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PREFACE

It has been known for many years that there is a close link between non-
archimedean systems and the orders of infinity and of smallness that are
associated with the asymptotic behaviour of a function. The present text
provides a background for this connection from the point of view of non-
standard analysis. We have kept the argument at an elementary level and hope
that the reader will find the book suitable as an introduction to nonstandard
analysis as well as the theory of asymptotic expansions.

The plan of the book is as follows. In the first chapter we introduce the
notions of a nonarchimedean group and a nonarchimedean field and give
several interesting examples of nonarchimedean fields. Chapter 2 contains an
introduction to nonstandard analysis. The necessary resources from mathe-
matical logic are brought in as we go along. In the following two chapters we
link up the nonstandard models of analysis, themselves nonarchimedean fields,
with a particular nonarchimedean field, here called £, which was first studied
by Levi-Civita and Ostrowski and, more recently, by Laugwitz. Unlike the
nonstandard models of analysis, £ is canonical (i.e. unique), but unlike the
former it cannot be studied by means of a transfer principle. We introduce a
natural link between £ and the nonstandard models, the field °&.

In the last three chapters of the book, we study the fundamentals of
asymptotic expansions. Instead of keeping the discussion at a purely theoreti-
cal level, we offer a (happy, we hope) mélange of numerical examples and
infinitesimals. In sum, we believe that we have at least realized the modest aim
of showing that infinitesimals and infinitely large numbers form a natural
background to asymptotics.

This monograph is based on a draft by the second author (A.R.), while the
final text is due to the first author (A.H.L.). We wish to express our thanks
to the North-Holland Publishing Company for agreeing to publish the result
of our joint effort in the “Mathematical Library”. The first author is indebted
to the Canada Council for a Leave Fellowship during 1971—-1972, which made
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this collaboration possible. The second author expresses his thanks to the
National Science Foundation for its support over an extended period of time.

A H. LIGHTSTONE ABRAHAM ROBINSON
Queen’s University Yale University
November 1973

The manuscript of this book was sent to the publisher in December, 1973,
four months before the sudden death of Abraham Robinson. His mastery of
mathematics and his warm human qualities will be sorely missed.

A.H. LIGHTSTONE
January 1975
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CHAPTER 1

NONARCHIMEDEAN FIELDS

1. Many-sorted structures

Although the classical version of the Lower Predicate Calculus develops the
language of a model, i.e. mathematical system, which possesses just one sort
of individual object capable of being quantified, it is clearly a simple matter
to extend the Lower Predicate Calculus so that it embraces the more usual
mathematical language in which many sorts of individual objects are quanti-
fied and related. Moreover, this can be achieved without losing either the
strong Completeness Theorem or the Compactness Theorem of mathematical
logic.

We shall call mathematical systems of this sort many-sorted structures; the
language of a many-sorted structure is essentially the usual mathematical
language associated with that structure. Accordingly, we shall take full advan-
tage of the abbreviating devices of mathematics in order to communicate
more effectively with the reader. On the one hand, we shall benefit from the
powerful transfer theorems of mathematical logic by working within a precise,
well-defined language which is modelled on a version of the Lower Predicate
Calculus known as a many-sorted calculus. On the other hand, we shall write
down our statements in the language of mathematics, rather than a formal
language. However, we can associate with each of our statements a well-
formed formula (wff) of the Lower Predicate Calculus.

To illustrate, consider the statement that characterizes a Cauchy sequence

(a,):
(1.1) Ve3qVmn|m,n>q~\a, —a,l <el.

Here Greek letters represent positive real numbers, and Latin letters near the
middle of the alphabet represent natural numbers. Using R to denote the real
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numbers, and N to denote natural numbers (more precisely, the correspond-
ing sets), we find that (1.1) can be expanded as follows:

(1.2) Vx3AyVzw[x ERAXx>0
>(YVENAGZENAWENAZ>YAWDY
> la, —a,l<x))].

This leads to a wff of our formal language in a few more steps. To this purpose,
we must recognize that the sequence values a, and a,, can be characterized by
a suitable predicate, say A. Thus “Aza” is interpreted as follows: “the value

of the sequence A at z ise”. So (1.2) expands to

(1.3) Vx3yVzwuv [x ERA x>0
>(VENAGCZENAWENAZSYAWDY
A Azu A Awv = lu—v|<x))].

The expression |u — v| may be formalized in terms of a predicate, say D; thus
“Duvt” is interpreted as “the numerical difference of « and v is ¢”. Thus (1.3)
expands to

(1.9 Vx3dyVzwuvt [x ERAXx>0
>(YENACZENAWENAZOYAWDY
A Azu A Awv A Duvt » t <x))}..

Finally, we must formalize the unary relations of being a real number, being

a positive real number, and of being a natural number; also, we must formal-
ize the greater than relation and the less than relation — all of which is routine.
The effect of this is to replace “x € R” by “Rx”, to replace “y EN” by “Nx”,
to replace “z > y” by “>zy”, and to replace “¢ <x” by “<tx”.

Notice that the above statements refer to a structure involving several sorts
of objects, formed into sets which we regard as supporting the structure. For
example, (1.1) involves the set of all positive real numbers, the set of all
natural numbers, and the set of all real numbers itself. We point out that a
supporting set of a many-sorted structure can consist of objects that are not
numbers, e.g. the set of all sequences, the set of all functions, the set of all
subsets of a given set, i.e. its power set. A relation of a many-sorted structure
can involve objects from several supporting sets; for example, the relation
the limit of a sequence can be regarded as a set of ordered pairs whose first
terms are sequences and second terms are real numbers — provided that the
second term is the limit of the first term.
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There is a simple way to transform a many-sorted structure into a one-
sorted system, i.e., a structure with just one supporting set. Regard each of its
supporting sets as a unary relation, and adjoin as its basic set the union of the
supporting sets. Thus, let S}, ..., S, be the supporting sets of a many-sorted
structure (S, ..., S,, Ry, ..., R,,,) whose relations are R, ..., R,,;, and let

§=5,V..US§,;
then
(S,81,...8 Ry, .., Ry)

is the one-sorted system yielded by (S, ..., S,, Ry, ..., R;).

For a one-sorted system all quantifiers refer to its basic set, here S. Notice
that the unary relations Sy, ..., S,, of this one-sorted system allow.us, in effect,
to quantify over a specific supporting set, rather than over S. For example, to
quantify over S, we write

Vx[x€S, > ..], Ix[x€S A ]

The usual mathematical convention, which we shall practise, is to indicate a
specific supporting set typographically. Thus, if Greek letters indicate quanti-
fication over S, , then we express the above statements by

Yal..], dal...].

Another method of streamlining our statements consists in using the
language of operations wherever possible. Each operation can be characterized
by a relation, and from one viewpoint is a relation. For example, addition is a
binary operation on R; so + associates a real number, its sum, with each
ordered pair of real numbers. In particular, + associates 5 with (2, 3); this
fact is represented by forming the pair ((2, 3), 5), which we can identify with
the triple (2, 3, 5). The point is that the set of all triples formed in this way
characterizes addition; this set is the relation that represents the operation.

To see the advantage of using the language of operations, rather than rela-
tions, consider the associative law for addition. In the language of operations,
this law can be stated as

(1.5) Vxyz [(x +y)+z=x+(y +2)].

This is certainly clear and readable. On the other hand, regarding + as a rela-
tion and using the language of relations, our law becomes:

(1.6) Y xyzuow [+xyu A +uzv A +yzw = +xwul.

Remember, here, that +abc represents the statement (@, b, ¢) € +.
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Notice in (1.5) that we have smuggled in an equals sign. The presence of an
equality relation is vital to the language of operations. We may characterize
equality by a relation of the structure. Of course, an equality relation must,
in the first instance, be an equivalence relation (i.e., reflexive, symmetric and
transitive). But this is not enough to characterize equality. An equivalence
relation requires one additional property in order to serve as equality; it must
be substitutive. This means that for each relation T of the structure involved
and for each positive natural number 7,

(1.7) VX, Y1oedp [Txn Xy A=X V1A o A=X Y, > Ty,

In short, if (xy, ..., x,) ETand x; = y;,i=1, ..., n, then (yy, ..., y,) €T.
This ensures that

(xl,...,xn)ET iff (yl,...,yn)ET,

provided that x; = y; fori=1, ..., n.
We emphasize that equality is itself a relation of the structure involved; so
(1.7) must hold with equality in place of T (and n = 2); i.e.,

(L.8) Vx1xop¥a [x1 =Xy Ax =y, Axy =y 2>y =]

Notice that the transitive property of equality follows from (8) and the
reflexive property of equality. In short, a binary relation £ of a structure is
an equality relation for that structure provided:

(1) E is substitutive,

(2) E is reflexive,

(3) E is symmetric.
Bear in mind that F is a relation on the union of the supporting sets of the
structure, not merely on one of its supporting sets.

It follows from (1.7) that any two equality relations of a structure must
be the same; i.e., the sets involved have the same members. In this sense, a
structure possesses at most one equality relation. On the other hand, a
structure without equality can, in general, be provided with several different
equality relations; i.e., it can be extended to a structure with equality in
several ways. For example, consider

({0,1}, 1),

where

T=1{(0,0),(0, 1),(1,0),(1, D}.
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Here we can take as an equality relation either of the following:
El = {(0’ 0)’ (1’ 1)}’ E2 = {(0’ 0),(1, 1),(0, 1)’ (1’ 0)}

Thus ({0, 1}, T, E1) and ({0, 1}, T, E;) are structures with equality. Since
T = E,, the latter structure reduces to ({0, 1}, T).

If we are given a structure M in which no relation of equality is specified
from the outset, we may always introduce the identity as our equality, and
we shall do so freely in the sequel. For our purposes, it is best to think of the
identity as the diagonal relation, i.e., the set of ordered pairs of elements of
M, the basic set of W, whose first and second terms are the same.

We shall also use the sign of equality in definitions; e.g. to announce that a
certain symbol is a name for a specified set. It is easy to distinguish between
the equals sign of a definition and the equality relation of a structure; so this
practice, which is intended to ease the formal side of this book, should not be
confusing.

We shall sometimes refer to a one-sorted system by mentioning its basic set.
Generally, however, we shall distinguish between a one-sorted system and its
basic set typographically;e.g., if 4 is the basic set of a one-sorted system, then
we shall denote the latter by oA .

2. Nonarchimedean groups

To prepare the way for nonarchimedean fields, we now present the notion
of a nonarchimedean group. Recall that a group is a structure (G, +, 0), where
+ is a binary operation (represented by a relation) on G, and 0 € G, such that:

(1) Vxyz [x+ (y +z) =(x+ y) + z] (+ is associative);

(2) Vx [x + 0=x] (Ois a right identity);

(3) Vx 3y [x + y = 0] (each group element has a right inverse).

Here + is not necessarily addition and O is not necessarily the integer zero.

A group (G, +, 0) is commutative or abelian if the following statement is
true:

(4) Vxy [x +y =y + x] (+ is commutative).

We now present some examples.

2.1. EXAMPLE. (/, +, 0) is an abelian group, where [ is the set of all integers,
+ represents addition, and O is the integer zero. Here equality means identity;
i.e.,a = b iff a and b are the same integer. This follows from the fact that if a
and b are distinct integers, then so are a + @ and b + a; thus (a,a, 2 + a) €+
whereas (b, 2, a + a) € +. So (1.7) is not satisfied.
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2.2. EXAMPLE. ({0, 1}, +, 0) is an abelian group, where + is
{(0,0,0),(0,1,1),(1,0,1),(1,1,0) }.
Here equality is {(0,0), (1, 1)}.

2.3. EXAMPLE. (I, +, 1) is not a group, where * represents multiplication,
since (3) is not true for this structure.

Next we present the notion of an ordered set. A structure (4, <), where <
is a binary relation on A, is an ordered set provided that:

(5) Vxyz [x <y Ay <z->x<z] (Kis transitive),

(6) Vxy [x <y->x#y] (Kisirreflexive);

(D Vxy [x#y->x<yvy<x] is total).
As usual, = refers to the identity relation.

We claim that each ordered set (4,<) has the property that

Vxy [x<y->y<Lx].

To see this, recall that each statement p in the language of a particular struc-
ture is either true or false for that structure; so exactly one of the statements
p, p is true for the structure involved. Thus, if

Vxy [x<y->y<Lx]

is not true for an ordered set (4, <), then
AVxy [x<y->y <Lx]

is true for (4, <);i.e.,
Ixy [x<yAy<x]

is true for (4, <). This means that there are members of A, say a and b, such
that 2 < b and b <a. But <is transitive, so a < a, which contradicts the fact
that < is irreflexive.

In view of this, it is easy to establish the Trichotomy Law for ordered sets,
ie.,

Vxy {exactly one of x =y, x <y, y <x is true].

