
plete factorial function ei = J;(e-'/t) dt .  Our next example derives this 
expansion by applying Lemma 2.3. 

2.5. EXAMPLE. Let eX * ei - Z aix-i. Then by Lemma 2.3, 

eX-ei-x-1 --alx-2-2a 2 x-3-3,  3 x-4- ..., 
so 

ei - alx-2 - 2a x-3 - 3a x-4 - ... . 2 3 

Therefore a. = 0, al = 1 ,  a2 = -al, a3 = -2a2, and in general a,+l = -na, 
for each n EN. Thus 

eX.ei-X-1 - - ~ - 2 + 2 ~ - 3 - 3  !~ -4+ . . .+ ( - l ) i i !~ - (~ ' ' )  +..., 
so 
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2.6. EXAMPLE. Next we shall derive the asymptotic power series expansion 
of the function arctan. Since arctan' = 1/( 1 + x2) we begin by observing that 

-x-2- X -4 +x-6- . . . .  
1 +x2 

(2.7) 

Now JT I/( 1 + r 2 )  dr converges; so by Lemma 2.1, 
m 

thus 

... . arctan - f. -x-l + ix-3 - 1 -5  + 
5X 

Moreover, applying Lemma 2.3 to (2.7) yields the asymptotic power series 
expansion of I/( 1 + x2)2 more easily than by squaring the RHS of (2.7). 
We obtain 

- 2x - -2x-3 + 4 r 5  - 6x-7 + ... , 
(1 +x2)2 

so 

1 N X - 4 _ 2 X - 6 + 3 x - 8 -  ... + (-l)i(i + 1)x-2(i+2) + ... 
( 1 + x2)2 

2.8. EXAMPLE. We shall develop the asymptotic power series expansion for 
In(] + l/x). Now 

1 Dln 1 + -  =-- [ :I x(l+x)  
and 

Notice that 
m s-,,, =-h(l+;)  

t 

if r > 0; thus, by Lemma 2.1, 
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We can use the technique of this section to prove that certain functions do 
not possess asymptotic power series expansions. 

2.9. EXAMPLE. We shall prove that x-lI2 does not have an asymptotic power 
series expansion. Assume that x - ” ~  - by Lemma 2.3, 

x-3/?. - 2 ( ~ , ~ - - 2  + 2 ~ ~ x - 3  + 3ap-4 + ...). 
But the product of two asymptotic power series expansions is the asymptotic 
power series expansion of the product of the functions involved; so 

x--2 - 2a0u1x--2 + 2(a0a2 + a3x-3 + ... . 
Clearly x - ~  - x - ~ ;  so 2a0u1 = 1, thus a. # 0. By Lemma 1.1, 

0. - lbx-l/2 = 
0 0 -  

This contradiction proves that x-lI2 has no asymptotic power series expansion. 

2.10. EXAMPLE. We shall determine asymptotic expansions of solutions of 
the differential equation 

1 (2.11) - f ” + x f ’ + f = O .  
X 

Let f- 2: cix‘J-j, where co # 0. Then 

x f ‘  - z (u  - i) cixu-i, 

1 -f” - 
(0 - j)(a - j - 1) cjx0-i--3. 

X 

Thus 

(2.12) 

But O-Caix-”iiffeachai= 0; thus, f rom(2.12) , (~+ l)co = O,so0=-1. 
From (2.12), 

(2.13) 

therefore, for each i, 

o - 2: (u - i + l)cixu-i + 2 (u  - i ) ( u  - i -  1) ~~x0-i-3.  

0 - C - i ~ ~ x - ~ - l  + C (i + 1)(i + ~ ) C ~ X - ~ - ~ ;  

(i + 1) (i + 2) ci = (i + 3) 
so 

(i+ 1)(i+ 2) 
Ci 9 ci+3 = i + 3  
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thus 

for each i .  We conclude that 

f- co(x-l + ix-4 + Tx-7 + F x - 1 O  + ...) ; 
i.e. 

f ( 3 9  c0x-3i-1,  
(i! 392 

Letfbe the solution of (2.1 1) for which lim- x f =  1, i.e., co = 1. Then 
f- x-l + fx-4 + $?x-7 + F x - 1 O  + .._. 

For example, 

f( 10) .l + .000067 + .0000002 = .1000672, 

which is correct as far as it goes. 

The theory of this chapter extends to functions of a complex variable. In 
the complex plane, z can approach 00 along many paths; whereas in the real 
plane essentially just one path, the positive x-axis, is available. I t  turns out 
that an asymptotic expansion of an analytic function is usually not valid over 
all paths that approach -, but is valid if the paths are restricted to a certain 
sector of the complex plane, a sector which depends on the function involved. 
For this reason, we normally speak of an asymptotic expansion over a secror, 
and define this concept relative to a given sector. So we definef- Xui@, 
where (Gi)  is an asymptotic sequence, provided that for each n E N  and for 
each E > 0 there is a real number B such that 

whenever Iz I > B and arg z is in the interval that characterizes the given sector 
of the complex plane. In short, (2.14) must hold for each member of the 
sector, say z, such that Iz I > B .  We say that (2.14) holds uniformly over the 
sector involved. 

Generally, our results about asymptotic expansions of a function of a real 
variable carry over to functions of a complex variable with only minor quali- 
fications. In particular, the uniqueness of the coefficients of an asymptotic 
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expansion off, relative to a given asymptotic sequence, is valid only over a 
sector of the complex plane. An analytic function may have different asymp- 
totic expansions, each involving the same asymptotic sequence, over different 
sectors of the complex plane; this is known asStokes’phenornenon. 

On the other hand, if an analytic function f possesses an asymptotic power 
series expansion Xaiz-i that is valid without any restriction on argz, then 
f(z) = Ctaiz-i if Iz( is large enough (compare Copson [1965]). 

2.15. LEMMA. Let f be analytic in a neighbourhood of -.except possibly at 
z = -, and let f - C aizMi with no restriction on arg z. Then there is a real 
number 4 such that f (z) = aiz-i if Iz 1 > 4. 

Proof. By assumption, limm f = ao; so f is bounded in a neighbourhood of- 
with = deleted; i.e., there are real numbers B and q such that I f (z)  I < B if 
Iz I > 4 ;  also, we can assume that f i s  analytic in this neighbourhood of 00 
except possibly at z = -, Thus f has a Laurent series expansion, say XImbnzn ,  
which is valid for ( z  I > 4 ;  i.e., f ( z )  = X I m  bnzn if lzl > 4. Moreover, for each 
n > 0, 

where y is any circle with radius r > 4 and center at the origin. Clearly, 

1 B  B 
2~ r n + l  rn 

Ibnl<--- 2 ~ r = - .  

Since we are free to assign any value to r ,  subject only to the restriction r > 4 ,  
it follows that b,  = 0 if n > 0. Therefore 

m 

f(z) = C b-, z-n if ~z I > 4. 
0 

By Lemma 1.1, 

a. = l imf= b,,  

al  = limz( f -ao) = hl, 

a2 = limz2(f-ao -alz-l)  = b-2, 

m 

m 

m 
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and in general 

2.16. EXAMPLE. We shall determine asymptotic expansions of solutions of 
the differential equation 

(2.17) f"+ 1-- f = O .  ( 
We anticipate thatfis  a product of the form eaxg; substituting enxg for f in  
(2.17) yields 

The idea is to choose a so that we can solve (2.18) asymptotically for the 
unknown function g. To this purpose, let g - Z cjxu-j, where co f 0. NOW 

g' - x (a - j )  c.xo-i-l, 

g" - z (a-j)(a-j-  1)c.xu-j-2; 
J 

J 

so(2.18) yields 

(2.19) O-(a2 + 1) Z cixU-J+ ~ u Z ( U - ~ ) C ~ X ~ - ~ - ~  

+ Z [(a- j ) (u- j - l ) -  I]cixu-j-2. 

Therefore (a2 + l)co = 0, so a2 + 1 = 0, a = d--1 = i. From (2.19), 

(2.20) 

so aco = 0, thus a = 0. We obtain 

(2.21) 

Therefore 

o - 2i z (a - j )  cjxo-j-l+ z [(a - j )  (a - j - 1) - 11 c.xu-j-2, I 

o - -2i z j~~x-i-1 + z [ j ( j  + 1) - 13 ~~x-j-2. 

2 i ( j +  l)ci+l = [ j ( j +  1)- l ]c i  

for eachj; thus 
- j 2 + j - l  

ci+l - 2i ( j  + 1) 'i 

for each j ,  andg - Z cix-j. We have found asymptotic expansions of solu- 
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tions of (2.18) in terms of the parameter co. Returning to the differential 
equation (2.17), we conclude that e c k f -  Z cjx-j, where 

- j 2 + j -  1 
‘3+1 - 2i(j  + 1) 

for eachj; i.e., 
e-irf- co (1 + iix-1 + ix-2 - Six-3 - 55 w x  -4 + ...). 

48 

We draw attention to the fact that by identifying t with l/x, we can 
associate with each asymptotic power series Z aixri a field element of the 
nonarchimedean field L, namely EN ajti(see Section 1.7). Identifying t with 
l / x  is justified on the grounds that in asymptotics we are concerned with 
evaluating the functions x i  at infinitely large values of x, whereas the symbol t 
in the expression E ajt‘ represents an infinitesimal. Moreover, the homo- 
morphism @ introduced in Section 3.6 identifies the field element  EN^^ [pli 
of the nonarchimedean field pR with ZNaj t i  E L .  So, via @, we can regard 
the asymptotic series 2aix-j as an element of pR. In t h s  sense, each asymp- 
totic power series may be regarded as a field element of both nonarchimedean 
fields L and PR. 

3. Nonstandard criterion for asymptotic expansions 

Here we shall restrict ourselves to asymptotic sequences of the form (x-’i), 

(1) u, < v , + ~  for each n EN; 
(2) VB 3 q V m  [m > q  + v, > B ] ,  B E R  and q ,m E N .  

where the standard sequence (vi) is strictly increasing and lim(vi) = m; i.e.: 

These conditions on (vi) ensure that the corresponding sequence of standard 
functions (x-”i)  is asymptotic (see Section I). 