To prove this, leta,b €A. If a <b, then b < a by the preceding paragraph,
and a # b by (6). 'fa = b, then by (6), 2 < b. Again, ifa = b, then b =a, so
b < a. Thus at most one of the three statements

a=», a<b, b<a
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is true. Moreover, (7) guarantees that at least one of these three statements is
true. This establishes the Trichotomy Law.
Here are some examples.

2.4. EXAMPLE. (N, <) is an ordered set, where N is the set of all natural num-
bers and < is the less than relation on V.

2.5. EXAMPLE. ({0, 1}, <) is an ordered set, where < is {(0, 1)}.

2.6. EXAMPLE. (¥, <) is not an ordered set; notice that (6) is false for this
structure.

Building on these ideas, it is easy to characterize the notion of an ordered
group; this is a structure of the form (G, +, <, 0) such that (G, +, 0) is an
abelian group, (G, <) is an ordered set, and the order relation < is compatible
with the group operation +;i.e.,

B) Vxyz [x<y->x+:z<y+:z].

Here are some examples.

2.7. EXAMPLE. (I, +, <, 0) is an ordered group.
2.8. EXAMPLE. (1, +,>, 0) is an ordered group.

2.9. EXAMPLE. ({0, 1}, +, <, 0) is not an ordered group, where + is the
operation of Example 2.2 and < is the order relation of Example 2.5.

Notice that we use the symbol + as a generic or family name for a group
operation; similarly, we use the symbol < as a generic or family name for an
order relation. In the same spirit, we use the symbol 0 to denote the identity
element of a group (in case the group operation is denoted by +).

Now an ordered group (G, +, <, 0) is said to have the archimedean proper-
ty if

9) Vxy [0<x<y=->y<x+..+x(nxs)j,
where 7 is a positive natural number that depends on the members of G in-
volved. Let us represent the expression “x + ... + x” by writing nx if there are
n x’s in the expression. Then (9) simplifies to

(10) Vxy 3n [0<x<y->y<nx].

Here the existential quantifier refers to NV, the set of all natural numbers;
of course, the universal quantifiers refer to G, the basic set of the ordered

group.
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Notice that the ordered groups of Examples 2.7 and 2.8 possess the
archimedean property. An ordered group that satisfies (9) is called an
archimedean group; on the other hand, an ordered group for which (9) is
false is called a nonarchimedean group. We now present an example of a non-
archimedean group.

2.10. EXAMPLE. We shall construct a nonarchimedean group (G, +, <, 0).
Take G = I X1, the set of all ordered pairs whose terms are integers, and let +
be the operation on G of adding corresponding terms, i.e.

@b+, d)=@+ec,b+d).

Here the + on the left is the operation on G that we are defining and the +’s
on the right represent addition of integers. Next define an order relation < on
G as follows: (a, b) <(c, d) if either

(a) a<cor

(b) a=cAb<d.
Here < is the less than relation on the integers. Take 0 = (0, 0). Notice that
the inverse of (a, b) is (—a, —b). It is easy to verify that (G, +, <, 0) is an
ordered group. To see that this ordered group does not have the archimedean
property, notice that

(0,0)<(0,1)<(1,0),  (0,n)<(1,0) foreachn€N.

We point out that #(0, 1) = (0, #). Thus our ordered group does not have the
archimedean property; so (G, +, <, 0) is a nonarchimedean group.

3. Nonarchimedean fields

A field is a structure of the form (F, +, +, 0, 1), where (F, +, 0) and
(F— {0}, +, 1) are abelian groups, and the operations + and * have the follow-
ing properties:

(1) Vx[x-0=0-x=0];

(2) Vxyz [x - (y +2) = xy + x - z] (a distributive law).

Here the quantifiers refer to F.

Since 1 € F — {0}, it follows that 1 # 0. We point out that * is a binary
operation on F; in the case of the abelian group (F — {0}, *, 1) we are deal-
ing with its restriction to F — {0}. By assumption, - is associative on F — {0};
it follows from (1) that - is associative on F. Similarly we see that * is com-
mutative on F.

We present some examples.
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3.1. EXAMPLE. Let Q be the set of all rational numbers, interpret + and *
as addition and multiplication of rational numbers, and interpret 0 and 1 as
the usual rational numbers. Then (Q, +, ¢, 0, 1) is a field.

3.2. EXAMPLE. Let F = Q X Q, the set of all ordered pairs whose terms are
rational numbers. Define operations + and + on F by

(a,b) +(c,d)=(a+c,b+d),

(a,b)-(c,d) = (ac — bd, ad + bc),

where the operations on the RHS refer to the field of Example 3.1. Let
0=(0,0), and let 1 = (1, 0). It is easy to verify that the structure (F, +, , 0, 1)
is a field. Notice that we have aped the construction of the complex number
field from the real number field. Indeed, the field of this example is a subfield
of the complex number field.

Next we introduce an order relation into the picture. A structure of the
form (F, +, +, <, 0, 1) is said to be an ordered field if:

(3) (F,+,,0,1)is a field;

(4) (F,+,<, 0) is an ordered group;

(5) Vxyz [x <y A0<z—>x-z<y-z] (<iscompatible with *).
For example, (Q, +, *, <, 0, 1) is an ordered field, where < is the usual less
than relation on Q; also, (R, +, -, <, 0, 1) is an ordered field, where R is the
set of all real numbers, + and + are the usual operations of addition and multi-
plication, < is the less than relation on R, and 0 and 1 denote the correspond-
ing real numbers

3.3. EXAMPLE. Here is an example of a structure that satisfies (3) and (4),
but not (5). We adjoin to the field (Q X 0, +, -, 0, 1) of Example 3.2 the
binary relation < defined as follows: (a, ») <(c, d) if either

(a) a<cor

(b) a=cAb<d,
where the < appearing in (a) and (b) is the less than relation on Q. Clearly,
(Q X Q,<) is an ordered set; indeed, (Q X Q, +, <, 0) is an ordered group. So
conditions (3) and (4) are met. To see that < is not compatible with «, notice
that (0, 0) < (0, 1). We shall multiply by (0, 1); now (0, 0) - (0, 1) =(0, 0)
and (0, 1)+ (0, 1) =(—1, 0), but (0, 0) <(—1, Q) is false.

Now an ordered field (F, +, *, <, 0, 1) is said to have the archimedean
property if the ordered group (F, +, <, 0) has the archimedean property; i.e.,
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(6) VxyIn[0<x<y->y<nx],
where the universal quantifier refers to F, the existential quantifier refers to
N,andnx=x+ ...+ x (n x’s).

We shall call an ordered field that possesses the archimedean property, an
archimedean field; and we shall call an ordered field that does not have this
property a nonarchimedean field. In other words, a nonarchimedean field is
an ordered field such that

(7) IxyVa [0<x<yAnx<y],
where the existential quantifier refers to the basic set of the ordered field, the
universal quantifier refers to /V, and we have followed the usual custom of
abbreviatingp <qgvp=q byp<gq.

The ordered fields (Q, +, *, <, 0, 1) and (R, +, *, <, 0, 1) mentioned above
are both archimedean fields. Before illustrating the notion of a nonarchi-
medean field, we present a simple method of characterizing the order relation
of an ordered field. Let (F, +, », <, 0, 1) be any ordered field; let P' = {x|0<x},
the set of all positive field elements. This set has the following properties:

(8) 0¢ P,
(9) Vx [x#0->xEP'v—x€EP'];

(10) Vxy [x,yEP' > x +yEP ' AXx-yEP'].

The point is that each subset of F, say P, that has these three properties yields
an order relation on F which is compatible with both + and *; this order rela-
tion, which we denote by <, is defined as follows:

x<y ifandonlyif y—x€P.

In other words, we can get at an order relation by first defining P, the set of
its positive elements.

Notice that if P is a subset of F satisfying (8), (9) and (10), then P also
satisfies the following statement:

(11) Yx[xEP>—x&P].

In view of (11) we can replace (9) by

(9") ¥x[x#0>xEPY—x€EP],
where V is the “‘exclusive or”.

Here are some elementary properties of ordered fields. First we mention
that 0 < 1; otherwise, by (9'), 0<—1, and by the Trichotomy Law, 1 < 0.
Thus, by (5), 1 - (—1) <0+ (—1), i.e., —1 < 0, which contradicts the Tricho-
tomy Law.

Since 1 € P, it follows from (10) that 1 + 1 € P, indeed that nl € P for
each n €N, n > 0. Of course, this means in particular that n1 # 0 for each
n€N, n> 0;so each ordered field has characteristic zero.
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Notice that x2 € P if x # 0. If x € P, apply (10). If x & P, then —x EP by
(9"), so (—x)2 € P by (10). But

(_x)z = (_1)2 cx2=x2
since (—1)2 = 1. Remember that (—1) * @ = —a, the additive inverse of a, so
D2=(CD-(-D=—(-D=1

(since 1 is the additive inverse of —1).
We now present an example of a nonarchimedean field.

3.4. EXAMPLE. Let f be a polynomial function over R;i.e., f is a map of R
into R such that

fO=ay+at+.. +a,t"

for each t € R, where 4y, -4, € R and n EN. Thus each polynomial func-
tion has associated with it a natural number #, called its degree, and n + 1
fixed real numbersay, ..., a, (not necessarily distinct). More simply, we can
characterize a polynomial function of degree n by the (n + 1)-tuple

(ag, .-, @,)- Let g be a nonzero polynomial function, i.e., g(£) # 0 for some

t €ER. Then the formal expression f/g represents the rational function that
associates the quotient f(2)/g(¢) [i.e. f(¢) +g(#)] with ¢, where t € R and
g(D) # 0. Let F be the set of all rational functions f/g such that f and g are
relatively prime (any common factors have been cancelled out) and such that
the trailing coefficient of g (the coefficient of the lowest power of ¢ ing) is 1;
ie.,

g =t/ + b/-+1tf+1 +..+b,t™ foreacht€R,

where b; .y, ..., b,, ER andj EN.Sog = (by, ..., b,,), where 1 is the first
nonzero term of g. Define addition and multiplication on F as for fractions;
ie.,

flg + pla =(fq +gp)iga. flg “ pla = fplea,

where each RHS is to be reduced to a member of F by cancelling out common
factors and multiplying through by the multiplicative inverse of the trailing
coefficient of the denominator. Notice in these definitions that the operations
of addition and multiplication that occur in the RHS are operations on poly-
nomial functions; so addition and multiplication on F are defined in terms of
the corresponding operations on polynomial functions.

Clearly, 0 = {(¢, 0) | t ER} is the additive identity, and 1 = {(¢, 1) |t ER}
is the multiplicative identity. Thus we obtain the field (F, +, *, 0, 1).
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We shall get at an order relation on F by defining its positive elements. Let
flg EP(i.e., flg is positive) if the trailing coefficient of f is positive. Notice
that P satisfies condition (8), (9) and (10); so P yields an order relation < on
F. We claim that the resulting ordered field (F, +, *, <, 0, 1) is nonarchi-
medean. To see this, let

x={(t,1)|tER},

the identity function; then x € P and 1 — nx € P for each n €N. Thus
0<x<1landnx <1 foreachn EN.

Let F=(F,+, -, <, 0, 1) be any ordered field. Here we define absolute
value; as for the reals, this can be expressed in terms of P, the set of all posi-
tive elements of F, as follows:

lal = a ifa€P,
—a ifagP.
In particular, |0 = —0 = 0. As usual, the absolute value has the following

properties:

(12) Vx [Ix|=0];

(13) Vxy [lxyl=IxlIy1];

(14) Vxy [Ix + yI<|x|+ {y|] (Triangle Inequality).

Suppose that F is a nonarchimedean field. Then F has characteristic zero,
so we can regard this field as an extension of the rational number field. Let Q
be the subset of F* whose members are identified with the rational numbers.
We propose to characterize the infinitely large elements of F and its infinitely
small elements. We say that a € F is infinite (or infinitely large) if |a] > q for
each q € Q; we say that ¢ € F is an infinitesimal (or infinitely small) if |a| < q
for each positive g € Q. We say that a € F is finite if a is not infinite.

Here is a useful way of characterizing the infinitesimals of a nonarchimedean
field F. First observe that nl € F for each n € N. Clearly a is an infinitesemial
iff Vn [nla| < 1]. Similarly we can characterize the infinitely large members
of F: a is infinite iff Vn [n1 <|al].

Now the sum and product of two finite elements of F are also finite; indeed

Fy={ala€F Aaisfinite}

forms a subring of F. Also, the sum of two infinitesimals is an infinitesimal,
and the product of a finite element and an infinitesimal is an infinitesimal; thus

F, = {a|a€F Aaisan infinitesimal }

is a proper ideal of the ring F,.
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It is important to observe that F; is a maximal ideal of F. To see this,
notice that if @ is not an infinitesimal, then its multiplicative inverse a1 is not
infinite, i.e.,a—1 € Fy. So, if there is an ideal of Fy, say J, such that F| isa
proper subset of J, then there is a member of J, say a, such thata € F ; so
a1 €F,. Thereforea-a—1 €J,ie. 1 €J, and it follows that J = F. This
proves that F is maximal in Fy. By Lemma 3.1.2, F' = Fj/F) is a field,
called the residue class field of the ordering. Here the field elements are the
cosets of | in F;;, namely

6] ={b+x|x€F},

where b € F;.
More generally, the cosets of F| in F are called monads. Let a € F. Then

u@) = [al ={a+ x|xE€F}

is called the monad of a. In particular, u(0) = F; . Notice that | is the addi-
tive identity of the field Fjy/F;.

Let [t] # F,; we want to prove that each member of [¢] is positive (in F),
or each member of [¢] is negative (in F). To see this, let P be the set of all
positive members of F, and let s € [¢]. If t € P and —s € P, then 0 <—s, s0
t+0<t—s,ie.t—s>t Buts>q for someq €Q; thust —s& F). This
contradiction proves that all members of [¢] have the same algebraic sign.

We are now in a position to introduce an order relation on the set F| O/F 1
Let [t] + F,. We say that [¢] is positive (in F') iff ¢t is positive (in F). By our
preceding observation, ¢ is positive iff each member of [¢] is positive. Let P’
be the set of all positive members of Fy/F,. Then P’ has the following proper-
ties:

(15) o¢P';

(16) Vx[x #0>x€P' v—x EP'];

(17) Vxy [x,yEP' > x +yEP Axy EP'].

Accordingly, the associated order relation <, for which x <y iff y —x € P’,
is compatible with both addition and multiplication of the residue class field
F'. In this way, F' extends to an ordered field.

Moreover, this ordered field is archimedean. To see this, let [¢] and [s] be
positive. We must prove that there is a natural number n such that n{¢t] > [s].
By assumption, both s and ¢ are finite, and neither s nor ¢ is an infinitesimal
of . Therefore there are positive rationals g and ¢, such thats <g, and
q, <t. But there is a natural number » such that nq, > q; thus

nt>nq,>qy=2s,

so nt > 5. We conclude that the residue class field Fy/F) is archimedean with
respect to the order relation <.
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It is well known that each archimedean field is isomorphic to a subfield of
the real number field ®. So, in this sense, the finite elements of a nonarchi-
medean field yield a subfield of & by factoring out its infinitesimals.

4. Fields with valuation

A useful tool in the investigation of nonarchimedean fields is the notion of
a nonarchimedean valuation on a field F = (F, +, -, 0, 1). A nonarchimedean
valuation on F is a map v of F into R U {oo}, where oo is an additional element
called infinity, such that:

(1) Vx [x# 0->v(x) ER],v(0) =0

(2) Vxy [v(x-y) = v(x) +v(N];

(3) Vxy [v(x + y) = min{v(x), v(») }].
Here quantification is over F. We assume that the number system involving
R U {0} has the properties

Vx [x + o0 = o], Vx [x <],

where quantification is over R U {o}.
From (2),

v(1)=v(1) + v(1),
sov(1) = 0. So, from (2),
O=v(x-xH=v(x)+v(x"1) ifx+#0.
Therefore,
Vx [x#0->v(x"!) =—v(x)]
Since (—1) * (—1) = 1 in ¥, it follows from (2) that
0=v(l) =v(=1+—1) =v(~-1) + v(-1),.
sov(—1) = 0. Now, foreachx €F,
—x=(-1)'x;
s0, by (2),
v(—x) =v(—1-x)=v(—1) + v(x) =v(x),
ie.,

Vx [u(—x) = v(x)].
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By the trivial valuation on F we mean the map that associates 0 with each
nonzero member of F, and associates e with 0. Clearly this map is a nonarchi-
medean valuation on &%

Here is another example.

4.1. EXAMPLE. Each nonzero rational number x can be written in ghe form

x = (a/b) p%,

where p is a fixed prime, @ €/, and @ and b are integers that are not divisible
by p. Let v,, be the mapping of Q into R U {e°} for which v,,(0) = e and
v (x)=a 1fx (a/b) p© as above. It is easy to verify that tlf e map v, satisfies
(1),(2) and (3); so vp is a nonarchimedean valuation on the rational number
field Q. The valuation of this example is called a p-adic valuation.

In our next example, we introduce a field of Laurent series. Throughout
this book, N = {0, 1, 2, ...}; we sometimes write Zy inplace of Z, .

4.2. EXAMPLE. Let (F, +, +,<, 0, 1) be any ordered field. A Laurent series
is a formal object

Z; an+ktn+k’

nenN

where k is a fixed integer (i.e., fixed for this Laurent series), each a € F, and
either a5 # 0 or each @ = 0. We shall identify any two Laurent series of the
latter sort (i.e., each coefficient is zero) and shall denote each of these Laurent
series by 0. Also, we shall identify each expression of the form

E n+ztn+l

neN

where 0 = g; = a;_; and g # O for some integer k (these expressions
are not Laurent serles) with the Laurent series Xy @, t"*k_ The Laurent
series Zy a,, t", whereap = 1 and a,, = 0if n > 0, is denoted by 1.

Addition of Laurent series is deﬁned by adding corresponding coefficients,
after lining up powers of ¢. Thus

Z:a tn+k+ Eb -t"+j=Z>C ‘tn+i’
N n+k N n+j % n+i

where i = min{k,j}, and form >1i, c,, = a,, + b, where a;,, =a,, fm>k,
otherwise a,, = 0,and b,, =b,, ifm >], otherwrse b,
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Multiplication is defined as follows:
( fv? a0 t"+k)(? byt gy = ? Cpps 171

where i = kj, and
¢; =ai b iy
Civ1 = axbjry + g 1bys
Civ2 = 8gbji Faxi1bjyy Fagiabys
etc. It is well known that the resulting structure is a field.

We introduce an order relation on Laurent series over F by defining a non-
zero Laurent series Zy a,,, ;"X to be positive iff its first coefficient is positive
in the underlying ordered field; i.e. Zy a,,; t"** € Piff a; > 0. Clearly P
satisfies conditions (8), (9) and (10) of Section 3; so the Laurent series over F
constitute an ordered field.

Finally, we introduce a nonarchimedean valuation v on the field of Laurent
series as follows. Define

U(O) = o0
and

o jvz_‘, Ry =k if fvz_‘, @, 1K £ 0

(so a; # 0). It is easy to verify that v is a nonarchimedean valuation on this
field.

Returning to our general theory, we now present a basic fact about non-
archimedean valuations.

4.3. LEMMA. Vxy [u(x) <uv(y) = v(x + y) = v(x)].

Proof. By (3), u(x + y) 2 v(x). We shall show that v(x + y) < v(x). Now

x=(x+y)—y,
SO
v(x) = min{v(x + y), v(—y)} = min{v(x + y), v(y)}

since v(—y) = v(¥). If u(¥) < v(x + y), then v(x) = v(y). This contradicts
our assumption that v(x) <v(y);so v(x +y) <v(y), thusv(x) = v(x + y).
This proves that v(x + y) = v(x). O
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We mention that Lemma 4.3 is usually stated in the following form:
Vxy [v(x) # v(y) = v(x + ») = min {v(x), v(») }].
We shall now define a few terms. First notice that
{v(x)|x EF Ax# 0}
is an additive subgroup of ; this set is called the valuation group of v. The set
Op = {x|xEFAvu(x)>0}
is a subring of ¥ and is called the valuation ring of v. The set
Jp={x|xEF Av(x)> 0}
is a maximal ideal of the ring O, and is called the valuation ideal of v. The set
Up = {x|x EF Av(x) =0}

is a multiplicative subgroup of O, and is called the group of units of v. The
field F = Op/J is called the residue class field of v.
A map v of Finto R U {0} that satisfies (1) and (2) and the statement
(3") Vxy [e—v&+») e—v) 4 e—v(N],
and does not satisfy (3), is said to be an archimedean valuation. If you are
curious about the presence of the exponential function in (3"), look ahead to

Section 5.
Here is an example of an archimedean valuation.

4.4. EXAMPLE. We present an archimedean valuation on the real number
field ®. Let v be the map of R into R U {e} such that
v(0) =,  v@=-Inlal ifa#0.

Notice that for each x € R, e &) = |x|; here e~ is interpreted as 0. Clearly
(1), (2) and (3') are satisfied. To see that (3) is false for v, observe that

vie+e)=—In|2e|=—In2—1<—1,

whereas v(e) = —Ine = —1; so v(e + &) < min{v(e), v(e) }.
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5. Development of metric

A valuation on a field F may be used to build up a metric on F. This is
achieved in two steps. First we define a mapping | |, in terms of the given
valuation v, as follows:

x|, = e V&) foreachx €F

66, —oo0 93
[

(in place of e we can use any number greater than 1), where is inter-
preted as the real number zero. In particular, | |, is a map of F into R. In case
v is a nonarchimedean valuation, this map has the following properties:

(D) Vx[x#0->x|,>0],10|,=0,11|,=1;

(2 Vx [I=x], = Ix],];

) Vxy [Ix—=yl, =y —xI,|;

@ Vxy [Ixyl, = Ix1,lyl,];

(S Vxy [Ix+y|, <max{|x|,, Iyl }<Ixl, +yl,];

© Vxy [y, <lxl, > [x+yl,=Ix[,];

(D Vxyz [Ix—yl,>ly—zl,~>lx—zl,=|x—yl,].
These statements can be established directly from the properties of v listed in
Section 4 and the fact that the function exp is monotonically increasing. For
example, to prove (6) observe that

yl, <lxl, iff e~v0)<e—v) iff ev®<ev) iff u(x) <v(y).
So by Lemma 4.3,
v(x +y) = v(x);
thus e—v(*+») = g—v() je. |x +yl, =Ixl,.
Certainly, (7) is a striking statement. This fact can be deduced from (6)
as follows:
lx—z|,=1(x—y)+ (¥ —2)|,=max{lx—yl, ly—zl,} =lx—yl,.
It follows from (4) that
Vx [x #0->1/x{,= 1/|x|,].

We are now ready to introduce a metric d on F, defined in terms of the
mapping | |,. Let d be the map of F X F into R such that forall x,y € F,

dx,y)=Ix—yl,.

We must show that d has the following properties:
(8) Vx [d(x,x)=0];
(9) Vxy [x#y—>d(x,y)>0];
(10) Vxy [d(x,y) =d(y,x)];
(11) Vxyz [d(x,z) <d(x,y) +d(y,2)].
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Now, for each x €EF,
d(x,x)=Ix—xl,=10],=0

by (1), and if x #y, then
dx,y)=Ilx—yl,>0

by (1). Notice that (10) follows from (3). To prove (11), the Triangle Inequality,
observe that

dix,z2)=lx—zl,=lx—y)+(y—2),<Ix—yl, +ly—zl,

=d(x,y) +d(y,z)

by (5). So (F, d) is a metric space.

From (7), if d(x, y) >d(y, z), then d(x, z) = d(x, »); so each triangle in
the metric space (F, d) is “‘isosceles”.

Moreover,

Vxy [1x +yl, <max{lx|,, [y],}];
SO

dix,z)=Ix—zl,=(x—»)+(y—2)|, <max{Ix —yl,, Iy —zl,}

= max {d(x,y),d(y,2)}.

This establishes the following statement, which is known as the ultrametric
inequality:

(12) Yxyz [d(x,z) < max{d(x,y),d(y,2)}].
So the metric constructed from a nonarchimedean valuation satisfies the
ultrametric inequality.

Next we shall use a metric to define the notion of a convergent sequence in
F and the notion of the limit of a convergent sequence. This is carried out by
appealing to the corresponding concepts for the real number field &. Recall
that a sequence of real numbers (a,,) converges in & if there is a real number a
such that

VednVYmm>n-|a, —al<e],

where the Greek letter represents a positive real number, m,n € N, and the
absolute value signs denote the usual absolute value in & Moreover, q is called
the limit of (a,,), and we write “lim(a,,) = a”. Of course, a sequence of real
numbers is a map of N into R.

We now formulate corresponding ideas in the field . First, by a sequence
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of field elements we mean any map of N into F, say (s,,), where s,, € F for
each n € N. We define convergence in terms of a metric d as follows: (s,,)
converges to s, where s € F, provided that the real sequence (d(s,,, 5)) converges
to 0, i.e. lim(d(s,,, s)) = 0. In this case we say that s is the limit of (s,) and
write “lim(s,) = s”. Each convergent sequence has a unique limit.

Here is a useful fact.