Our purpose is to develop a criterion in terms of concepts of nonstandard 
analysis, which will allow us to decide whether an asymptotic sequence (x-’i), 

where (vi) meets the above conditions, yields an asymptotic expansion for a 
specified functionf. 

nonstandard criterion for the limit of a sequence (see Section 2.8). 
The following criterion for the limit of a function at - is analogous to the 

3.1. LEMMA. Let f E  F and L E R ; then limJ= L i f f f ( r c )  = L  for each 
infinite and positive K .  
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Proof. (i) Assume limm f = L.  Choose h > 0, h E R .  By assumption, there is 
a positive standard number 4 such that 

V t  [t > 9 + 1 f ( t )  - L I < h ]  , t E R , 

is true for A; therefore this statement is true for *A when interpreted in *A. 
But q E R ;  so each positive infinite number is greater than q. Thus 

V K  [ K  infinite and positive -+ I f(K) - L I < h ]  

is true for *A. Here h is any positive standard number; so f(K) -L whenever 
K is infinite and positive. 

(ii) Assume that f ( K )  L for each positive infinite K. Then 

VK [K>W+f(K)rL] KE*R 

is true for *A, since o is positive and infinite. So 

3qVt  [t > q  -+ f ( t )  ==L]  q, t  E *R 

is true for *A. Thus, for each positive standard h,  

3 q V t  [t > (I -+ I f  ( t )  - L I < h]  q,  t E *R 

is true for *A, so is true for A when interpreted in A. Here h is any positive 
standard number; so 

Vh 3qVt  [ t > q  + I f ( t )  -LI < h ]  

is true for A; i.e., limm f = L .  This completes our proof. 0 

h > 0, q , t € R  

In a moment we shall use Lemma 3.1 to obtain our Nonstandard Criterion 
for Asymptotic Expansions. First we express our criterion in the language of 63. 

3.2. CRITERION FOR ASYMPTOTIC EXPANSIONS. f - ZaClix-’i iff corre- 
sponding to each standard number t there is a standard natural number q 
such that for each n > 4, n E N ,  

n 

m 
(3.3) 

Proof. (i) Assume that f - ZaixFvi. Let t E R ,  and choose q so that vq > 1 .  

By assumption, 
4 

l imx”4 f -  c a i x  vi = 0. 
m ( 0  - 1  
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But t < v4; so 

4 

(3.4) limx‘ 
OJ 

Thus, for each n > q ,  n E N ,  

n n 

since t < vq+ l ,  ..., t < v,. This establishes (3.3). 
(ii) Assume that the criterion (3.3) is satisfied. Let n E N ;  we must show that 

01 

From (3.3), with t = v,, we obtain 
m 

Take rn greater than both q and n; then 

m , 

= lim xu” ( U , + ~ X - ~ ~ + ~  + ... + umx-’m) 

= O  

m 

since vi > v, if i > n. This proves that f - Z aix-’i. 0 
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We now express this criterion in terms of Nonstandard Analysis. 

3.6. NONSTANDARD CRITERION FOR ASYMPTOTIC EXPANSIONS. 
f - Z aix-’i i f f  corresponding to each standard number t there is a standard 
natural number q such that for each n > q,  n E N ,  and for each infinite posi- 
tive number K ,  

n 

Proof. Apply Lemma 3.1 to the preceding criterion. 0 

In symbols, our criterion for f - Z aix-’i is 
n 

(3.8) Vt3qVnK [n>q+Kf  [f(K)-CaiK-’i]’O] ( t E R ,  q , n E N ,  

K positive and infinite). 
0 

Loosely put, if we take enough terms of Z aiK-’i, where K is positive and 
infinite, the resulting partial sum C: aiK-”i is so close to f ( K )  that multiplying 
the difference by the infinite number K ?  yields an infinitesimal. 

sequences (x-’i), of the sort considered, simultaneously. 
One advantage of our criterion is that it is suitable for all asymptotic 

We can formulate our criterion in a slightly different manner, as follows. 

3.9. ALTERNATIVE FORMULATION OF CRITERION. f - C aix-’i iff 
corresponding to each standard number t there is a standard natural number q 
such that for each n > q ,  n E N ,  and for each positive infinitesimal E ,  

n 

Proof. (i) Let f - C aix-’i. By our criterion, corresponding to each t E R  
there is a q E N  such that for each n > q ,  n E N ,  and for each positive in- 
finite K , 

n 
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so 
n 

thus 
I n 

(3.11) I f ( l / E ) - x a i E Y i  I <€ ‘ ,  
0 

where E = 1 / ~  is a positive infinitesimal. Since there is a one-one correspon- 
dence between positive infinite numbers and positive infinitesimals, this 
establishes the necessity of our alternative formulation. 

there is a standard natural number q such that for each n > 4 and for each 
positive infinitesimal E ,  

(ii) Suppose that the criterion (3.10) is satisfied. Using t + 1 in place of t ,  

n 

~ f ( l / E ) - ~ a j E ” ’ ~  < d + l ,  

so 

K I f ( K )  - 5 U i K p U i  I < E ,  
0 

where K = I/€. Thus 

We conclude that f- C aix-’i by our Nonstandard Criterion for Asymptotic 
Expansions. 0 

We now introduce a family of maps of *R - (0) into *R, one for each 
positive infinite number K .  Thus let V ,  be the map of *R - (0) into *R for 
which VN(a) = log, la I whenever a # 0, where E = 1 / ~ .  Now for each a # 0, 

thus log, is monotonically decreasing, since In E is negative and the function In 
is monotonically increasing. 

Therefore, if 
I n I 

(3.12) ( ~ ( K ) - ~ U ~ E ” ~ I < E ~  0 



158 ASYMPTOTIC EXPANSIONS - THE FORMAL CONCEPT [CH. 6 ,  5 3  

and the LHS of(3.12) is not zero, then 
I n I 

i.e., n 

0 
(3.13) V,  ( f ( K )  - c aie’i 

Applying our Criterion 3.9, this yields: 

3.14. LEMMA. f - Z aix-’i, provided that corresponding to each standard 
number t there is a standard natural number q such that for each n > q ,  n E N ,  
and for each positive infinite K , 

n 

To obtain the converse of this lemma we want each map V,  to associate = 
with 0, where we regard m as greater than each standard number; this makes 
(3.13) true if f ( K )  = Z t  ai~-’i. Extending our maps V ,  in t h s  way yields: 

3.15. CRITERION. f - Zaix-’i iff corresponding to each standard number t 
there is a standard natural number q such that for each n > q ,  n E N ,  and for 
each positive infinite K ,  

Notice that if V,( f ( K ) )  is positive and infinite, then log, I f ( K )  I > m for 
each m E N ;  i.e., I f ( K )  I < em for each m E N .  Therefore 

for each n,m E N ,  where (x-”i) is any asymptotic sequence. Applying 
Criterion 3.9, we conclude that f -  Z  OX-'^. Conversely, iff - Z  OX-'^, 
then by Criterion 3.15, V,(f(K)) > t whenever t E R  and K is positive and 
infinite; i.e., V,( f ( K ) )  is positive and infinite in this case. This establishes our 
next lemma. 
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3.16. LEMMA. f - Z  OX-"^ iff V,( f (K) )  is positive and infinite whenever K is 
positive and infinite. 

Denoting any asymptotic expansion of the form Z  OX-'^ by “0”, our 
result can be put as follows: f - 0 iff f ( K )  = 0 with respect to 1 / ~ ,  whenever 
K is positive and infinite. 

It is natural to regard functions f andg as equivalent, i.e., equal from the 
viewpoint of asymptotic expansions, if they possess a common asymptotic 
expansion; in this case, we write f s g .  For example, (1 + x)-l and 
(1 + x)-1 + e-x have a common asymptotic expansion, namely Z: (-l)ix-i-l, 
so ( 1 + x)-1 g (1 + x)-1 + e c X .  Clearly z is an equivalence relation on the 
set of functions that possess asymptotic expansions. 

Summarizing, f 1 g iff 
(a) f -g - 0 (here 0 denotes Z:  OX-'^); 
(b) both f and  g possess an asymptotic expansion. 

There is, however, a great deal to be gained by dropping the second require- 
ment, is . ,  that both f andg  possess asymptotic expansions. Accordingly, we 
now extend the notion of equivalent functions as follows. 

3.17. DEFINITION. f E g  iff  -g - 0. 

In view of Lemma 3.16 we can characterize our extended equivalence rela- 
tion as follows. 

3.18. CRITERION FOR EQUIVALENT FUNCTIONS. f S g iff f ( K )  - g ( K )  
is an iota with respect to 1 / K  for each positive infinite K .  

We have just seen that f ( K )  is an iota, with respect to I / K ,  if V,(f(K)) is 
positive and infinite. Similarly, if V,(f(K)) is negative and infinite, it is easy 
to  see that f (K) is a mega with respect to K .  Finally, if V,c f (~ ) )  is finite, then 
f ( K )  E M o  (where p = 1 / K ) ;  so there is a standard natural number n such that 
pn+l < I f ( K ) I  < Pn. 

p =  l/K.Sinceo(logplaJ)= O(log,lbl) i f a - b E M 1 ,  define foreach 
We want to extend each map I/, to a valuation u, on the field PA, where 

[a1 E P R ,  [a1 #MI,  

uK(  [ a ] )  = OV,(a) = O(log, lal), 

and define uK( [O]) = 00. We point out that each u, is a nonarchimedean valua- 
tion on ,6? ( p  = l / ~ ) .  

It is convenient to write u,(a) in place of uK( [a]) ;  i.e., we wish to apply u, 
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to a member of a coset, say a, rather than the coset [ a ] .  So we define for each 
a E 3, uK(a) = uK( [ a ] ) ;  i.e., 

In Chapter 7 we shall use these valuations in out study of an important 
function space. In that connection, we present the following fact about I I v K ,  
where K is any positive infinite number, the associated map of ,R into R. 

3.19. LEMMA. Let a E *R, a # 0, and let K be positive and infinite. Then 

lU IVK = O( lall/(lnK)). 

Proof. (i) Assume that a f [O], i.e., a f M, (where p = I / K ) .  Then for each 
n E N ,  la I < p", so In la I < n lnp ;  thus 

lnlal n l n p  -<-=- n 1nK InK 

since lnp  = - 1 n ~ .  So, for each n E N ,  

This proves that la I l/fln K)is an infmitesimal. Therefore 
o( 1a11/(1n K ) )  = 0. 

But la I v K  = 0 since uK(a) = 00. 
(ii) Assume that a $ [ O ]  . Then 

u,(a) = O(log, l a l )  = O( - ) - - - !g + 77, 
where 17 2: 0. So 

thus 

We can simplify the expression on the right by applying an elementary fact in 
the arithmetic of infinitesimals. Let s and t be numbers such that s 2: 1 and 
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4. Watson's Lemma 

To illustrate our nonstandard methods we now prove a well-known result 
concerning asymptotic representations. First we shall need the following 
lemmas. 