5.1. THEOREM. If lim(s,,) =, then lim(ls, | ,) = |s|,. Here v is nonarchi-
medean.

Proof. Let (s,)) be a sequence that converges to s. This means that
lim(d(s,,, 8)) = 0; i.e., lim(ls,, —s|,) = 0. There are two cases:
(i) Assume s = 0. Then lim(|s,|,) = 0. But [0], = e~ = 0, by definition;
thus lim([s,l,) = sl
(ii) Assume s+ 0. Then |s|,, is positive and real. But lim(|s,,—sl,) = 0;
so there is a natural number g such that for eachm >q,mE€N,

(5.2) 8, — 51, <Isl,-
By (6) it follows from (5.2) that for eachm > gq,
(5.3) Is+ (s, =), = Isl,,

ie.{s,|, =1sl,. We conclude that lim(ls,{,) = Ist,. O

A sequence (s,,) is called a Cauchy sequence if
VYe3n,Vmn[mn>n,~>d(s,,s,) <e].

Each convergent sequence is a Cauchy sequence; however, it is not necessarily
the case that each Cauchy sequence converges. If each Cauchy sequence inF
converges, we say that the field F is complete with respect to the metric d;
in case the metric d is yielded by a valuation v, we say that F is complete with
respect to v.

Here are some examples.

5.4. EXAMPLE. The trivial valuation on a field ¥ yields the metric d for which

ifx+#y,

1
=10 ifx=y.

Here a sequence (s, is a Cauchy sequence iff

JiVm [m>i-s, =5];
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i.e., all the terms of (s,,) beyond a certain term are the same, say s. Clearly,
in this case, lim(s,) = s; thus & is complete with respect to the trivial valuation.

5.5. EXAMPLE. The rational number field Q is not complete with respect to
the usual metricd, i.e.,
dx,y)=|x—y| forallx,y€(.

For example, it is well known that the sequence (1.4, 1.41, 1.414, ...), whose
nth term is obtained by truncating+/2 to n decimal places, is a Cauchy se-
quence but does not converge in Q.

Notice that if v is a nonarchimedean valuation on %, then for any
X1sees Xy EF,
Iy + .. + x, 1, <max{lx1,, ..., Ix,],}.
Using this fact, it is easy to prove our next lemma.

5.6. LEMMA. Let v be a nonarchimedean valuation on F. Then (a,,) isa
Cauchy sequence with respect to v iff lim(a,,,; —a,) =0.

Proof. Notice that lim(a,,,; —a,) = 0, the zero of ¥, iff lim(la,,,.; —a,l,) =0,
the zero of . If (a,,) is a Cauchy sequence, then in particular g, , | —a,[, <€
if n > ng;so lim(la,, .y —a,l,)=0.
Next assume that lim(|a,,, ; —a,[,) = 0. Now

@y —ay, =8 — ) + @~y g) + . + (2,1 —8y,),

where we assume that m > n; so
@y — apl, =@ —8p_1) + @y —8p_2) + ... + (254 —ay)l,
< max{la,, ~ 2y 1l 8my — Al ys s [@np1 —anlL}

<e ifm,n>ng,

since (|a,, .1 —a,|,) converges to 0 by assumption. [
We regard a series as an expression of the form
2 ap,
N n

where g is a map of N into F, and a(n) = a,, for each n’ € N. As usual, we say
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that a series Zy, a,, converges if its sequence of partial sums (s,) converges,
where

S, =ag+ .. ta,

for each n € N. Moreover, if (s,) converges, we say that the series Zy a,,
converges to lim(s, ), a member of F, and identify the formal expression Zy a,,
with the field element lim(s, ), i.e.,

E a, = lim(s,)

Of course, if Ty a,, converges, then lim(g,,) = 0. We shall show that the
converse is true in the case of a nonarchimedean valuation on a complete
field F.

5.7. LEMMA. Let v be a nonarchimedean valuation on F which is complete
with respect to v. Then Ty a, converges if lim(a,) = 0

Proof. Lets, = ay + ... +a, for each n € N. By assumption, lim(a,,) = 0
therefore lim(s, , ; —s,) = 0. So, by Lemma 5.6, (s,,) is a Cauchy sequence
with respect to v. But the field & is complete with respect to this valuation;
thus (s,,) converges. We conclude that %, @, converges. []

Next we shall prove the following lemma.

5.8. LEMMA. Let v be a valuation (archimedean or nonarchimedean) on F
which is complete with respect to v. Then Zy, a, converges if Zy |a,|,
converges.

Proof. Lets, =ag + ... +a, for each n €N. Again, the idea is to show that
(s,,) is a Cauchy sequence. As in the proof of Lemma 5.6, first choose a
positive real number €. Next observe that (IaOIU + ...+ a,l,) is a Cauchy
sequence. So there is a natural number ng such that

(5.9) Ymn [m>n>n0 @piqly, + oo Flap,l, <e].
Thus, form>n>n_,
18, = Sply = lapey + oo oyl <la,yl, + .. +layl,
by the Triangle Inequality
<e by (5.9).

This proves that (s,,) is a Cauchy sequence, so converges. We conclude that
Zy a, converges. [



CH. 1, §5] DEVELOPMENT OF METRIC 23

5.10. EXAMPLE. We now illustrate some of the above ideas and results for
the case of the 2-adic valuation on Q (see Example 4.1). By Lemma 5.6, the
sequence (1/2") is not a Cauchy sequence; thus (1/27) does not converge
(recall that each convergent sequence is a Cauchy sequence). On the other
hand, the sequence (2") converges; indeed, 1lim(2") = 0 since

lim(127],) =lim(e™") = 0.
Also

24224 . +2n=2ntl1_)
for each positive n € N; so

lim(2 + 22 + ...+ 27) =1lim(27*t1 —2) = —2.
This means that the series =y 27+1 converges and that Ty, 27+1 = —2;

moreover, Z 2" converges and T, 2 =—1.,

Of course, if ¥ is complete with respect to a valuation v, then a sequence
(a,,) converges iff (a,,) is a Cauchy sequence. Applying Lemma 5.6, we obtain
the following fact.

5.11. LEMMA. Let F be complete with respect to a nonarchimedean valuation v.
Then (a,,) converges iff lim(a, ,; —a,) = 0.

It is easy to see that if (a,) and (b,,) converge with respect to a nonarchi-
medean valuation v, then so do (@, + b,,) and (a,, b,,); indeed,

lim(a, + b,) = lim(a,) + lim(d,,),

lim(a, b,) = [lim(a,)] [lim(b,,)}.
For this we shall need the following lemma.
5.12. LEMMA. Let lim(a,,) = a, where v is a nonarchimedean valuation, and
let BER.Then
IngVn[n>ng—>v(a,)>B].

Proof. First assume that a # 0, so v(2) €R. By assumption, lim(d(a,,a)) = 0, so

lim(e—¥(¢n—a}) = 0,
Thus
AngVn[n>ng->v(a,—a)>va)].
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Since v is nonarchimedean,
v(a,) =v(a, —a +a) > min{v(a, —a),v(@)} =v(@) ifn>n,.
Thus v(a,,) = v(a) if n > nj. Next assume that a = 0. Then lim(d(a,,, 0)) = 0, so

lim(e—v@n)) = 0;
thus
VB 3nyVn [n>ny > v(a,) > B].

In other words, lim(v(a,)) = *. O
We now return to our comment preceding Lemma 5.12.
5.13. LEMMA. Let lim(g,,) = a and lim(b,)) = b, where v is a nonarchimedean

valuation. Then

lim(a, + b,)=a+ b, lim(a, b,) =ab.

Proof. (i) We have
d(a, +b,,a+b)=cexp[—v(a,—a+b,—b)]
< exp [~min{v(a,, —a), v(b, — b)}]
= exp [~v(c,)],
where for eachn €N, ¢, =a, ~aorc, = b, —b. Since
lim(exp [—v(a, — a)]) = lim(exp [~v(b, — b)]) =0,

it follows that lim(exp [—v(c,)]) = 0. Thus lim(d(a,, + b,,a + b)) = 0;
so lim(a, +b,) =a +b.
(i
d(a,b,,ab) = exp[—v(a,b, —ab)];
now
v(a, b, —ab)=v(a, b, —a,b+a,b—ab)
=v(a,[b, —b] + bla, —a])
= min{v(a,) + v(b, — b), v(b) + v(a, —a)}.
By Lemma 5.12, there is a B € R such that v(a,,) > B if n is large enough.

Therefore, both v(a,) + v(b,, — b) and v(b) + v(a,, — a) increase without
bound as n increases. Thus lim(d(a, b,, ab)) = 0; so lim(a, b,) = ab. O
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This observation allows us to establish our next lemma.
5.14. LEMMA. Let Zy a, =aand Zy b, = b. Then

%}(an+bn)=a+b.

Proof. The sequence of partial sums ([ag+bgy] + ... + [2,+b,]) converges
since this sequence is the sum of the sequences (g, + ... + @,) and
(bO + ...+ b,), which converge to Zy a, and I, b, respectively. Thus

%}(an+bn)= %}an+ %}bn=a+b.l:|

By the Cauchy product of series Zy a,, and Zy b,, we mean the series
Zy ¢, where

Cn =a0bn +a1 bn—l + ... +anb0

for each n € N (see the definition of multiplication for Laurent series,
Example 4.2). We shall prove that the Cauchy product of convergent series
also converges, and that

Peum T P
the product of the sums of the series involved.

5.15.LEMMA. Let 2y a, =aand Zy b, =b. Then T, c,, = ab, where
Cn = aobn + albn_l + ...+ anbo
for each n € N. Here F is complete with respect to v, a nonarchimedean

valuation.

Proof. In a complete field with nonarchimedean valuation, a series converges
iff its terms converge to 0. We shall show, first, that lim(c,,) = 0. Since Zy a,,
and Ty b, both converge, the sets

{la,l,In€NY, {Ib,l,InEN}
are bounded, say by B, ie., |a,|, <B and |b,|, <B for each n €N. Since
lim(a,,) = lim(b,,) = 0,
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given € > O there is a natural number g such that Ja;], <e/B and |b;|,, <¢€/B
ifi>gq. So, form> 2gq,

temly, =1agby, + o+ apy bl < max{laghp,l,, s l@py, bgl )}

oo 1l 1Bl 3 <€
(b, —il, <B(e/B) = e. Therefore lim(c,) = 0,50 Zy ¢,

=max{lagl, byl

since each |a
converges.
To prove that Xy ¢, = ab, consider the sequence of partial sums (s,,,), where

ilv

sZn =< + ..+ Czn
2n

= 'Z'_ ajbj=(ag+..+a,)(by+ .. +b,)
i+j=0

+aglby g F .o Fby) tay(by o+t by, )+ a1 by

+bglay, g + ... tagy) +by(a g+ tay, D+ . Fb, qa,,.
But lim(b,, | + ... + bn+p) = (Q for any p > O since

1By + o Fbpyply < max{|b, 1., ..r n+plv} <e/B

if n > q. The corresponding remark applies to the a’s; so
n n n n

lim(sy,) = im(22 a; 27 b)) =1im(2 a)m(2s b)= 2t a; 2u b;=ab.
=0 " i=0 =0 =0 N N

This establishes the lemma. O
Returning to our discussion of sequences, we present the following facts.

5.16. THEOREM. Let lim(a,,) = a, and let j be a natural number such that
v(a,,) =t foreachm>j, mEN. Thenv(a) =t. Here tER U {~},and visa
nonarchimedean valuation.
Proof. By Theorem 5.1,

lim(la,t,) = lal,
Thus
(5.17)  lim(e*¥n)y = g 0@
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But v(a,,) = t for each m > j; thus
lim(e—"(”")) =¢".
Therefore, from (5.17), v(a) =¢. O

Our next lemma is a corollary of Theorem 5.16.

5.18. LEMMA. Let (a,)) be a convergent sequence, and let j be a natural
number such that v(a,,) = t for each m > j, where t €R. Then lim(a,,) # 0.
Here v is a nonarchimedean valuation.

Proof. Letlim(a,) = a. By Theorem 5.16, v(a) = t. But ¢ ER; therefore
a#0.0

We now establish the converse of Lemma 5.18; also, compare the following
result to Theorem 5.1.

5.19. THEOREM. Let lim(a, ) = a, where a # 0. Then there is a natural
number j such that

Vmm>j=layl,=lal,],
where the quantifier refers to N, Here v is a nonarchimedean valuation.
Proof. By (1), |al,, is positive. Since lim(g,,) = a, there is a natural number j
such that for eachm >j, m €N,

la,, —al, <lal,.
So, by (6), for m >,

la +(a,, —a)l, = lal,,

ie., |am|u =1al,. O
Finally, we state a useful fact about convergent series.

5.20. LEMMA. Let v be a nonarchimedean valuation on F which is complete
with respect to v. Then Zy a,, converges iff lim(v(a,)) = =; ie.,
VB 3qVn[n>q->v(a,)>B]

{ here the first quantifier refers to R).
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Proof. By Lemma 5.7,

2 a, converges iff lim(e,) =0

N
iff lim{d{a,,0))=0
iff  lim(e v@ny=0
iff lim(v(a,)) = .

Alternatively, X, a, converges iff lim(|a,|,) = 0. (|

6. Hardy fields

Recall that a real function is a map of a subset of R into R. Here we shall
confine our attention to real functions whose domains are semi-infinite
intervals, i.e., have the form {¢|# > a}, where @ €R. For example,

{(t,t2)| t>—5} and {(¢, 2¢ + 1) | £ > 300} are real functions of this sort,
whereas the functions arcsin and 4/(1 — x2) do not have this property.

Let K be the set of all real functions whose domains are semi-infinite
intervals. We introduce an equivalence relation ~ on K as follows. Let f,g € K;
then f ~ g if there is a real number a4 such that:

(D {t|t>a} Cdomf N domg;

(D) VYt [t>a—->f(1)=g()].

For example,

{@¢,tH1t>1}~{(,t?) | > 20}

also, f ~ g, where

[ 1 ife>o,
f(t)_{—l if 7 <0,

_{ 1 ifr>100,
g(’)“{ 0 ifr<100.

We are interested in the resulting equivalence classes; i.e., sets of functions
of the form

[f1={glg€K rg~f},
where f€ K. Let H be the partition of K obtained by collecting these equi-
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valence classes. We define addition and multiplication on H as follows:

[F1+[g]=[f+gl [71-[g]=[f-gl,

where the operations on the RHS are the corresponding operations on func-
tions. Clearly the sum and product of two equivalence classes is independent
of the representatives used in carrying out the definitions; i.e., the above
definitions succeed in defining operations on H. Moreover, it is easy to verify
that the resulting structure # = (H, +, *, 0, 1) is a commutative ring with unit
element. Here

0=[{(t,0)| t=>0}], 1=[{¢, 1) t>0}].

We say that an equivalence classe, say V, is differentiable if there is a
member of X, say f, such that:

() feVY;

(4) fis differenciable everywhere in its domain.
If these conditions are met, then f’ € K (because the domain of f' is a semi-
infinite interval, by assumption). In this case, we can define the derivative of
¥ to be [f'], which we denote by Dy or by ¥'. Thus

Df1=1[f1"=1[f]

in case f and its derivative have the same domain. Clearly, if f ~ g, where f and
g are differentiable, then f' ~g'; thus [f'] = [g], so [f] = [g]".

Now, by a Hardy field we mean a subring F of ¥ such that:

(5) ¥ is a field under the ring operations of ¥(;

(6) each member of F is differentiable;

(7) VY [VEF~>Y EF].

For example, let F consist of all equivalence classes Y such that some member
of Y is a constant function (i.e., a function whose image has exactly one
member) whose domain is a semi-infinite interval. Clearly Y contains func-
tions that are not constant; however, each member of Y is equivalent to the
given constant function. Notice that ¥’ = 0, the equivalence class defined
above. So ¥ constitutes a Hardy field.

As another example, let [f] € F iff f is equivalent to a rational function
(ie., f~p/q, where p and g are polynomial functions). Clearly & is a Hardy
field.

Each Hardy field can be ordered in a simple way. To see this we need the
following fact.

6.1. LEMMA. Let [f] be any nonzero member of a Hardy field. Then there
is a real number b such that f(t) > O for each t > b, or else f(t) <O for each
t>b.
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Proof. By assumption, [f] has a multiplicative inverse, say [g]; also, [f] is
differentiable. Therefore there is a real number b such that f(f)g(f) = 1 and
f'(¢) exists for each > b. Assume that there are real numbers r and s, both
greater than b, such that f(r) > 0 and f(s) < 0. But f is continuous on the
semi-infinite interval {¢ | ¢ > b}; thus, by the Intermediate Value Theorem,
f has a zero between r and s; so f(¢) g(¢) = 0 for some ¢ > b. This contradic-
tion establishes our lemma. O

If £(£) > 0 for each t > b, and g € [f], then there is a real number ¢ such
that g(¢) > O for each ¢ > ¢. We can use this property of a Hardy field ¥ to
define its positive elements and thereby introduce an order relation on F. We
say that [f] is positive if there is a real number b such that f(¢) > O for each
t > b. Clearly [0] is not positive; by Lemma 6.1, each nonzero field element,
or its additive inverse, is positive; moreover, the sum and product of positive
field elements are positive. We conclude that each Hardy field is ordered by
the relation < for which

[f1<[g] iff [g—f]is positive.

The resulting ordered field may, or may not be, archimedean; this depends
upon ¥ itself. For example, let F be the Hardy field built around constant
functions, i.e., Y € F iff ¥ contains a constant function; here ¥ is an archi-
medean field. On the other hand, let F be a Hardy field such that [x] € F,
where x is the identity function {(¢, ) | t €R}. We claim that this Hardy
field is nonarchimedean. Clearly

[0l <11 < [x].
We shall show that n[1] < [x] for each n €N. Now
n[1]=[1]+ ..+ [1]1=[{{¢t n) | tERY = [n].

Here the n on the RHS is a constant function, and the # on the LHS is a
natural number. But n(¢) < x(¢) for each t > n; thus [x — n] is positive, so
nf1] < [x]. We conclude that ¥ is nonarchimedean. Notice that [x] is
infinite (see Section 3); it follows that [1/x], the multiplicative inverse of [x],
is an infinitesimal.

For a more penetrating study of Hardy fields, see Bourbaki [1951]
(pp. 107—126) and Robinson [1972].
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7. The field £

We now present a nonarchimedean field, called £, whose field elements are
generalized power series with real coefficients and real exponents; this field
was studied by Levi—Civita late in the nineteenth century, by A. Ostrowski in
the 1930’s, and more recently by D. Laugwitz (see Levi—Civita [1892/93],
Ostrowski [1935] and Laugwitz [1968]).

The elements of L are expressions of the form
(7.1 agt™ +a; "t Fayrtt 4,

where each ay v €R, vy <v; <v, <...and {r, |n € N} is unbounded. In
other words, we face two sequences of real numbers, of which one is required
to be strictly increasing and unbounded. More simply, we face a sequence of
ordered pairs

(ag,vq), (ay,v7), (a3,7,), ...

whose second terms are strictly increasing and unbounded. We shall identify
two sequences of this sort if each ordered pair that occurs in one, but not in
the other, has first term 0. This agreement allows us to suppress any term of
the series (7.1) with zero coefficient. As usual, we shall denote a series of the
form (7.1) by

;43 a,t"k.
Moreover, we shall denote
2 0%k
N
by 0, we shall denote the series
110+ 0r1 + 02 + ...
by 1, and

t+ 024083+ ...

by t.
Addition is defined as the term-by-term sum of the given series, after lining
up powers of ¢; i.e.,

Zakka + Zbkf”k = Eckf}\k,
N N N
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where (A;) is the increasing sequence whose image is the union of the images
of the sequences (v) and (i), i.e. {v; |k EN} U {y; |k EN}, and
a, +bq if A =V, = My,
e ={a, if Ay = v, and A; does not occur in (1),
b, if Ay = 1, and A does not occur in (v;).
For example,

2 ktk+ 25 12k = Ecktk,
N N N

where

o = k if k is odd,
k™) k+1 ifkiseven.

Multiplication is defined in terms of the product of the partial sums of the
given series; i.e.,

(%} a; t°k) (%} by t*k) = %} cp ™k,

where (A;) is the increasing sequence whose image consists of all sums of the
formy; + Hys and

¢o =4gby,
= Ea,-bl-,
where i and j are chosen so that p; + M= A1, and in general
Crp = Z} a,- b/’
where i and j are chosen so that v; + W= A;. For example,
(20 tF) (2 th+1y = D kek,
N N N

Notice that a term.of Z,, a; t’* with zero coefficient has no impact on a
sum or product involving this series; so the operations of addition and multi-
plication are compatible with the notion of equality for our generalized power
series. It is a routine matter to verify that £ constitutes a field under these
operations. The existence of a multiplicative inverse of Z a; "% # 0 can be
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established by solving the equation
E vk E Kky _
ait Xt =1
( L ay X Xk )
for the unknowns ug, xq, 41, X1, 4y, X3, ... in that order. In particular,
Ho =P, xo = l/ag,
My =vq— 2v, X, =—a1/a(2).

It is convenient to adopt the following convention: if Zy a,¢"* is a non-
zero member of L, then ag # 0;i.e., we agree to suppress all zero terms
preceding the first nonzero coefficient of a nonzero field element.

Next we wish to introduce an order relation on L. The first step is to de-
fine the positive elements of £. We say that Zy a;t*¥ is positive if ay > 0 (i.e.,
its first nonzero coefficient is positive). Clearly, 0 is not positive; for each
nonzero field element, either it or its additive inverse is positive; the sum and
product of positive field elements are both positive. We conclude that the
field £ is ordered by the associated relation <, i.e., the relation defined as

Eakt"k < 20 btk ff Ebkt“k— Eakt"k is positive.
N N N N

We claim that the resulting ordered field is nonarchimedean. To see this,
notice that 0 <z <1 since both ¢ and 1 — ¢ are positive. But for each n EN,
nt < 1 since 1 — nt is positive; here nt = = a; t*, where ap=nanda; =0
if k # 1. So the field element ¢ is an infinitesimal. Moreover, Z at*isa
nonzero infinitesimal iff vy > 0.

In view of our last remark, we can introduce a nonarchimedean valuation v
on the field £ as follows. Let v be the mapping of L into R U {=°} such that

v(0) = oo, v(lzv> gt y=vpy if %}akt"k #0

(so @y # 0, remember our convention). Clearly v satisfies (1), (2) and (3) of
Section 4. So « is a nonzero infinitesimal of the nonarchimedean field £ iff
v(a) > 0.

Next we shall prove that £ is complete with respect to v. Let (a,,) be any
Cauchy sequence of field elements, i.e.,

Ve dngVmn [m,n>ny > la, —a,l, <el.

It follows, in a few steps, that for each natural number j, v(a,, —a,) > if
only m and n are large enough (i.e., greater than some suitable 7y, which
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depends on j}; so
— = Ak
C!m Q, = %} Ckf s

where )\0 >j.In other words, with the exception of the first few generalized
power series in the sequence (a,,), these field elements have the same coeffi-
cient for any term whose exponent does not exceed /.

This fact allows us to construct the limit of the given Cauchy sequence (a,,).
Form the sequence

(a(]) VO)) (a13 Vl)) (a25 Vz)y reey

where a; t”0 is the first term of each generalized power series in (a,,), except
for the first few; altv‘ is the second term of each generalized power series in
(e,,), except for the first few; a,¢"? is the third term of each generalized power
series in (@), except for the first few; etc. Now let

a= 2 apt’k.
N

By construction, for each integer j, v(a — a,,) > if n is sufficiently large; so
lim(|a— a,|,) = 0, thus lim(a,,) = . This proves that each Cauchy sequence
in £ converges (with respect to v). Thus £ is complete with respect to v.

The exponents of a generalized power series Ty a;t”* must satisfy two
conditions:

() vo <y <y <.,

(i) {», |n €N} is unbounded.
These conditions are needed to ensure that generalized power series form a
field; to be specific, to ensure that each nonzero power series =y a;t"* has a
multiplicative inverse. Notice, for example, that ENt_l/k does not have a
multiplicative inverse.



CHAPTER 2

NONSTANDARD ANALYSIS

1. The method of mathematical logic

Here, and again in Section 4, we shall establish the existence of a non-
standard model *® of the real number system; in fact we shall prove the
existence of an elementary extension of the real number system ®&. In this
section we shall use fundamental ideas of mathematical logic to achieve our
goal; in Section 4 we shall actually construct a suitable nonstandard model of
® by forming the ultrapower ®/U of & with respect to a free ultrafilter U
over an index set /.

By the real number system one usually means the ordered field
(R, +,+,<, 0, 1). Here, however, we shall regard the real number system in
the widest possible sense, since we must include within its scope any concept
or idea associated with this number system. Thus, |/ is the structure whose
supporting sets include R, N, the positive real numbers, PR, the set of all
functions, etc., and which includes each concept of the real numbers as a rela-
tion of the structure. Of course, this structure has infinitely many terms. For
example, we include the upper bound concept as a relation of the real number
system ®. This means that we form the set of all ordered pairs (S, a), where
S E€PR and a €ER, provided that a in fact is an upper bound of the set S.
Similarly, the least upper bound concept is a relation of &. We shall denote
these relations by U and L; so “USa” means that & is an upper bound of S, and
“LSa” means that g is a least upper bound of S.