4.1, LEMMA. x a  < ebx i f a  and b are finite and positive. 

4.2. COMMENT. T h s  is a statement about functions in a Hardy space and 
means that tn  < ebr if t is sufficiently large, t ER. 

We shall use Lemma 4.1 to establish our next lemma. 

4.3. LEMMA. Let t,m,Z be finite, and let K be positive and infinite. Then 

Proof. Iz I m  < eKz/2 by Lemma 4.1 ; so 

Of course, our lemma is obvious if t < 0; accordingly, we can assume that 
t > 0. In this case, by Lemma 4.1, ecZx/* < x-? ; so e-zK/2 < K-? for each 
positive infinite K .  Thus 

We can extend this result a little. 
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4.4. COROLLARY. Let a be finite. Then 

for each finite t. 

The main concern of this section is Watson’s Lemma, which we now present. 

4.5. WATSON’S LEMMA. Let f be a complex function which is analytic in a 
neighbourhood of the origin, let m > - 1, m E R ,  and let Z E R be any positive 
finite number within the circle of convergence of  ZN aizi ,  a power series 
expansion o f f  about the origin. Let g be the function such that for t E R ,  
t large and positive, g( t )  = 8: e-tZ zm f ,  where the path of  integration is along 
the positive real axis. Then 

g - 2 ai r ( m  + i -I- 1) x-m-i- 1 .  

Proof. First, we point out that the given asymptotic expansion ofg is ob- 
tained from the definition o f g  by replacing f by Z N  aiz i ,  replacing Z by w, 

and integrating term by term. Carrying out this prescription, for each i E N  
letgi be the function such that 

m 

gi(t) = J e-tZ zm+i = r ( m  + i + I ) / tm+i+l ,  

0 

so 
xaigi = xu i  r ( m  + i + 1) ~ - ~ - - i - - l ,  

which has the required form X bix-’i. To prove tha tg  - Zaigi we shall apply 
our Nonstandard Criterion for Asymptotic Expansions 3.6. Accordingly, let K 
be positive and infinite, and consider: 

n n 
m m 

= J e-KZ zm [ f -  c ai z i ]  - J e-KZ zm [ f - c ai z i ]  
0 Z 0 0 

n 
m 

- J e-KZ zm C ai zi. 
0 Z 
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For each i E N ,  let 

n 

0 0 

m n 

- J e-Kzzm [f- ~ , , ~ i ]  - c a i p i .  
z 

Recall that f = CNaiz i ;  so, if n is sufficiently large, 

(4.7) 

m 

Izm(  f - f : o i z i )  1 = Izm+n+ll 1 c a i ~ i - n - l  1 < B l ~ ~ + ~ + l l  
0 n + l  

where B E R .  From (4.6), 

for each finite t. Clearly, given t E R we can choose n so that both 
m + n + 2 > c + 2 (i.e., n > t - rn) and n is large enough to satisfy (4.7). 
For any such n, 

B r (m + n + 2 ) / ~ " + ~ + ~  + K - [ - ~  < B r ( m  + n + 2)  K - ~ - ~  + K - ~ - ~  < K P - ~ ,  

so 

I g(K) - 5 U i g i ( K )  1 < K - ' - ' ,  
0 

thus 
n 

We conclude that g - 2 ai g i .  This completes our proof. 
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Taking m = 0 in Watson’s Lemma yields the following. Let g be the function 
such that for each t ,  

where f = Z a i z i  throughout a neighbourhood of the origin and 2 is a finite 
number within its circle of convergence. For each i E N ,  let gi be the function 
such that for each t ,  

+ ... a0 01 ai 

x x2 .i+l 
g - c i! aix-i-l =-+ - + ... + i!- 

Moreover, let f be an entire function that possesses a Laplace transform 
L [f] = 1imz+- g. We claim that Z i! aix-jP1 is also an asymptotic expansion 
of L [ f ] ,  provided that f is bounded on the positive real axis by some xs, i.e., 
f = O ( x s ) ,  where s E R .  In this case, for Z sufficiently large, the remainder 
term 

by Lemma 4.3, for each t E R ,  where K is positive infinite. Thus, for each f E R ,  

1 (L  [ f ] )  ( K )  - 5 i !  0iK-j 1 < I (L  [ f ] )  ( K )  - g ( K )  I + I g ( K )  - 6 i ! UiK-i  I 
0 0 

< ,-f-2 + K-t-2 < K - t - l ,  

So, for each t E R and each positive infinite K ,  

n 
L 

provided that n is sufficiently large. We conclude that L [f] - Z i! aix-i-l 
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5. Other scales 

In place of the scale of comparison provided by the asymptotic sequence 
involved, which we have used so far, it is also possible under certain circum- 
stances to characterize asymptotic expansions in terms of the scale provided 
by a second asymptotic sequence. 

Let $ = (@J and $ = ($J  be asymptotic sequences. We shall say that 
ZajQj  is asymptotic to fwi th  respect to J / ,  and writef-$ Z Q ~ $ ~ ,  provided 
that for each t E N ,  

n 

if n is sufficiently large; in symbols, 
n 

V t 3 q v n  [ n > 4 + f - C a i ~ i = o ( ~ t ) l .  
0 

For example, let $ = (x-*”i), where (vi) is strictly increasing and un- 
bounded, and let f- Zaix-’i. Then it is easy to see thatf-$ Zaix-”i. 

Here is another example of this idea. 

5.1. EXAMPLE. Let $ = (xie-jX), andle t f -  Zuie-jX. By assumption, and 
in view of Lemma 3,1, 

n 

for any n E N  and for any positive infinite K .  Thus, given t E N ,  

for any n > t ,  n E N ,  and for any positive infinite K .  So 
n 
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where n > r and K is positive and infinite; by Lemma 3.1, 

f -  Z: ai e-ix 
lim = 0. 

m Xte-tX 

We conclude that f -$ Z ai e-jX. 

To bring out some basic techniques, and at  the same time to show that our 
notion is a true generalization of the concept of an asymptotic expansion, we 
now prove the following fact. 

5.2.LEMMA. f-,Zai$iifff-Zaj@i. 

Proof. Assume that f -, Z 
f - Z: aiGi = o(&) if n > q. We can assume that n > m ;  thus 

Then for each m E N  there is a q EN such that 

m n 

f- C aiGi - C aiGi = o(~,,,). 
0 m + l  

But 
f - Z r  aiGi = o(Gm) for each m EN; so f - ZaiGi. 

Take n > m; then $m+i = o(Gm) for j = 1 ,2 ,  3, ... . So 

aiGi = o(Gm) since @ is an asymptotic sequence. Thus 

m Next assume that f - ZaiGi. Then, for each m EN, f - Zo aiGj = o(Gm). 

n 

C aiGi = o(Gm), 
m + l  

and it follows that 
m n 

i.e., f - Z: aiGi = o(Gm) for each n > m. We conclude that f -$Z 
completes our proof. 0 

This 

We say that f < g provided that there is a neighbourhood of m, i.e., a 
semi-infinite interval (see Section 1.6), say N,, such that f ( t )  <g( t )  for each 
r EN,. We define the relation > similarly; i.e., f > g provided there is a 
neighbourhood of m, say N m ,  such that f ( t )  > g( t )  for each c E N , .  We shall 
use < in the obvious way; i.e., f <g iff f ( t )  <g( t )  for each t EN,, some 
neighbourhood of m. 
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The following idea is useful. We shall say that sequences of functions (Gi) 
and (tJi) are comparable provided that the absolute value of each term of 
either sequence is greater than the absolute value of some term of the other 
sequence; in symbols, 

Vi 3j  [ IGjI> I $ill, V i  g i  [I  \Itjl> IGj l ]  (ki EN). 

For example, the sequences (e-'") and ( x i  e-'") are comparable, as are the 
sequences ( ~ - ~ i )  and (x-*~'), where (vi) is strictly increasing and unbounded. 

Our main point is to prove that for the case of comparable sequences, an 
asymptotic expansion involving one of the sequences, can be taken with 
respect to either scale. 

5.3.  THEOREM. Let @ = (&) and J/ = ($i) be comparable asymptotic se- 
quences. Then f -o x aiGi iff f -$ C ai&. 

Proof. In view of Lemma 5.2, it is enough to show that f - xajGi iff 
f ZaiGi. 

(i) Assume that f - Za.4.. For each t EN we can choose q so that J/r > d,. 
In Take n > q and consider f - Zo aiGi ; now 

By assumption, f - C: aiGi = o(Gq); moreover, $q+i = o(Gq) for j = 1,2,3,  ... 
since 4 is an asymptotic sequence. Thus 

so f - Z: aiGi = o(\cr,) if n > q. This proves that f -$ ZaiGj. 
(ii) Assume that f -$ xui$+. We shall show that f - xt aiGi = o(Gn) for 

each n EN. Choose n E N ;  by assumption, Gn > $, for some t EN. Now, for 
rn rn 

m sufficiently large, f - xo aiGi = o ( $ ~ ) ;  so f - Zo aiGi = o(&). We can 
assume that m > n, so 

n rn 
lim (f - 7na i@i  + Cn+laiGi) @n = O  
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and it follows thatf- Z ; U ~ ~ # J ~  = o(&). We conclude thatf- Z U ~ $ J ~ .  This 
completes our proof. 0 

6. A generalized criterion for asymptotic expansions 

In this section we shall formulate two conditions on an asymptotic sequence 
(&.) which together ensure thatf- 2uie i  iff the following condition is met: 

(6.1) For each t E R there is a q E N  such that for each n > q,  n E N ,  
and for each positive infinite K ,  . 

n 

That is, if (@) satisfies both conditions, thenf- 2 ai& iff 

where the domain of the quantifiers is given by (6.1). We have already carried 
out a program of t h s  sort; indeed, in Section 6.3 we showed that (6.1) is a 
criterion for f- Z aiGi provided that the asymptotic sequence (Gi) has the 
form (x-'I>, where (pi )  is strictly increasing and lim(vi) = w, 

sequences such that (6.1) provides a criterion for asymptotic expansions. 

write f < g, where f and g are functions, provided that for some a E R ,  

Our goal, here, is to extend, indeed to characterize, the class of asymptotic 

Throughout this section, (@i) is an asymptotic sequence. As usual, we shall 

V t  [t > a  A t E R + f ( t )  < g ( t ) ] .  