By assigning names to the relations of ® in this manner, and utilizing the
connectives of symbolic logic, we build up a language called the language of K.
This is a fragment of the informal language usually used to communicate facts
about ®. To emphasize the importance of the notion of the language of a
structure, we present a thorough discussion of this topic in Section 2.

In the language of ® we can express the Completeness Theorem of the real
number system as follows:

(1.1) VS [S# @A Ix USx > Ay LSy].

35
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Now the Compactness Theorem of mathematical logic asserts that a set of
statements (within a certain, well-defined language) has a model if each of its
finite subsets has a model. An acceptable set of statements is obtained by
writing down all statements, such as (1.1), that are true for ®, and belong to
the fragment of the informal language of & characterized in Section 2. This is
why we include all possible concepts of the real numbers in ®. Moreover, we
shall include in our postulate set the statements

WEN, w>0,w>1,w>2,..,

where w is an uninterpreted placeholder (i.e., a free variable); we choose w to
be a symbol that does not occur among our other postulates.

Notice that each finite subset of this postulate set has a model, e.g., & itself.
By assumption, each postulate of the first sort is true for ® Moreover, any
finite number of postulates of the second sort can be satisfied in & by inter-
preting w as the smallest natural number greater than each natural number
occurring in the RHS of these postulates. Thus, by the Compactness Theorem,
our postulate set has a model; we seize on one of the models of our postulate
set and call it *R.

It must be emphasized that *® is a structure patterned on ®; in general,
each term of *® corresponds to a unique term of & (for exceptions to this
statement, see Section 2). We indicate this by denoting a term of *® by
starring the corresponding term of &, if there is one. So *R corresponds to R,
and *N corresponds to N. This means that the real numbers of * are the
members of *R, and that the natural numbers of *® are the members of *N.
Foreacha €R, “a<a+ 1” is in our postulate set; thus *R contains a number
identified with a, which we take to be q itself.

The point is that *® is a structure of the same type as &, indeed is an exten-
sion of &, such that:

(1) *R is a proper superset of R.

(2) Each statement that is true for & is true for *® when interpreted in *qR.

These structures are different because *® possesses a number, correspond-
ing to w, that is greater than each natural number, so is greater than each real
number (in the usual sense); for simplicity, we shall denote this number by “w”.
Of course, (2) is a consequence of our choice of *® as a model of a postulate
set that includes all statements that are true for Q.

Notice that the converse of (2) follows from (2) itself. This establishes the
vitally important Transfer Theorem, which we now state; here *4 represents
the interpretation of 4 in *®, i.e., *A is the statement of *® obtained from 4
by starring its relations and starring each occurrence in 4 of a member of a
supporting set of &.
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1.2. TRANSFER THEOREM. Let A be any statement in the language of |.
Then *A is true for "R iff A is true for R.

The Transfer Theorem is extremely powerful since it allows us to utilize
our knowledge of R in studying *R. Bear in mind the restriction on 4; 4 must
be a statement in the language of | (see Section 2). Also, we must take care
when verbalizing a statement *4 in the language of *R. The fact is thata
supporting set, or relation, of “R need not have quite the same significance as
the corresponding supporting set, or relation, of &.

To illustrate the pitfalls, consider the Completeness Theorem. Now (1.1) is
true for ®; so (1.1) is true for *R when interpreted in *®. at first glance, this
appears to be a paradox in view of the following argument, which purports to
demonstrate that the Completeness Theorem is not true for *R:

“Certainly, "R possesses infinitesimals (since the multiplicative inverse of
an infinite number is an infinitesimal). Let S be the set of all infinitesimals
of *R. Then S is nonempty and has an upper bound; indeed, each positive
a € R is an upper bound of S. Suppose, for the moment, that S has a least
upper bound, say t. Either ¢ is a positive infinitesimal or ¢ is greater than some
positive real number 2. In the latter case,  itself is an upper bound of S, so ¢
is not its least upper bound. In the former case, 2¢ €S and ¢ < 2¢; 0 ¢ is not
an upper bound of S. We conclude that S does not have a least upper bound;
so the Completeness Theorem is not true for *R.”

The fallacy in this argument consists in failing to interpret (1.1) in *®.
After all, what we mean by the Completeness Theorem for "R is the interpre-
tation of (1.1) in *R. We do not mean the following: “Each nonempty subset
of "R that has an upper bound, has a least upper bound”. To see the distinc-
tion we must write out the Completeness Theorem for ® in detail, avoiding
the streamlined notation in which quantifiers refer to specific supporting sets.
Imagine, then, that we have equipped both & and *R with a basic set, the
union of the supporting sets of the structure involved. The Completeness
Theorem for K is

(13) Vz[zEPR->(Z#OAIx[xERAUzx] >3y [yERALzy])].
Interpreting this statement in "R yields

(14) Vz[zE*(PR)»>(#0AIx[xE'RAUzx] >3y [y €'R A "Lzy])].
Indeed (1.4) is true for “R; notice that (1.4) does not assert that each nonempty
subset of *® that has an upper bound, has a least upper bound. Instead, (1.4)

asserts that each nonempty set contained in “(?R) that has an upper bound,
has a least upper bound. The fact is that *(PR) # P(*R); i.e., some subsets of
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"R are not contained in "(PR). In particular, the above paradox demonstrates
that S & *(?R), where S is the set of all infinitesimals of *g.

Fundamentally, each relation, or concept, of a structure is characterized by
a set. Indeed, the truth or falsity of a statement in ® or "R depends upon the
sets that represent the concepts involved in the statement. Generally, the set
representing a concept in *® is not the set that represents it in ®. More to the
point, the set that represents a concept in "R generally cannot be verbalized
in the same direct and simple fashion as for &. For example, the set of all
subsets of R is not represented in R by the set of all subsets of *R; rather,
it is represented by *(PR), a certain set of subsets of "R.

The idea of interpreting a statement in a structure can be illustrated by
considering the statement

Vx[x#0->3y[xy=1]].

We are accustomed to interpreting this statement in several number systems,
e.g. the real number system, the rational number system, and the system of
integers. To determine its truth value in a particular number system, we con-
sider the operation of multiplication of that number system and the number
set involved. We arrive at the conclusion that this statement is true for the
real number system and for the rational number system, but is false for the
system of integers. Notice that we have interpreted a statement in a number
system, by interpreting the concepts involved in the statement, and have
reached a decision regarding its truth or falsity in that structure.

Returning to our description of the real number system &, we point out
that each real function can be represented by a relation on R. This is due to
the fact that each function is characterized by a set of ordered pairs; so, a
function is a binary relation, i.e., a subset of R X R. Moreover, any binary
relation on R can be regarded as a function provided that no two of its
members have the same first term. Our point, here, is that specific functions
can be terms of ®. Let f be a function, and suppose that the corresponding
relation, which we also denote by f, is a term of ®. We mention that the
mathematical statement f(a) = b is rendered in the language of ® by (a, b)) Ef,
which is sometimes abbreviated by writing fab.

As stated earlier, it is often convenient to use the language of operations;
this we shall freely do. To illustrate, consider the statement

(1.5) fG)—f)<h.

This can be expressed in terms of relations as follows:

(1.6) Quww [(x, ) EfFAY,VEFAW, L, u) E+ A(w, B EL].
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Comparing the readability of these statements, it is evident that we should
utilize the language of functions in this case (and in many other cases).

As another step toward improved readability, we shall frequently suppress
the stars that are part of the names of some relations of "R — provided that
it is clear from the context that we are referring to *®, not |.

In the remainder of this section we shall present a few basic facts about *g,
enough to understand the nonstandard analysis used in this book. We mention,
first of all, that the substructure of "R

('R, +,-,<,0, 1),

where *’s have generally been suppressed, is a nonarchimedean field. Accord-
ingly, we shall speak of the infinitely large elements of 'R, the infinitesimals
of "R, and the finite members of *R (see Section 1.3).

Here is an important equivalence relation on "R. Let a,b € *R; we shall
write @ ~ b (read “a is infinitely close to b”’) provided that @ — b is an infinites-
imal. Clearly 0 is an infinitesimal, —e is an infinitesimal if € is an infinitesimal,
and the sum of two infinitesimals is an infinitesimal (see Section 1.3). It follows
that the binary relation ~ is an equivalence relation on "R.

The following is a basic fact about the finite members of "R.

1.7. FUNDAMENTAL THEOREM ABOUT FINITE NUMBERS. Each finite
number is infinitely close to a unique member of R.

We leave the proof to the reader; see Robinson [1966] or Lightstone [1972].

In other words, each finite 2 € *R can be represented uniquely as a sum of
the form r + €, where 7 €R and e ~ 0. Recall that we have agreed to identify
the image in "R of each member of R with the member of R involved.

As an illustration of the Fundamental Theorem about Finite Numbers, we
mention that in "R, each interval of infinitesimal length contains at most one
number in R. For example, the open interval (t —e¢, t + €), where t €R and €
is a positive infinitesimal, contains exactly one number in R, ¢ itself; the open
interval (€, 2€) contains no number in R; the open interval (w, w + €), where
w is infinite, contains no number in R.

If a =r + €, as in our theorem, then r is called the standard part of a, and is
denoted by 04. Indeed, each member of R is said to be standard.

Consider again the fact that each statement true for & is true for “® when
interpreted in "R (see (2) above). As we have pointed out, it is crucial to
realize that a concept of "R may differ in a subtle manner from the corre-
sponding concept of R. A useful tool for studying this distinction is the
notion of an internal entity of *® and the complementary notion of an external
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entity. Now a concept of ® such as the notion of the set of all subsets of R,

in " is merely a set of certain subsets of *R. Each member of *(?R) is said to
be an internal subset of "R; any other subset of "R is called an external subset
of "R. This terminology applies to each supporting set of *®. For example, the
set of all functions is a supporting set of &;in *® the corresponding supporting
set is merely a set of certain functions (i.e., maps of an internal subset of "R
into *R). Each function in this set is said to be an internal function; any other
map of a subset of "R into *R is called an external function. Similarly we shall
speak in "8 of its internal or external sequences.

The importance of internal versus external entities rests on the fact that
each statement that is true for ® is true for "R provided its quantifiers are re-
stricted to the internal entities of "R.

Let us, once again, illustrate this vital point. Now Peano’s induction postu-
late

(1.8) VS[IESAVX[xES>x+1ES] >S=N]

is certainly true for ®. Therefore (1.8) is true for *® when interpreted in *R;
ie.,

(1.9) VS[IESAVX[xES>x+1ES]>85="N]

is true for "R provided that we read “VS”’ as “for each internal subset S of "N”.
Thus (1.9) asserts that there is just one internal subset of *N, namely N itself,
such that both 1 is in the subset and the successor of each member of the
subset is in the subset. Of course, V has both these properties; we also know
that N # *N, so we must conclude that NV is an external subset of *N.

2. The languages of & and "R

Here we shall spell out the fragment of the informat language of a structure
which we used in Section 1. We shall follow the procedure used to define the
language of the predicate calculus, a basic notion of mathematical logic. For
each structure, then, the resulting language follows a common pattern. By
restricting our attention to this fragment of the informal language of a structure,
we can take advantage of powerful metatheorems of mathematical logic (i.e.
theorems about the language, e.g. the Transfer Theorem 1.2 and Lo§ Lemma 4.1).
Moreover, there is a well-defined procedure for determining the truth or falsity,
in the structure involved, of a statement in the restricted language.

Turning to the real number system &, we regard numbers, tuples of num-
bers, and sets of numbers as objects; more generally, the members of the
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supporting sets of & are called objects. These, together with the relations of &,
generate statements such as

3€EN, (2,5 €<, (2,5,7)e+,

which are true. On the other hand, we can formulate the statements
=3 €N, (5,2)€<, 2,5,6)€+,

which are false. More usually, some of these statements are expressed by:
2<5, 2+5=17, 5<K2, 2+5=6.

Each statement of the form a € T, where a is a tuple of objects of | (i.e.
members of its supporting sets) and T is a relation of |, is called an atomic
statement of &. The statement « € T is true if the tuple « is a member of the
set T'; otherwise a € T is false. Each atomic statement of & has a unique
truth value,

We build on the atomic statements of & by utilizing the connectives of
symbolic logic. Let p and g be any statements of our language, either atomic
statements introduced above or more complicated statements built up from
atomic statements by means of our connectives. Then we say that each of the
following is a statement of &:

“1p (not p),

pvq (porg),
pAgq (pandq),
p-q (if p, then g),
p<>q (piffq).

Thus “1p is true if p is false, and is false if p is true; p v q is false just in case
both p and q are false; p A g is true just in case both p and g are true; p—>gq is
false just in case p is true and q is false; p < q is true if p and g have the same
truth value, and is false if p and g have different truth values.

Continuing our definition, let P(x) be a statement form, i.e. an expression
involving a placeholder, here x, such that replacing x by an object yields a
statement. Then we say that ¥x [P(x)], which we sometimes write more
simply as Vx P(x), is a statement of ®; this statement is true for & provided
that each statement of the form P(q), where a € 4 and 4 is a specified
supporting set of &, is true for &. Thus each quantifier refers to some
supporting set of &; as we have mentioned earlier, this is usually done typo-
graphically. Similarly, 3x [P(x)] is a statement of &; this statement is true for
® provided that at least one statement of the form P(a), where e €4 and 4 is
the supporting set of & referred to by the quantifier, is true for |.
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We mention that each statement in the language of ® must be of finite
length; i.e., each statement may contain only a finite number of instances of
connectives (so only a finite number of instances of atomic statements).

The language of *®, indeed of any structure, is defined by following the
same procedure as in the case of ®. First we define the atomic statements of
the language; thus each expression of the form a € T, where a is a tuple of
objects of *R (i.e., members of its supporting sets) and T is a relation of *R, is
called an atomic statement of *®. The statement a € T is true if the tuple o is
a member of the set T'; otherwise a € T is said to be false. Just as for the
language of R, we build on the atomic statements of ‘® by utilizing the con-
nectives of symbolic logic. Moreover, we define the truth value of each of the
resulting statements in terms of the truth values of its components, just as in
the case of the language of |.

As we have suggested, certain relations of *® correspond to relations of &;
each relation of this sort is denoted by starring the corresponding relation of
®. Each statement in the language of *® which involves only relations that
correspond to relations of & in this way yields a statement in the language of
& by merely removing all *’s and interpreting all quantifiers appropriately
(i.e., as referring to a supporting set of &, not *ﬁ).

There are two sorts of statements in the language of *R: those that yield a
statement in the language of &, as just described, and those that do not yield
a statement in the language of ®. A statement of the latter sort will involve a
relation of *R that does not correspond to any relation of &, or it will involve
an external object of *R, or it will involve an internal object that is nor rooted
in an object of &. For example, the equivalence relation =, introduced in
Section 1, is a relation of R but not of &; the set of all infinitesimals, the set
of all infinite numbers, and the set of all finite numbers form unary relations
of *R but not of ®. We point out that the Fundamental Theorem about
Finite Numbers 1.7 is a statement of “® which does not reduce to a statement
of &.

This classification of the statements of *R into two classes is of fundamen-
tal importance; for example, see the Ultrapower Theorem 4.2. To sharpen
this concept, we shall refer to the internal language of *® and to the external
language of *®. A statement in the language of *R is in the internal language
(and is called an internal statement of *R) provided that it is the interpretation
in *R of some statement in the language of ®. The external language of R
consists of all other statements (called external statements of *®) in the
language of *R.

For example, any statement of ‘R that involves N, R, {€ | € = 0} or any
other external object of *R is an external statement of “R.



CH. 2, §3] FILTERS 43

3. Filters

The purpose of this section is to establish the existence of a free ultrafilter
over a denumerable index set.

We begin by presenting the notion of a filter over an index set I. Let F be
a collection of subsets of I such that:

(1) VAB [A €F A A CB CI— BE F] (the superset requirement);

(2) VAB [A,BEF - A N B € F] (the intersection requirement);

(3) D¢ F (the empty set requirement);
then F is said to be a filter over 1.

Here are some examples.

3.1. EXAMPLE. Take {1, 2} as the index set, and let F = {{ 1}, {1, 2}}. Then
F is a filter over {1, 2}.

3.2. EXAMPLE. Take N = {0, 1, 2, ...} as the index set, and let
F={4|A CNAOEN}. Then F is a filter over N.

Notice that there is just one filter over the empty set, namely the empty
set. For this reason, many authors require an index set to be nonempty. More
generally, the empty set is a filter over any index set.

The filters of our examples have the property that 4 4 # 0; indeed,
some member of the index set is in each element of the filter. Any filter with
this property is said to be fixed. A filter which is not fixed is said to be free.

3.3. EXAMPLE. Take N as the index set, and let 4 € F iff 4 is a cofinite
subset of NV, i.e., N — A is finite. It is easy to verify that F is a filter over NV.
Moreover, F is free. We must show that no member of the index set is in each
element of the filter. Letn EN. ThenA4 € F,where A =N — {n}. Butn € 4.
This proves that F is free.

3.4. EXAMPLE. Let I be any infinite set, and let A be any infinite subset of /.
Define F as follows. Let S € F iff S C I and S contains infinitely many mem-
bers of A. Certainly F satisfies the superset requirement and the empty set
requirement; however, F does not satisfy the intersection requirement (e.g.,
there are two disjoint subsets of I each of which contains infinitely many
members of A). So F is not a filter over I.

Next we want to characterize a filter £ over /, a non-empty index set,
which cannot be extended to a bigger filter over I;i.e., if 4 is a subset of /
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such that F U {4} is a filter, then A € F. This is the notion of a maximal
filter over /. It turns out that a filter F over /, a nonempty index set, is maxi-
mal provided that F satisfies the following condition:

(3) VA[A CI-> A E€F v I— A €F] (the ultrafilter requirement).

Any filter that satisfies the ultrafilter requirement is said to be an ultrafilter.
Notice our use of the “exclusive or’” in (3").

We mention that the empty set requirement is deducible from the superset
requirement, the intersection requirement and the ultrafilter requirement,
provided that the index set is nonempty. Accordingly, we can characterize an
ultrafilter over a nonempty index set as follows.

3.5. THEOREM. Let I be any nonempty set, and let U be a collection of
subsets of I such that:

(1) VAB[AEUAA CBCI—>BEU];

(2) VAB[A,BEU~>ANBEU];

(3) VA[ACI>A€U ¥y I—4A €.
Then U is an ultrafilter over I.

Proof. Since I is nonempty, it follows from (3') that U is nonempty. Indeed,
let x €I; then {x} C I, so either {x} € U or 7 — {x} € U (but not both). It
may be that I — {x} = @; even so, U possesses a member, {x} or/ — {x}. By
(1), each superset (in I) of a member of U is also in U; therefore I € U. So,
by (3'), 9 & U. This proves that U meets the empty set requirement, so U is a
filter over . This completes our proof. [1

The filter of Example 3.2 is an ultrafilter over V; this is a fixed ultrafilter
since 0 is in each element of the filter. The filter of Example 2.3 is not an
ultrafilter; for example, neither {1, 3, 5, ...} nor {0, 2, 4, ...} is in this filter.

We have not yet presented an example of a free ultrafilter. The difficulty
is due to the fact that the index set of a free ultrafilter must be infinite.

3.6. LEMMA. Each filter that possesses a finite subset of the index set is
fixed.

Proof. Let F be a free filter over an index set /, and let T be a finite subset of
I such that T € F. Since F is free, corresponding to each member ¢ of T there
is a member 4, of F such that ¢ € 4,. By the intersection requirement,
A;NTEF foreacht €T.So N, (4, N T) EF, again by the intersection
requirement. But M, (4, N T) is the empty set. This contradicts the empty
set requirement. We conclude that no finite subset of / is in F. So each filter
that possesses a finite subset of the index set is fixed. O
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To prove the existence of a free ultrafilter we shall make use of Zorn’s
lemma, which we now recall.

3.7. ZORN’S LEMMA. Let P be a nonempty partially ordered set for which
each simply ordered subset has an upper bound. Then P has a maximal element.

We explain that a maximal element of P is a member of P which precedes
no other member of P (with respect to the given partial ordering).

Throughout the remainder of this section, we shall restrict our attention to
nonempty index sets.

It is clear that each ultrafilter is maximal over its index set. It is not so clear
that each maximal filter over a nonempty index set / is an ultrafilter. Our plan
is to prove that each filter over I can be extended to a maximal filter over /
(i.e., is a subset of a maximal filter over J'). Next, we shall prove that if F is
maximal, then F is an ultrafilter. Finally, we shall prove that if the index set/
is infinite, then the filter of cofinite subsets of I can be extended to U, a
maximal filter over /. Since U is maximal U is an ultrafilter; since U contains
the filter of cofinite subsets of 7, U is free.

To begin this program, let J be any nonempty set, let F be any filter over/,
and let P be the set of all filters F over J such that Fy C F. The subset relation
C is a partial ordering on P. Moreover, each simply ordered subset of P has an
upper bound in P, namely its union (we shall prove this in a moment). Therefore,
by Zorn’s Lemma, P has a maximal element, say U.

We shall now prove our statements.

3.8. LEMMA. Let S be any simply ordered subset of P, and let F = US. Then
FEP

Proof. By construction, F is a superset of F;. We must show that F is a filter
over /.

(i) LetA €EF, and letA C B CI. There is a member of S, say F;, such that
A EF;; thus B € F; (since F; is a filter over I). Therefore B E F.

(ii) Let A,B € F. There are members of S, say F; and F, such that 4 € F;
and B € F;. Since § is simply ordered, F; C F]- or Ff C F;.S0A,BEFy, where
k€ {i,j}. Therefore ANBE F; ;50 ANBEF.

(iii) If @ € F, there is a member of S, say F, such that @ € F;. This is im-
possible since F; is a filter. We conclude that @ & F. This completes our proof
that F is a filter over/;so FEP. O
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By Zorn’s Lemma, P has a maximal element, say U; by construction, U is a
superset of F(y and is a filter over /. This establishes the following fact.

3.9. LEMMA. Each filter over I, a nonempty set, can be extended to a maximal
filter over I.

Next we want to prove that each maximal filter over /, a nonempty set, is
an ultrafilter over /. Let U be maximal and suppose that U is not an ultrafilter.
Then there is a nonempty subset 4 of 7 such that A ¢ U and/ — A € U. Our
plan is to regard A as an index set, and to construct a filter over A4 from the
sets in U. Delete from each member of U all members of I — A4 this yields a
collection of subsets of A which we call F. The idea is to use F to extend U to
a bigger filter over I. First we shall show that F is a filter over A.

3.10. LEMMA. F is a filter over A.

Proof. (i) LetA, €F,and let A; CA, CA. There is a subset of / — A4, say B,

such that4A; UBEU.But4, UBCA,UB,50 4, UBEU.Thus4, EF.
(ii) Let 4,4, € F. By assumption, there are subsets of / — 4, say B, and

B,,such that 4, UB, € U and 4, U B, € U. By the intersection requirement,

(4, UB)N (4, UB,)EU,
ie.,
(A4,NnA4,)U(BNB,y)EU,

(iii) If Q€ F, there is a subset of ] — A, say B, such that B € U. By the
superset requirement, / —A € U. But I — A & U; we conclude that 0 & F.
This proves that F is a filter over 4. O

We propose to use F to extend U to a bigger filter over /. Adjoin to U each
member of F, together with each of its supersets in /. The resulting collection
of subsets of I, which we shall call U, is a filter over /.

3.11. LEMMA. U’ is a filter over I.

Proof. The superset requirement is met by construction. Let C,D € U'. Now
CNDEU ifboth C and D are in U or if both are in F, more generally, if
both C and D are supersets of elements of F. Assume that CE Uand DE F
(this covers the case that D is a superset of an element of F). Then there is a
subset of / — A, say B, and a subset of /, say A, such that C =A,UB,.
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Thus
CND=(4, UBl)ﬁD=Al NDEF

(since F is a filter). So C N D € U'. This shows that U’ meets the intersection
requirement. Since § & F and @ & U, @ is not in U'. We conclude that U'is a
filter over 7. O

By construction, U C U'; indeed, U is a proper subset of U'. Thus U is not
a maximal filter over /. This contradiction proves that U is an ultrafilter.

3.12. LEMMA. Each maximal filter over I, a nonempty set, is an ultrafilter.

Lemma 3.12 establishes our claim that the ultrafilter requirement is a
criterion for a maximal filter over a nonempty index set.

Finally we shall establish the existence of a free ultrafilter. Take [ infinite;
by Lemma 3.9, the filter of cofinite subsets of I can be extended to a maximal
filter over I, say U. But the filter of cofinite subsets is free; thus U is free.
Moreover, by Lemma 3.12, U is an ultrafilter. We conclude that U is a free
ultrafilter. This establishes the following fact.

3.13. THEOREM. There is a free ultrafilter over I, provided that I is infinite.

4. The ultrapower construction

In Section 1 we showed that there is an extension of the real number
system, which we called *, that possesses infinitesimals and possesses each
property of the real number system. Here we present another method of
establishing this fact.