We now exhibit a condition on (q+) so that f - E aiGi if both f and Z 
satisfy (6.1). 

6.2. LEMMA. f - Z ~ j @ i  if 
(a) V n  3 t  [x-~ < I $ J ~ I ] ,  n E N a n d r  ER; 
(b) Vt3qVnK [n>q-+Kf  [f(K)--E;Ui$i(K)]  -01, t E R ,  q ,nEN,Und 

K positive and infinite. 
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Proof. Choose n EN; by (a) there is a standard number f such that x-I < I&l. 
By (b), with f + 1 for its first placeholder, there is a standard natural number q, 
q > n, such that 

m 

where the first quantifier refers to N ,  and K is positive and infinite. Let 
m > q ,  m EN, and let K be any positive infinite number. Then 

so 

Since (Gi) is asymptotic, limm #n+i/@n = 0 for j = 1,2,3, ... . Thus 
m 

f- x:aiQii f- $'aiGi + lim Zn+laifpi lim = lim - Qn m @n m @n 

= 0. 

This proves that for each n EN, f - C;faiGi = o(#& we conclude that 
f - Xui&. This completes our proof. 0 

So far we have found one condition on our sequences (Gi) - namely, 
condition (a) of Lemma 6.2 - which ensures that f - C aiGi in case the 
function f and the asymptotic series Xui@ satisfy our criterion(6.1). We 
now present a second condition on (Gi) - namely, condition (ii) of Lemma 
6.3 - which ensures that f and CaiGi satisfy the criterion (6.1) in case 
f - ZaiGi. 

Therefore 
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6.3. LEMMA. f and ZaiGi satisfv criterion (6.1) i f :  
(9 f Z aiGi ; 
(ii) V t  3 n  [IGnI <x-~] ,  I E R  and n E N .  

Proof. Choose t E R ;  by (ii), there is a standard natural number q such that 
lGql <x-'. For thisq, by(i), 

f - z; aiGi 
lim = 0. 
m % 

Therefore 
a 

limx' m (f- pi+ 0 

since I $q I < x-'. Moreover, 

thus 
#q+i = o(Gq) 

@q+i = o(x-') 

for j = 1 , 2 , 3 ,  ... , 

for j = 1,2 ,  3, .... 

So, for m > q, m E N ,  

m 4 m 

4 

since $q+j = o(x-') 
for j = 1,2,3 ... 

m 

= 0. 

Therefore, for each positive infinite K ,  

rn 

if m > q ,  i.e., f and X.aiGi  satisfy criterion (6.1). This completes our proof of 
the lemma. - 

We summarize Lemmas 6.2 and 6.3 in the following theorem. 
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6.4. THEOREM. Let (c#J~) be an asymptotic sequence such that 

Vn 3 t  [x-'< l @ n , I ] ,  

Then f - Z ai$,. iff 

V t 3 n  [IGnl <x-'] (n  E N ,  t E R ) .  

where t E R , q ,rn E N ,  and K positive and infinite. 

Notice that each sequence of the form ( x P ' i ) ,  where (vi)  is strictly increas- 
ing and lim(vi) = 00, satisfies the two conditions of our theorem. 

Let us see if we can simplify this pair of conditions. Now there is no loss in 
formulating our Nonstandard Criterion for Asymptotic Expansions 3.6, so that 
t E N  instead of t E R .  This allows us to interpret t as a standard natural num- 
ber, instead of a standard real number, in both of our conditions. In turn, this 
means that we are comparing the sequence (I&l) to the fmed sequence (x-~); 
indeed, we require that each term of either sequence is greater than some term 
of the other sequence. According to the definition of comparable sequences 
introduced in Section 5 ,  these sequences are comparable. Using this terminology 
we can rephrase Theorem 6.4 as follows. 

6.5. THEOREM. Let (@i)  be an asymptotic sequence comparable to (x-'). 
Then f - Z iff 

m 

v t3qVmK [ m > q ~ K ' [ f ( K ) - C ( l i q ( K ) ] ^ O ] ,  0 

where t E R ,  q , m  E N ,  K positive and infinite. 

We mention that the sum of two asymptotic sequences of the form (x-'i) 
is not necessarily of the same form. However, the sum is comparable to (x-'). 



CHAPTER 7 

POPKEN SPACE 

1. Asymptotically frnite functions 

The purpose of this chapter is to study the function space discussed by 
J. Popken [1953]; much of the basic work in this area was carried out by 
van der Corput (see [ 1954a1) and in due course was refined by Popken. 

A standard function f is said to be asymptotically finite provided that: 
(1) domf includes a neighbourhood of m, i.e., an infinite subset of the 

( 2 )  f= O ( x f )  for some r E R. 
form {t E R  I r > a }  for some a ER;  

Recall thatf= O ( x f )  iff there is a positive standard number B and a neigh- 
bourhood N ,  of m such that I f(c) I < B cf for each c E N _ .  

The first condition ensures that K E dom ?if K is positive and infinite. The 
second condition ensures that f ( ~ )  is not a mega with respect to K ; i.e., 
f ( ~ )  EMo where p = 1 / ~ .  Therefore, for each positive, infinite K ,  V K ( f ( ~ ) )  is 
not both positive and infinite; indeed, there is a standard integer i such that 

o< If(K)I <pi. 

In particular, u , ( f ( ~ ) )  is defined (see Section 6.3); in fact, 

In this function space, which we denote by 3 ,  we say that functions f andg 
are asymptotically eqwl ,  and write f a g ,  if their difference is asymptotic to 0 
(Popken writesf-g). This is the equivalence relation introduced in Section 6.3. 
Recall Criterion 6.3.18: fZ g iff for each positive infinite K ,  f ( ~ )  X g(K) 
with respect to 1 / ~  (in words, f ( ~ )  -g(K) is an iota with respect to I/K). 

For example, each function ax',  where a,t E R ,  is asymptotically finite. The 
sum, difference or product of asymptotically finite functions is also asymp- 
totically finite; indeed, asymptotically finite functions form a ring with respect 

172 
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to addition and multiplication. This ring is commutative and has a unit, the 
standard function 1 = { ( t ,  1) I t ER}; its zero, i.e., its additive identity, is the 
standard function 0 = {( t ,  0) I t ER}. 

We point out that the function space of this section is not identical with 
the space of functions which possess asymptotic expansions of the form 
L:aix-”i. For example, the function In is a;ymptotically finite since In = O(x); 
let us show that In does not possess an asymptotic expansion of the required 
form. Assume that In - L: aix-”i, where (vi) is strictly increasing and 
lim(ui) = =. By Lemma 6.1.1, 

ifuO 2 0, 
0 ifuo<O. aO = 1imx”OIn = 

m 

It follows that L:  OX-"^ is the only possible asymptotic expansion of In; but 
this is out of the question (e.g., apply Lemma 6.3.16). 

of asymptotically finite functions, e.g., 
Bear in mind that the objects of our function space are equivalence classes 

(f I fZ x2 and f is asymptotically finite}. 

Our use of the equivalence relation Z, i.e., the notion of asymptotically equal 
functions, is designed to simplify our presentation by mentioning functions 
rather than equivalence classes. 

It is helpful to characterize the big 0 relation in nonstandard terms. 

1.1. THEOREM. For each t E R,  f =  O(x‘) iffthere is a standard number B 
such that V K  [ 1 f( K )  1 < BK t J , K positive and infinite. 

Proof. (i) Assume thatf= O(x’), where t ER.  Then there are standard 
numbers a and B such that 

V x [ x > a + l f ( x ) I < B x ~ ]  

is true for 62, so is true for *62 when interpreted in *R. In particular, 

VK [If(K)I<BK‘] 

since K > a for each positive infinite K .  

standard numbers. Then 
(ii) Assume that V K  [ l f ( ~ ) I  < B K ’ ]  is true for *62, where B and t are 

VK [ K  > W +- If(K) I < B K t ]  
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is true for *di; so 

3aVx [x >a + I f ( x )  I < B x f ]  

is true for *R, therefore this statement is true for 63 when it is interpreted in di; 
but this means that f = O(xf). 0 

Here is a useful corollary to Theorem 1.1. 

1.2. COROLLARY. Let t E R ,  and let f be an asymptotically finite function 
such that 3~ [ I f  ( K )  I 2 K ~ + ~ ] ,  K positive and infinite. Then f # O(x'). 

Proof. Assume for the moment that f = O(xr). By Theorem 1.1, there is a 
standard number B such that V K  [I f ( K )  I < B K ? ]  . For each positive infinite K ,  

B K I  < K ~ + ~  ; therefore V K  [ I  f ( K )  I < K ~ + ~ ] .  This contradicts the hypothesis 
that 3 K [ I  f ( K )  I 2 ,?+I] .  We conclude that f # O(xf).  0 

Here is a criterion for asymptotically finite functions. 

1.3. THEOREM. f is asymptotically finite i f f  there are standard numbers B 
and t such that VK [ 1 f ( K )  I < B K' 1, K positive and infinite. 

Proof. (i) Assume that f is asymptotically finite. Then f = O(x f )  for some 
t E R ;  thus, by Theorem 1.1, there is a standard number B such that 
VK [ I f ( K ) I  < B K f ] .  

(ii) Assume that there are standard numbers B and t such that 
V K  [ l f ( ~ )  I < B K ? ]  . By Theorem 1.1, f = O(xf). It remains to show that 
dom f includes a neighbourhood of 00. By assumption, V K  [ K  E dom f ] ; so 

VK [ K  > w + K E dom f ]  

is true for *di, therefore 

3aVx [x >a + x E dom f ] 

is true for *R, so is true for di when interpreted in 63. We conclude that there 
is a standard number, say a ,  such that { t  E R I t > a }  is a subset of domf. 0 

We can refine this criterion a little more. 

1.4. CRITERION FOR ASYMPTOTICALLY FINITE FUNCTIONS. f is 
asymptotically finite i f f  there is a standard number t such that 
V K  [ I f  ( K )  I < K ? ]  , K positive and infinite. 
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Proof. (i) Assume thatfis  asymptotically finite. By Theorem 1.3, there are 
standard numbers B and t such that VK [ I ~ ( K )  I < B  K ~ ] .  For each positive 
infiniteK,BKt<Kt+l sinceB>O.ThusVKIIf(K)I<Kr+l]. 

(ii) Assume VK [lf(~)I < K ~ ]  for some t E R .  Thenfis asymptotically 
finite by Theorem 1.3 (withB = 1). 0 

Interesting function spaces can be obtained from 3 by imposing a third 
condition on the functionsf of the function space. For example, we can 
require one of the following: 

(a) fhas  an asymptotic expansion of the form Zaix-”’, where (vi) is 
strictly increasing and lim(vi) = m; 

(b) f i s  continuous; 
(c) domf’ = domf. 
(d) domf@) is a neighbourhood of for each n E N .  

2. Convergence 

There are several ways of characterizing convergence in a function space. 
Let (x-”i) be an asymptotic sequence of the sort considered in Section 6.3; 
i.e., (vi) is strictly increasing and lim(vi) = 00. We want to introduce a notion 
of convergence under which ($ uix-’i) converges to f i n  case f - X uix-”i. 
Accordingly, we define our basic notion of convergence with one eye on the 
Nonstandard Criterion for Asymptotic Expansions 6.3.6. 

2.1. DEFINITION OF CONVERGENCE. Let (f,) be a standard sequence of 
asymptotically finite functions, and le t fbe  a standard function. We say that 
( fn) converges to f, in symbols lim(f,) = f, provided that corresponding to 
each standard number t there is a standard natural number 4 such that for 
each n > q ,  n E N ,  and for each positive infinite K ,  

(2.2) [f(K) -f ,(K)l = 0. 

Here is an example. 

2.3. EXAMPLE. We shall show that lim(x-”) = 0, the zero function. Let 
t E R  and let K be positive and infinite; then 

K t K - n =  t - n -  K - 0, 

provided that n > t, n EN. Therefore lirn(x-,) = 0. 
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First, we shall prove that f is asymptotically finite if lim( f,) = f. 

2.4. LEMMA. Let (j,) be a standard sequence of asymptotically finite func- 
tions, and let f be a standard function such that lim(f,) = f. Then f is asymp 
totically finite. 

Proof. By (2.2), with t = 0, there is a standard natural number, say n ,  such that 

VK I f ( K >  -fn(.) 01, 
so V K  [ f ( K )  = f , ( ~ ) ] .  Here f, is asymptotically finite; by our Criterion 1.4, 
there is a standard number t such that 

VK [ I f , ( K )  I < K f ] .  

Let K be any positive infinite number; then 

f ( K )  =f,W + € 9  

where E 2 0 and depends on K .  Therefore 

I f ( K ) I G l f , ( K ) I + I E l  by the Triangle Inequality 

< K t  -f- l€l 
< K l l l + 1 .  

This proves that 

VK [I f ( K ) I  < K ' " + ' ] ;  

so, by Criterion 1.4, f is asymptotically finite. 

We are really dealing with equivalence classes consisting of asymptotically 
equal functions. So we must show that the limit of a convergent sequence is 
unique up to asymptotic equality. 

2.5.  LEMMA. Let ( f,) be a standard sequence of asymptotically finite func- 
tions, and let f and g be standard functions such that lim( fn) = f and 
lim( f,) = g. Then f Z g .  

Proof. Choose t E R. By (2.2) there are standard natural numbers 4 and 42 
such that for each positive infinite K ,  

K t  [ f ( K ) - f , ( K ) ]  - 0  i f n > 4 1 ,  

K~ ( g ( ~ ) - f J K ) ] = 0  i f n > q 2 .  
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Let 4 = 1 + max(ql, q 2 } ;  then for each positive infinite K ,  

K' [f(K) -fq(41 = 0, K' -fqW1 * 0- 

The difference of two infinitesimals is an infinitesimal; so 

K' [ f ( K )  -&)I = 0, 

and it follows that for each positive infinite K ,  

(2.6) If(K) -g(K)I < K-' =P', 

where p = 1 / ~ .  But (2.6) is true for each t E R ;  thus, for each n E N ,  from (2.6), 

I f ( K )  -g@) I < P", 
i.e., f ( ~ )  -g(K) is an iota with respect to 1 / ~ ,  for each positive infinite K .  so, 
by Criterion 6.3.18, f r g. This completes our proof. 

In t h s  connection we mention that if lim(f,) = f and g f, then 
lim(f,) = g. To see this, choose t E R .  By (2.2), there is a standard natural 
number q such that for each n > q, n E N ,  and for each positive infinite K ,  

K' [f(K) - f n ( K ) ]  0. 

Also, for each positive infinite K ,  f ( ~ )  =g(K) with respect to 1 / ~ .  So 

K' Ig(K)-f(K)I < K f p m  =pm-' (P = U K ) ,  

Kr k ( K )  -fh)I = 0. 

where m > t ,  m E N .  Thus, for each positive infinite K ,  

Therefore, for n > q,  n E N ,  

K' -fn(K)] = K' k('0 -f('01 K' [f('o -fn('01 0 

since the sum of two infinitesimals is an infinitesimal. We conclude, by (2.2), 
that lim(f,) = g. 

if corresponding terms of the sequences are asymptotically equal. 
Similarly, we must show that two sequences converge to the same function 

2.7. LEMMA. Let (f,) and (g,) be standard sequences of asymptotically 
finite functions such that lim(f,) = f and f i  s gi for each i E N .  Then 
lim(g,) = f. 
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Proof. We are given that & ( K )  =gi(K),  with respect to 1 / ~ ,  for each positive 
infinite K and for each i E N .  Fix r E R ;  by assumption, there is a standard 
natural number q such that for each n > q,  n E N ,  and for each positive 
infinite K ,  

(2.8) 

(2.9) 

K f  [ f ( K )  - f & ) 1  = 0. 

If&) - gn(K> I < ern, 

Also, from the comment that begins this proof, 

where m > t ,  m EN. We are now ready to show that lim(g,) = f. For each 
n > 4, n E N ,  and for each positive infinite K ,  

K t  [ f ( K )  -gn(K)J = K f  [ f ( K )  -f,(K)1 + K t  [ f n ( K )  -gn(K>I 

= K f  -gn(K>l 
by (2.8). But 

K f  Ifn(K)-gn(K)I < Kf- -m 

by (2.9), and K I - “  is an infinitesimal, so K~ [f,(~) - g n ( ~ ) ]  
each n > q ,  n E N ,  and for each positive infinite K ,  

0. Thus, for 

K f  [ f ( K )  -g&)I = 0. 

We conclude that lim(g,) =f. 

The following fact follows from the Definition of Convergence 2.1. 

2.10. LEMMA. lim(f,) =fifflim(fn -f) = 0, the zero function. 

We now consider the comment at the beginning of this section which 
motivated our definition of convergence. In the following theorem, (vi)  is a 
strictly increasing sequence of standard numbers such that lim(vi) = 00. 

2.1 I .  THEOREM. f - c aix-vi i f f  l im(xi aix-vi) = f. 

Proof. Let f, = Z: aix-”i for each n E N .  

totic Expansions 6.3.6, 
(i) Assume that f - C aix-”i. By our Nonstandard Criterion for Asymp- 

vt 3q VnK [n > 4 + K *  [ f ( K )  - f , ( K ) ]  01 ( t  E R ,  q ,n  E N ,  
K positive and infinite), 

so lim(f,) = f, i.e., lirn(C: aix-’i) = f. 
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(ii) Assume that lim( f n )  = f. By our Definition of Convergence 2.1, 

vt 3qvnK [n > 4 + K f  [ f ( K )  -$ UiK- . i ]  N- 01 ( t  € R ,  q ,n  E N ,  
K positive and infinite), 

so, by (6.3.7),f- Zaix-”i. This completes our proof. 0 

In Section 3 we shall present a method of characterizing convergence which 
involves the valuations u, on p~ introduced in Section 6.3, one valuation for 
each positive infinite K .  To prepare the way, we present the following fact. 

2.12. LEMMA. Let lim( f n )  = 0, where each fn is asymptoticalb finite. Then 

K positive and infinite). 
V t 3 q v n K [ n > q ~ I f n ( K ) I u K  Ge-‘] ( t E R , q , n E N ,  

Proof. By (2.2), 

V t  3qVnK [n > 4 + K‘ f n ( K )  C% 01 ( t E R , q , n E N  
K positive and infinite). 

Thus, for n > q,  l f , ( ~ ) I  < K - ~  uniformly for each positive, infinite K .  

Therefore 

logp If,(K)I > t ,  P = 1/K. 
so 

thus 

hence 

i.e . , 

U K C f n C K ) )  = ‘(log, If,(lOI> 1 ,  

-U,(f,(K)) G - t ,  

exp [-uK(fn(K))l “-‘9 

Ifn(K) IU, G e-‘. 
This establishes our lemma. 0 

3. Norm 

In Section 2, we characterized convergence by means of an epsilon-delta 
type statement; this provided us with a direct characterization of the concept. 
Just as in the case of a field (see Section lS),  convergence can be expressed 
in terms of a metric d on our function space, as follows. Let (f,) be a standard 
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sequence of asymptotically finite functions, and letfbe a standard function; 
then we say that lim(f,) =fprovided that lim(d(f,,f)) = 0. In this way, the 
question of the convergence of (f,) is reduced to the question of the con- 
vergence of a standard sequence of standard numbers, the sequence (d(f,,f)). 

It is well known that a metric d is yielded by a norm llfll on the function 
space, where d(f,g) is defined to be !If-gll. We want to introduce a norm on 
our function space that yields, via the associated metric d ,  the same notion of 
convergence as our direct characterization (2.2). 

3.1. DEFINITION OF NORM. For eachfEP, 

where K is positive and infinite. 

A norm on a function space is a map into R with the following properties: 
(a) llfll = 0  iff^ 0, the function 0; 
(b) l l f l l >  0 for eachf+ 0; 
(c) Il-fll = llfll for eachf; 
(d) Ilf+gll< llfll + llgll for eachfandg (Triangle Inequality). 

We can establish these facts about our map 1) 1) by applying the properties of 
I 1, listed in Section 1.5. We do this in Section 4. 

Our definition of norm involves the valuations u, (see Section 6.3) one for 
each positive infinite K .  With each valuation u, we associate I I u K ,  a map of 
PR into R (see Section 1.5). Remember, it is only as a matter of convenience 
that we apply a valuation u, to a member of *R; u, is a valuation on pR 
( p  = l / ~ ) .  Moreover, as defined in Section 1.5, laluK = e-'K(') for each 
a E pR; here, e-- is identified with 0. We shall abbreviate 1 1 

Since we are really dealing with equivalence classes of functions, it is 
important to prove that asymptotically equal functions have the same norm. 
First we point out that if a % b with respect to 1 / ~ ,  then u,(a) = u,(b). Let 
f FS g; so, for each positive infinite K ,  f ( ~ )  % g(K) with respect to I/K. 
Therefore u , ( ~ ( K ) )  = uK(g(K)) for each positive infinite K ;  hence 

by writing 1 I,. 
u4 

If(K) 1, = I dK) 1, 
for each positive infinite K .  Thus 

Before going on, let us take a moment to illustrate this notion of conver- 
gence. 
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3.2. EXAMPLE. Let us show that lim(x-"> = 0 under the approach to con- 
vergence based on the above norm. For each n € N ,  

llx-"II = sup I K - ~ I ~  = sup exp [ - u ~ ( K - " ) ]  = sup e-, = e-". 
K K K 

Therefore, 

lim(d(x+, 0)) = lim(llx-"ll) = lim(e-") = 0. 

So, under this criterion for convergence, lim(x-,) = 0, the zero function. 
How do our two notions of convergence compare? It turns out that they 

yield the same concept of convergence in our function space. Indeed, we shall 
prove that for each sequence of asymptotically finite functions (f,) and for 
each standard functionf, lim(f,) = f under the criterion for convergence 
given by (2.2) iff lim(f,) = funder the criterion for convergence provided by 
the metric d yielded by our norm ( I  II. 

based on our metric d. 
Let us show, first, that Lemma 2.10 is correct for the notion of convergence 

3.3. LEMMA. lim(f,) = f iff lim(f, -f) = 0, the zero function. 

Proof. In terms of our metric d, 

lim(f,) = f  * lim(d(f,,f)) = 0 

* lim(llf, - f l l )  = 0 

* lim(d(f, - f, 0)) = 0 

* lim( f, -f) = 0. 

This completes our proof. 0 

So, under either notion of convergence, lim(f,) = fiff  lim(f, - f) = 0. 
Therefore we can prove that both approaches yield the same concept of con- 
vergence by showing that, for each sequence (f,) of asymptotically finite 
functions, lim(f,) = 0 under both approaches, or under neither approach. 

Under the metric approach, 

lim(f,) = 0 ++ lim(d(f,, 0)) = 0 

++ lim( llf, 11) = 0. 

We shall use this fact in our proof. 
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3.4. THEOREM. Let (f,) be any sequence of asymptotically finite functions. 
Then lim(f,) = 0 under (2.2) iff lim(f,) = 0 with respect to the metric d. 

Proof: (i) Assume that lim(f,) = 0 under (2.2). We shall prove that 
lim( Ilf,ll) = 0 (in @). Choose t E R ;  by Lemma 2.12, there is a standard 
natural number q such that 

thus 
V n K  [n > q +. If,(K) I K  < e-'1 

Vn [n > q -+ sup I~ , (K)  I K  < e-r] 

( n  E N ,  K positive and infinite) 

( n  E N ) .  
K 

Therefore, by the Definition of Norm 3.1, 

Vn [n > q  +. llf,ll Ge-'] ( n  E N ) .  

We conclude that lirn(llf,ll) = 0. 
(ii) Assume that lim( Ilfnll) = 0; i.e., 

Corresponding to each standard number t ,  there is a standard natural number q 
such that for each n > q ,  n E N ,  and K positive and infinite, 

sup I~,(K)I ,  < e-f-1. 
K 

Thus, for each positive infinite K ,  

But 

If,@)IK = exp [-v,(f,(~>>I = exp [-O(lOg, If,(~)l)] < c - l ,  P = I/K. 

Thus 

I ~ , ( K )  I K  < e-+l. 

-O(log,If,(K)I)<-t- 1 ,  O(log, I f , (~) l )>t+ 1, 

log, I f n ( K >  I > t + 1 ,  
so 

thus l f , (~ ) I  < pr+l,  hence K~ I ~ , ( K )  I< p ,  therefore 

KI f,(~) = 0. 

This proves that 

Vt 3 q V n ~  [n  > q -+ K ~ ~ J K )  = 01 ( t  ER, q,n  E N ,  

K positive and infinite). 
By (2.2), we conclude that lim(f,) = 0. This completes our proof. 
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This shows that for each sequence (f,) of asymptotically finite functions, 
and for each standard function f, (f,) converges to f under the notion of con- 
vergence provided by (2.2), iff ( f,) converges to f with respect to the metric d ,  
i.e., iff lim( II f, - f 11) = 0. But (I1 f, - f II) is a sequence of standard numbers, 
indeed (I1 f, - f 11) is a standard sequence; so we can characterize its convergence 
in nonstandard terms. This yields the following nonstandard criterion for con- 
vergence. 

3.5. NONSTANDARD CRITERION FOR CONVERGENCE. Let (f,) be a 
standard sequence of asymptotically finite functions, and let f be a standard 
function. Then lim( f,) = f iff II f, - f I( 11 0 for each infinite natural number K .  

We now wish to present another method of characterizing I l f l l ,  wherefis 
0, then II f II = II 011 = 0. Accordingly, we concen- 

0 
asymptotically finite. Iff 
trate on functions which are not asymptotically equal to 0. Recall that f 
iff f ( K )  is an iota (with respect to 1 / ~ )  for each positive infinite K ;  so, iff is 
not asymptotically equal to 0, there is a positive infinite K such that f ( ~ )  is 
not an iota (with respect to l / ~ ) ,  and in particular f ( K )  # 0. In this case, 
supK o( 1 f ( K )  (l/gn "1) exists, where we take the supremum over positive infinite 
K such that f ( ~ )  # 0. 

We shall prove that iff is not asymptotically equal to 0, then 

II f l l  = lim I f ( t ) I l / ( W  
t-* - 

As a first step toward this result, we require the following fact. 

3.6. LEMMA. I l f  I1 = supK O( lf(K)ll'(ln K ) )  iff is not asymptotically equal to 0. 

Proof. By assumption, f ( K )  # 0 for some positive infinite K .  By Lemma 6.3.19, 
iff ( K )  # 0, then 

so 
1 f ( K )  1, = O( I f ( K )  I '/(In "1) 0. 

llfll = sup I f ( K ) I K  = supO(If(K)11/(lnK)). 
K K 

3.7. NOTE. Iff(K) = 0, then I f (K)I ,  = 101, = 0. 

Theorem 3.1 1 below depends on the fact that the limit superior at 00 of a 
standard function can be characterized as the supremum of the standard parts 
of the values of the function, for values of ifs argument which are positive and 
infinite. We now prove this statement. 
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3.8, LEMMA. For each standard function g, 

- 
lim g = sup Og(K), 

Ca K 

where K is positive and infinite. 

Then C is characterized by the following two properties: 

S3?9) V ~ 3 a V t  [ t > a + g ( t ) < L + e ]  ( e ,a , tER ,  e>0), 

(3.10) V ~ a 3 r [ t > a A g ( t ) < L - ~ E ]  ( e , a , t E R ,  E > O ) .  

We shall show that 

sup{O(g(K)) I K positive and infinite) = s 

shares hese properties. Now o(g(K)) < S for each positive infinite K .  Thus, 
€or eaGh positive e E R ,  

3q vt [t > q + g(t)  < s + E ]  (4,t E *R) 

i s  trye for *R, so is true for bi. Therefore 

Ve 3qVt  [t > q  +g(t) <S + el (E,q,t E R ,  e > 0) 
h true for 62; i.e., S satisfies (3.9). Also, S is the least upper bound of 

{O(g(K)) I K positive and infinite}; 

60 9 - e is not an upper bound of this set, for each positive E E R .  Therefore 
there is a positive infinite K such that O(g(K)) > S - E; so, for each positive 
h E R ,  h + g(K) > S - E. In particular, taking E for h yields g(K) > S - 2 ~ .  
Using $e in place of e, i.e., choosing K that works for i e ,  we conclude that 
corns~onding to each positive E E R ,  there is a positive infinite K such that 
g(K) > 8 E; SQ 

Vq $t [t > q A g(t) > S - E] (q,t  E *R) 

is tnra €of *@, $0 is true for $I. Thus 

V E ~  3 f [t > q h g(f) > S - E] (E,q,t f R, E > 0) 

Is true f9r 63; i.e., 8 satisfies (3.10). Hence L = S. 0 



CH. 7 ,  $41 ALGEBRAIC PROPERTIES OF THE NORM 185 

Here is our theorem. 

3.1 1. THEOREM. Let f be any asymptotically finite function which is not 
asymptotically equal to 0. Then 

llfll = lim If(t)p/('n? 
t - -  

by Lemma 3.6 

by Lemma 3.8 

4. Algebraic properties of the norm 

We can establish many algebraic properties of II II by appealing to corre- 
sponding properties of the maps I I K  (see Section 1.5). First we shall 
establish the four properties(a)-(d) of II 11, listed in Section 3, which make 
this map a norm. 

infinite K .  Thus I ~ ( K )  I < p" for each n E N ,  where p = 1 / ~ ;  so uK( f(~)) 2 n 
for each n E N ,  thus u ~ ( ~ ( K ) )  = 00. So 

Let f 0. Then f(K)  is an iota with respect to I / K  for each positive 

If(K)IK = exp [ -u , ( f (k ) ) ]  = e-" = 0 

for each positive infinite K .  Therefore 

l l f l l  = sup I f ( K ) I K  = 0. 
K 

Iff is not asymptotically equal to 0, there is a positive infinite K such that 
f ( ~ )  is not an iota with respect to 1 / ~ .  Thus l f ( ~ ) I  > K - ~  for some n E N ,  SO 

hence 

therefore 

- U K ( f ( K ) )  ' -', 
If(K)I, = exp [-u~(f(K))] 2 e-", 

llfll = sup I ~ ( K )  I n  2 e-" > 0. 
K 

This proves that I I f l l >  0 iff$O. 

since l f l l l ln  is a standard function. 

Proof. I f f +  0, then 
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By(2) ofsection 1.5, l-alK = 141, foreachaE*R;so 

I l - f l l  = SUP l-f(K)lK = SUP I f ( K ) I K  = I l f  11. 
K K 

To verify the Triangle Inequality, observe that by (5) of Sectioll.5, 

la + b I K  < max{ lalK, 16 I,} for any a,b E *R. 
so  

Here are some more algebraic properties crf II II. 

Proof. 
Ilf +gll Gmax{llfll, llgll) as we have already seen 

G llgll by assumption. 

4.2. LEMMA. II f *gllG l l f l l -  11 gll whenever f andg  are asymptotically finite 
functions. 

4.3. LEMMA. II cf II = II f II whenever f is asymptotically finite and c f 0, c E R .  
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since O(log, Icl) = 0. Thus 

ICf(K)IK = exp [-U(Cf(K))I = exp [-u(f(K))I = I f ( K ) I K  - 
Therefore 

llcfll = SUP I C f ( K ) I K  = SUP If(K>IK = I l f l l .  
K K 

We mention that 9 is a linear space, indeed a linear algebra, since we can 
multiply our functions, so we can form the product of two equivalence classes. 
Although our norm yields a metric d on this linear algebra, the resulting 
structure is not a normed linear algebra; this is due to the fact that our norm 
does not satisfy the homogeneity condition: IIcfll = IcI llfll for each asymp- 
totically finite functionfand for each c E R (see Lemma 4.3). 0 

5. Popken's description of the norm 

In 1953, J. Popken investigated 9, the space of asymptotically finite func- 
tions. Popken used a norm @ defined as follows: 

@(f 1 = eh 

where X = inf( t€R I f =  O ( x r ) }  andfis any asymptotically finite function. 

5.1. EXAMPLE. We shall compute #(x). Observe that x = O(x f, iff t 2 1. Thus 

inf{t ER I x = O(x')} = 1; 

i.e., X = 1. So 

@(x) = el = e, 

IIx II = sup I K  I K  = sup exp [ -u , (K)]  = sup e = e 

since u ~ ( K )  = -1 for each positive infinite K .  So @(x) = Ilxll. 

Notice that 

K K K 

Let us establish some properties of @. 

5.2. LEMMA. @(f) = @(g) i f f  iz g. 
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Proof. By assumption, 

VK [ f ( K )  = & ) I  ; 
i.e., 

Letf= O(x'), where t E R .  By Theorem 1.1, there is a standard number B 
such that VK [ I ~ ( K )  I < B K ~ ] .  We shall show that g = O(x'). For each positive 
infinite K ,  

VKn [ I f ( K )  -g(K)I < K-"1  (n E N ) .  

lg(K)I Ig(K) - f ( K ) I  + I f ( K ) I  

< K - ~  + B K ~  

< ( B  + 1 ) K '  

where n EN. By Theorem 1.1, we conclude that g = O(xf). Since the relation Z 

is symmetric, this proves that 

f= O(x') iff g = O(xt),  

for each t E R .  So 

{ t E R  I f = O ( x t ) } =  { t E R I g = O ( x f ) } ;  

thus $(f) = N g ) .  17 

5.3. LEMMA. Z f f r  0, then $(f) = 0. 

Praof. By Lemma 5.2, $(f) = $(O). But 0 = O(xt) for each f E R .  Thus 

i n f { t E R  I 0 = O ( x f ) } = - ;  

so $(O) = eAm = 0. Therefore $(f) = 0. 

5.4. LEMMA. Zff$O,  then $(f) > 0. 

Proof. By aselimption, 3 K [ f ( ~ )  SC: 01 ; i.e., there is a standard natural number n 
such that 

2 K  [ I f (K)  1 > K - " ] .  

So, by Corollary 1.2, f# O(X-~ -~ ) .  Thus 

X = inf { t  E R I f ( t )  = O(xt)} 2 --n - 1, 

$(f) = eh 2 e-n--l> 0. 
so 
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The way is clear, now, to prove that the norm of this section is the same as 
the norm of Section 3; i.e., $(f) = l l f l l  for each asymptotically finite functionf. 

5.5.  THEOREM. Let f b e  any asymptotically finite function. Then $(f) = Ilfll. 

Proof. I f f =  0, then llfll= 0 and $(f) = 0. Accordingly, we can assume that 
f $ O .  Let 

X = inf{t E R I f= O ( x f ) } ;  

so X € R .  
(i) Let c > X ,  t E R .  Thenf= O ( x f ) .  By Theorem 1.1, 

VK [ I f ( K ) I  < B K r ] ,  

where B is standard and depends on t. It  follows that u ~ ( ~ ( K ) )  2 -c ,  so 
- U K ( f ( K ) )  < t ,  thus 

I f (K)  I K  = exp [ - U , ( f ( K ) ) ]  < ef- 

In words, ef is an upper bound of 

so 
{ I ~ ( K )  IK  I K positive and infinite}. 

sup Ifb) I K  < er;  
K 

i.e., llfll < er. 
(ii) Le ts  < h, s E R .  T h e n f f  O(xS); so, by Theorem 1.1, 

1 3 B V K  [ I f ( K ) I  < B K S ] ,  

VB 3K [ I f ( K ) I  > B K S ] ;  
i.e., 

in particular, l f ( ~ ) I  2 K~ for some positive infinite K .  It  follows that 
- u ~ ( ~ ( K ) )  2 s, so I ~ ( K )  I K  2 eS; therefore llfll2 eS. 

Summarizing (i) and (ii), if s < X < t ,  then 

eS < llfll < ef.  

By the Intermediate Value Theorem, there is a standard number, say u,  
between s and c such that II f l l  = eu .  We claim that u = A. To see this, suppose 
that u < A. Take so = i(u + A); then u <so < A. By (ii), eso < Ilfll; so SO < u,  
but u <so. Finally suppose that u > X. Take to = :(u + A); so X < to  < u. 
By (i) llfll< efo; so u < to, but to < u. This contradiction proves that u = A. 
So l l f l l =  eh = $(f). This completes our proof. 0 



190 POPKEN SPACE (CH. 7, $6  

This result shows that our definition of II 11, and the associated notion of 
convergence, are both canonical, i.e., independent of our particular choice 
of *bi. 

6. More properties of ;P 

We now present some properties of the function space 3 from the view- 
point of functional analysis. First we mention that i f f =  lim(f,) and 
g = lim(g,), thenf+  g = lim(f, + g,) and f a g  = lim(f, ag,). The first state- 
ment is easy to prove; we shall prove the second statement. Now 

II f g  - f, g, II = II (f - f,) g + f, * ( g  - g,) I1 

INf-f,) .gll+ llf, .(g-g,)II 

llgll * l lf-f , l l  + l l f n l l  * lk-g,Il 

by Lemma 4.2. Clearly. it is enough to show that the sequence ( Ilfnll) is 
bounded; this follows, in the usual way, from the fact that (f,) converges. 
Indeed, lim( llf, - f l l )  = 0; so for E > 0, 

llf, - f l !  < E 

llf,ll < llfll + E ,  

Ilf,il < 1 + llfll 

if n is sufficiently large, thus 

hence 

if n is sufficiently large. Therefore (Ilf,ll) is bounded by 1 + Ilfll; it  follows 
that f - g  = lim(f, ag,). 

In terms of the Definition of Convergence 2.1, this result can be put as 
follows. 

6.1. LEMMA. Let lim(fn) = f, and let lim(g,) = g. Corresponding to each 
t E R there is a q E N  such that for each n > q ,  n E N ,  and for each positive 
infinite K : 

K f  [f(K) - f n ( K )  g n ( K > l  = 0. 

Next we shall show that each convergent sequence (f,) of asymptotically 
finite functions is a Cauchy sequence, i.e., 

(6.2) Vh 3 q V m n [ m , n > q - , I l f , - f , ( l < h ]  ( h E R ,  h > 0 ,  q , m , n E N ) ,  
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or in nonstandard terms 

(6.3) vKp[I l fK+p- fKl l  -01 ( K E * N - N ,  p E * N ) .  

Let limff,) =f. Then by the Nonstandard Criterion for Convergence 3.5, 
l l f ,  - f l l %  0 for each K E *N-  N .  Thus, by the Triangle Inequality, 

Ilf,+, - f K l l  G I l f K + p  -fll + IkfK -fll rx 0. 

This establishes (6.3), so (f,) is a Cauchy sequence. 
I t  is more difficult to prove the converse. A normed space in which each 

Cauchy sequence converges is said to be complete with respect to its norm. 

6.4. THEOREM. 9 is complete with respect fo II It. 

Proof. We shall follow Popken's proof (see Popken [1953]). Let (f,) be any 
Cauchy sequence; so, corresponding to each j E N  there is a standard natural 
number qi such that 

Vmn [m,n >q, +. llf, -~,II < e-i-11 (m,n  E N ) .  

Let m,n >qi ;  then 

inf{tERIf,-f,=O(x')}<-j- 1, 

so f, - f, = O(x-i-l). It follows that to each j E N  and m,n > qi  there 
correspond a standard number rmni such that 

(6.5) V x  [x>rmni+.  ~f,(x)-f,(x)~<x-i] ( X E R ) .  

Moreover, we can choose each 4i+l 2 maxG + 1, qi}, so that the sequence 
(qi) is strictly increasing and unbounded. 

regard m as futed, m > q l ;  let n and j vary subject to the conditions of (6.5) 
and the additional condition n G m.  With m fixed, there are only a finite 
number of choices for n and j satisfying these conditions, since the sequence 
(qi) is strictly increasing. Each of the resulting inequalities involves a value of 
rmni ( m  fixed). Define rm = 

(4.6) vx [x > r ,  A q, < n < m +. I~,(x) -f,(x)~ < x-'1 

Here m takes thevalues q l ,  q1 + 1, q1 + 2, ... in turn; the values of r ,  are ob- 
tained from the values of rmni associated with the inequalities of(6.5). 
Furthermore, we can assume that the sequence (r,) is strictly increasing and 
unbounded; this involves only a slight modification of our definition of each r,. 

The idea is to assign to m the values q l ,  q1 + 1, q1 + 2, ... in turn. In (6.5), 

rmni. For each j E N  such that qi < m ,  

(x ER) .  
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We now turn to constructing the limit of (f,). Let 

Im = { f E R [ r m d t < r m + l }  

for each m; then Urn Im is a neighbourhood of m. Consider the standard 
functiong = U, fm I I m ;  i.e., 

if rm G f < rm+ 1 .  g ( t )  = f m ( t )  

We shall prove that g = lim(f,); i.e., lim( II g -frill) = 0. Given j E N ,  choose 
qj  so that (6.6) is satisfied. Fix n > sj and choose f 2 r,; then f €1, for some 
m > n .  Thus, by (6.6), 

I d f )  -f,(t)I = Ifm(f> -f,(f>I <I--]. 

I g(f) - f,(f> I < t-i, 
This proves that for each n > sj and for each f > r, , 
(6.7) 

i.e.,g-f, = O(x-i); so 

II g -f, 11 < e-j if n > 4;. . 
We conclude that lim(f,) = g .  By Lemma 2.4, g is asymptotically finite. This 
completes our proof of the theorem. 0 

In view of the remark which precedes Theorem 6.4, we obtain the following 
corollary. 

6.8. LEMMA. (f,) converges iff ( f,) is a Cauchy sequence. 

We recall that (f,) is a Cauchy sequence iff I l f K + p  - f K l l  = 0 for each 

Our strong version of the Triangle Inequality, i.e., 
infinite natural number K and each p E *N. 

Ilf+gll G maxCllfII, llgll}, 

whenever f and g are asymptotically finite functions, allows us to establish a 
simple criterion for convergence of series. By mathematical induction, we 
obtain 

Ifi + ... +frill G max l l f i l l  
1 Q i<n 

(6.9) 

for each n E A! Applying our Transfer Theorem 2.1.2 to (6.9) yields 

for each n E *N. 
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We are now ready to prove the following fact, which is well known for any 
ultrametric (see Lemma 1.5.7). 

6.1 1. CRITERION FOR CONVERGENCE OF SERIES. CN f, converges iff 
lim(f,) = 0. 

Proof. By definition, 

Ff, converges iff <fl + ... +f,> converges 

iff (fl + ... +f,) is a Cauchy sequence (by Lemma 6.8) 

iff [ I f ,  
iff lim( I l f , l l )  = 0 (by (6.10) and the Nonstandard 

iff lim(f,) = 0. 0 

... +fK+pl l  = 0 for each K E * N - N ,  p E *N, 

Criterion for Convergence 3.5) 

This result has an immediate corollary. 

6.12. COROLLARY. (f,) converges ifflim(fn+l -fn) = 0. 

Proof. Each sequence (f,) can be regarded as the sequence of partial sums of 
a certain series, namely the series CN g, , where go = fo and gn+ = f,+ - f, 
for each n E N .  By our Criterion for Convergence 6.1 1 CN g, converges iff 
lim(g,) = 0. Thus (f,) converges iff lim(fn+l -f,) = 0. 0 

Naturally, we are specially interested in series of the form 2, aix-’i. 

6.13. LEMMA. Let a ,  # 0 for each n E N .  Then CN aix-’i converges iff 
lim(Vi) = m. 

Proof. By our Criterion for Convergence 6.1 1, CN aix-’i converges iff 

0 = lim( Ilaix-’ill) = lim( Ilx-’i(l) = lim(e-’i). 

So CN aix-”i converges iff lim(vi) = 00; i.e., corresponding to each standard 
number B there is a standard natural number q such that 

Vn [n > q - + v n  > B ]  ( H E N ) .  0 
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Turning to another idea, a series Z N f i  is said to be absolutely convergent 
if ZN I1 f i l l  converges (in 62). For example, ZnixUi is absolutely convergent 
since IIx-~II = e-i for each i E N ,  and X N  e c f  converges. Applying our 
Criterion for Convergence, we see that Z N  x - ~  converges. Let us prove that 
each absolutely convergent series converges; this is true in general (see 
Lemma 1.5.8). 

6.14. LEMMA. EN& converges if EN l l f i  II converges. 

Proof. Given E > 0 and standard, for each n E N  sufficiently large, and for 
each p 2 0, p E N ,  

llfn + .-- + f n + p  I1 llfnll + 1.. + Ilfn+p I1 < E 

ince ZN l l f i l l  converges. Thus ZNfi converges. 0 

The converse is not true, i.e., there are convergent series which are not 
absolutely convergent. For example, ZN x-lni converges since lim(x-lni) = 0 
(notice that J J x - ~ ~ ~ J J  = l/i). Clearly ZNII~-lniJl = ZN l / i  which diverges. 0 

We mention that Lemmas 1.5.14 and 1.5.15 are true for any complete ring 
with a nonarchimedean valuation. Expressing these results for the function 
space 9, we obtain our next lemma. 

6.15. LEMMA.LetZNf, = f,andlet Z N g ,  =g. Then: 
(i) EN ( f ,  + g,) = f + g; 
(ii) ZN h,  = f g ,  where h, = f l  g, + ... + f n g l  for each n E N  (this is the 

Cauchy product of the given series). 

As we have seen, each asymptotic expansion of the form Z aix-”i, where 
(ui) is strictly increasing and lim(ui) = 03, is also a convergent series. Accordingly, 
we can use Lemma 6.1 5 to establish the following facts about asymptotic 
expansions. 

6.16. THEOREM. Let f - Zaaix-”i, and let g - Z bix-”i. Then: 
( i )  f + g -  Z(ai + bi)x-”i; 

(ii) f g  - Z ~ ~ x - 2 ~ ~ ~  provided that ui = k + i ,  where k E I is fixed, and 
c, = albn + ... + a,b, for each n E N .  



CH. 7,  071 ASYMPTOTIC EXPANSIONS IN 3’ 195 

7. Asymptotic expansions in 9 

We now present some basic facts about asymptotic expansions for asymp- 
totically finite functions. Recall that if a, E R and a, # 0 for each n E N ,  
then (aix-’i) is an asymptotic sequence iff (x-”’) is an asymptotic sequence. 

7.1. LEMMA. Let (x-”f )  be an asymptotic sequence, and let a ,  # 0 for each 
n E N .  Then I: aix-’i is an asymptotic expansion for some function in P iff 
lim(vi) = 00. 

Proof. By Theorem 2.1 1, 

Moreover, by Lemma 6.13, CN aix-’i converges iff lim(vi) = 00. By Lemma 2.4, 
if CN aix-”i converges then CN aix-’i E P .  We conclude that C uix-”i is an 
asymptotic expansion for some function iff lim(vi) = 00. 

If C aix-’i is an asymptotic expansion for some function, then we can 
construct an asymptotically finite function f - C uix-’i by applying the 
method given in the proof of Theorem 6.4, to the sequence of partial sums 
(2; aix-’i). Here, once again, we utilize the fact that 

This result can be generalized. Let (Gi) be any asymptotic sequence (here 
the Gi are not necessarily in P), and let an E R ,  a ,  # 0,  for each n E N .  Then 
(ai&) is also an asymptotic sequence. We shall prove that the asymptotic 
series CaiGi is an asymptotic expansion for some asymptotically finite func- 
tionf. The following proof, which actually constructs a suitable f ,  is based on 
ErdClyi’s adaptation of van der Corput’s proof (see ErdClyi [ 19561). 

Since ai+l @I~+~ = o(aiGi) for each i E N ,  i.e., 

we can construct a sequence of standard numbers ro ,  r l ,  r2 ,  ... with the follow- 
ing properties: 

( 1) V i t  [ I  > ri -+ lai+ ~ p ~ + ~  ( t )  I < $ laiGi(t) 1 
(2) Vi  [ri+l > 2ri] 

(i E N ,  t E R ) ;  
( i  E N ) .  
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The second condition ensures that the sequence ( r j )  is strictly increasing and 
unbounded. As in our proof of completeness (see Section 6 ) ,  let 

I,,, = { r E R  I'm Gf<r ,+ I I  

Next define functions G o ,  G I ,  $*, ... such that: 
( a )  F o r e a c h m E N ,  

for each m E A'; so u, I,,, is a neighbourhood of m. 

(b) For each m EN, $, is increasing and continuous on Zm . 
For each m, a suitable function $, exists and we may even choose it so that 
$,?? is infinitely differentiable. The point is that for each t Elm, 

and 0 f $, (t)  G 1. In view of this, the series f = ZN a,$,@, converges on 
U, I ,  . Indeed, let r E Im for some m; then 

(7.2) f ( t )  = ' aj+ j ( t )  Gj( t> 
N 

= ag G O ( t )  + ... + am- 1 Gm- l(t) + am + m ( t )  Gm (t). 

So domf includes U,Z,, a neighbourhood of m. We claim that f -  ZQ,@,; 
by Criterion 6.1.3, it is enough to show that for each n EN, 

n 

Consider any t > r,+ ; there is a standard natural number m such that 
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m > n +  1 andtEIm.Thus  
i n  n 

so 
n 

This establishes our claim thatf- Z a,&. 

so, if t > r l ,  

Thus 

It remains to show thatf= O(xs) for some s ER.  N o w f - ~ ~ ~ ~  = O(Gl); 

If(t) - a()$&) I < 2 lq$1(t) I. 

If(t)l< lao~o( f>I  + 21a1G1(t)l 

< B ta  + Ct by assumption, for some a, b, B,  C 

< ( B  + q t s ,  

where s = max(a, b } .  So f = O(xs). This completes our proof that 
ZN ai $i f$j - Z ai Gi . 0 
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8. More about norms 

Let (q!Ji) be an asymptotic sequence, in 3, comparable to (x+). Let f be a 
term of ( O j )  such that f ( t )  > 0 for each t E R ;  moreover, assume that for each 
sER, f < x S  orxS< f, orf - x s  in the sense of aHardy field(see Section 1.6). 
Since ( q ! J j )  is comparable to (x-j), f> x-j for some i EN. Moreover, f is 
asymptotically finite, so f =  O(X-~-') for some s E R ;  thus f < x - ~ .  In short, 

We want to compute I l f l l .  If there is a standard number t such that f =  x t ,  
then llfll = et.  Assume that f f x '  for each t E R .  In this case, f determines a 
Dedekind cut (C,, C 2 )  = ro defined as foll?ws: 

x-i < f < x-s. 

r E C 1  i f x r < f ,  

r € C 2  i f f < x r .  

Let r ,  E C,, and let r2 E C2.  Then for each positive infinite K ,  

~ ' 1 <  f ( ~ )  < K r z ,  

-r2 < u ~ ( ~ ( K ) )  < -rl . 
so 

Since C, has no largest member and C2 has no  smallest member, it follows that 

(8.1) -'2 < U K ( f ( K ) ) < - r l *  

We claim that u , ( ~ ( K ) )  = -ro. If -uK( f ( K ) )  > r o ,  then -u~(~(K)) E C2; so 
u ~ ( ~ ( K ) )  < uK( f ( K ) )  by (8.1). Similarly, we obtain a contradiction by suppos- 
ing that -u~(~(K)) E C,. Thus, for each positive infinite K .  

I f (K)  l K  = exp [-U,(f(K))] = era- 
S O  

l l f l l =  sup I f ( K ) I K  = era. 
K 
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