Let U be a free ultrafilter over a denumerable index set /. We shall construct
a model of the postulate set of Section 1, which we shall again call &, by
utilizing &, the index set J and the free ultrafilter U. By "R we shall mean the
set RY of all maps of  into R; this is the number set of our structure *R. Here
each number is a map of 7 into R. Each supporting set of & yields a supporting
set of "R in exactly the same way. For example, suppose that N, Seq, PR and
F are supporting sets of &, where VN is the set of all natural numbers, Seq is the
set of all sequences (of standard numbers), PR is the set of all subsets of R,
and F is the set of all functions on R (i.e., all maps of a subset of R into R).
Then in *R the terms real number, natural number, sequence, subset and
function have the following meaning:
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real number: map of [ into R;
natural number: map of ] into V;
sequence: map of ] into Seq;
subset: map of I into PR;
function: map of I into F.

Similarly, each supporting set of R is represented in “R by the set of all maps
of I into that supporting set. We shall refer to members of the supporting sets
of & as standard objects.

Next we construct the relations of *&; here we shall use our ultrafilter U.
Each relation of *R is obtained from a relation of & by the following proce-
dure. Let T be a relation of ®&; then *T, the corresponding relation of *R, is
defined by

(fp - FE'T iff EI(f;(),....f,() ET}E V.

The underlying idea is that each relation of a structure is a set of tuples; we
decide which tuples are members of *T by asking whether the subset of  that
yields members of T, as described in the definition, is a member of the ultra-
filter. Of course, a relation can connect (i.e., relate) objects from different
supporting sets of the structure; thus the maps f, ..., f,, mentioned above may
be drawn from different supporting sets of *R. For example, let VS be the
relation of & that expresses the value of a sequence at a natural number; here
a typical member of VS is a tuple (a, 7, x), where « is a standard sequence,

n is a standard natural number, and x is a standard real number. Thus

(@, n, x) € VS iff x is the value of a at n.

To illustrate the manner in which each relation of *R is built up from the
corresponding relation of &, via the ultrafilter U, let us consider the less than
relation <. We shall write “x <y in place of the more cumbersome (but,
from our viewpoint, more precise) “(x, y) € <”. Then *< is defined as

f<g iff {pveIlf)<g®levy,
where f and g are maps of / into R. For example, 1 *< 2 since
ver)i»y<2m)}=I1€v.

Here 1 is a name for the map {(», 1) |v €I} and 2 is a name for the map
{(v, 2) |lv €I}. Notice that f *< 2, where fis a map of I into R such that
f(¥) =1 for each v in a cofinite subset of /.

We shall identify each standard number, indeed each member of each
supporting set of &, with the corresponding constant map of 7 into the
supporting set involved; constant maps of this sort are called standard. For
example, we shall identify » €R with {(v, r)| v €I} and shall refer to both as
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standard real numbers. This yields an embedding of ® into *R. We shall find

it convenient to identify our index set / with NV, the set of all natural numbers.
Under this agreement, w = {(v, v) |v € N} is a map of [ into N; thus wis a
natural number. Let us prove that w is greater than each standard real number r
(i.e., r is the map of I into R such that r(v) = r for each v €I). Now

WeEN|Ir@)<w®}=WVeEN|r<v);

this is a cofinite subset of V, therefore is in the ultrafilter U. This proves that
r < w; we conclude that w is an infinite natural number.

As we have observed, we can regard "R as an extension of ®. We wish to
prove, moreover, that *R is an elementary extension of &; i.e., each statement
A in the language of R is true for & iff "4 is true for *®, where *4 is the state-
ment of "R obtained from A by starring each of its relations and interpreting
each object of & that occurs in 4, say ¢, as the corresponding constant map
{(v, ©) v €E1}. In short, *4 is the natural interpretation of 4 in *®. If X15 s Xy
are the objects of & that occur in a statement 4, we write A (x,, ..., x,,) for 4.
Letyy, ..., ¥, be any objects of ®. Then A(y, ..., y,) denotes the statement
obtained from A by replacing x4, ..., x, by ¥y, ..., ¥ ,, Tespectively. Moreover,
*A( f15 - fy) denotes the statement of *® obtained from A4 by starring its
relations and replacing X5 erss X by fi, -, fy» T€SPeCtively, provided that
f1, - [,y are objects of "&.

To achieve our goal we need the following fact.

4.1.108’ LEMMA. Let 4 = A(xy, ..., x,) be any statement of &, and let
f15 --» [y be any objects of *R. Then *A(fl, <o [p) 18 true for Riff

w1 A(f®), ..., £,,(v)) is true for R} € U.

To make the logical structure of this section more evident, and to avoid
drowning the reader in a flood of details, we shall postpone our proof of
10§’ Lemma to Section 5; this will also allow us to elaborate on some of the

underlying ideas of the proof.
It is an immediate corollary of 0§’ Lemma that the Transfer Theorem 1.2
applies to the ultrapower ®//U = *R. This result is known as the Ultrapower

Theorem.

4.2. THE ULTRAPOWER THEOREM. Let A be any statement in the
language of ®. Then *A is true for *Q iff A is true for K.
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Proof. First we shall prove that *4 is true for *® in case 4 is true for ®. Let
A=A(xq,....x,),

and let
g=1{w.x)Ivern}

fori=1, ..., n. Then A(g,(»), ..., g,(»)) = A for each » €I. Now
{v14(g (@), ....g,(v)) is true for R} = {v | 4 is true for R}:=1.

But I € U; so, by Los’s Lemma, *4 is true for *R.

Next let B be any statement in the language of &; by applying the first
part of this proof to the statement “1B, we see that B is true for ® if *B is true
for *R. This completes our proof. [

5. Proof of Lo$’s Lemma

First we observe that L.os’s Lemma asserts that each statement
A =A(x,, ..., x,;) in the language of ® possesses a certain property; namely
that for any objects f1, ..., f;, of R, *A(fl, wey fp) is true for 'R iff

w14, ..., f,,(®)) is true for R} € V.

Our point is that Los’s Lemma declares that each statement in the language
of & possesses a common property; for the moment, we are not concerned
with the specific property involved.

The underlying idea of our proof is that if £o§’s Lemma is false, then there
is a shortest statement of &, say A, that does not have the required property.
The length of a statement is the number of instances of logical connectives in
the statement. Since the connectives mentioned in Section 2 can be expressed
in te_rms'bf three connectives, ~1, v and V, we can simplify our work by ex-
preséing each connective that occurs in a statement in terms of 1, vand V;
then we count the instances of these connectives in the resulting statement
and so obtain the length of the given statement. Of course, each atomic state-
ment has length zero.

First we shall prove that each atomic statement has our property. It follows
that our statement A involves a connective, which is one of 71, vand V.
Accordingly there are just three possibilities remaining: 4 = 18,4 =CvD,
A =VxE, where B, C, D and E(¢) are statements that are each shorter than 4
(so have the property), where ¢ is any object of &. The idea of our proof is to
demonstrate that A has the property in each of these cases. It follows that
each statement of & has the property; in other words, Los’s Lemma is correct.
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Accordingly, there are four parts to our proof, Throughout, 4 represents
a shortest statement that does not have the property of the lemma, and
f1, -r fyy are any objects of 'R.

Part 1. Assume that 4 is atomic. Then A4 has the form

(x5 x,)ET,

where T is a relation of & and x,, ..., x,, are objects of &. Here *A(fl, v fp) is
(f}, - f,) € °T. By our definition of ‘T,

(fy - fn) € *Tis true for "R iff

wI1(A[), ... f,(») ETis true for R} € U,
thus

*A(fl, ..y Jp) is true for R ff
w14(f,), ..., f,,(¥)) is true for R} € U.
We conclude that 4 has our property.
Part 2. Assume that 4 = 71 8. Then B has the property of the lemma, i.e.,
"B(fy, - f,,) is true for "R iff
w1 B(f1), ..., [,,(»)) is true for R} € U.

We shall show that 4 = 71 B has this property also. Assume that ="A(fl, )
is true for "R; but

*A(fl’ --"fn) = —,*B(fls "'9fn)’
50 “B(fy, ..., f;,) is false for "R. Therefore

v 1 B(f1W), ..., f,,(¥)) is true for R} & U,
$0
I171B(f1(), ... [,,(v)) is true for R} EU

since U is an ultrafilter. Thus
1A @), ..., f,,(¥)) is true for R} € U.

Reading “up” this argument establishes the converse. We conclude that 718

has the property.
Part 3. Assume that 4 = C v D. Then both C and D have the property.
Assume that *A(fl, .s Jpp) s true for R, ie.,

*C(fl’ ""fn) v *D(fl’ "‘sfn)
is true for *R. Then one of the disjuncts, say *C(fl, <.y f), is true for *R. But
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C has our property: so
wI1C(f, (), ..., f,,(¥)) is true for R} € U.
Thus, by the superset requirement ((1) of Section 3)
. {ICc(H®), ... £, vD(f,®), ..., f,,(») is true for R} € U.

To establish the converse, assume (5.1). We wish to show that

*Cfys eor [0) VDS, wes fr0)

is true for *R. If not, then

TCUy, s fy) ATDU s o f)
is true for *R. Since both C and D have our property, it follows that
{» [C(f, ), ..., [,(¥)) is true for R} € U,

and
{» ITID(f, (), ..., f,,(»)) is true for R} € U.

Thus, by the intersection requirement,
wITC(,(), ... £,() A TID(f1 (), ..., () is true for R} € U.
This contradicts (5.1) since U is an ultrafilter. We conclude that

CUfys - [) VDY, s fy)

is true for "R. Thus 4 has our property.

Part 4. Assume that 4 = Vx E(x,xy, ...,x,,). Then E(¢,x,, ..., x,)) has our
property for each object ¢ of &. First assume that Vx *E(x,fl, v fp) is true
for Q. If

WIVXE(x,f;(0), ..., f,(v)) is true for R} ¢ U,
then
D= {y|3x[EX,f;(®), ... f,(»))] is true for R} € U.

For each v €D, let a,, be an object of & such that putting a, for x throughout
TE(x,f1(v), ..., f(¥)) yields a statement true for . Notice that the a,’s are
not unique; accordingly, we need the Axiom of Choice to establish the exis-
tence of a function, say 4, such that #(v) =a,, for each v € D. Clearly

WITEM®), (), ... [,(#)) is true for R} EU

since this is a superset of D. By our induction assumption, —I*E(h,fl, e fy) is
true for *R; so Ix [—I*E(x,fl, v [)] is true for R, ie., Vx *E(x,fl, wes fp) 18
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false for *®. This contradiction proves that
(5.2) WIVXE(x,f;(), ..., f,(¥) is true for R} € U.

Next assume (5.2). If Vx [*E(x,fl, .. f)] is not true for *R, then
Ix [_I*E(x,fl, <o J)] is true for *R. Thus there is an object g of *R such that
_I*E(g,fl, ..y [y) is true for *R.But £ =E(t,xy, ..., x,,) has our property; so

W 1E(gW), f1B), ..., f,,(v)) is true for R} ¢ U.

Notice that E(g(v),f1(»), ..., f,(¥)) is true for & if Vx E(x,f1(»), ..., [,(v)) is
true for &; thus

w1 Vx E(x,f,(v), ..., f,(¥)) is true for &}

C {v1E@®),f1(v), ..., f(v)) is true for ® }..
Therefore

wIVx E(x,fi(»), ..., f,(v)) is true for R} & U.

This contradiction proves that Vx [*E(x,fl, wes J)] is true for *R. Thus 4 has
our property.
Since we have exhausted all possibilities, we conclude that each statement
in the language of & has our property. This completes our proof of Los’s Lemma. O

6. *R is sequentially comprehensive

The purpose of this section is to prove the following fact about the ultra-
power ‘R, namely that each sequence, over N, of objects of *® can be extended
to an internal sequence of *N (see Robinson [1973]).

6.1. LEMMA. Let B be a supporting set of *® and let g, €B foreachn €N.
In *@ there is an internal sequence (s,,),c+y» Such that s, = g, for each n € N.

Proof. For simplicity we treat the case in which B is *R; our argument, however,
easily extends to the case of sequences over any supporting set of “R. So we
shall regard the given sequence (g,,) as a sequence of real numbers, i.e., mem-
bers of *R, where n € N. In view of the ultrapower construction (see Section 4)
we may interpret a real number as a map of I into R; thus(g,,) is a sequence
of maps.

As we have mentioned earlier, the set of all sequences over R, which we
denote by Seq, is a supporting set of &. The corresponding supporting set *Seq
of *R is the set of all internal sequences over ‘R (this is not the set of all
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sequences over "R recall the distinction between internal and external). In
Section 4 we introduced VS, the relation of | that expresses the value of a
sequence at a standard natural number; "VS is the corresponding relation of *g.
Now a sequence in *R is a map of / into Seq, the set of all sequences whose
terms are standard numbers. Let s be the sequence such that s(v) = (g, (»)) for
eachv €J;ie.,

s() = (g,(v), g2(»), g3(v), ...),

a member of Seq. We claim that s is an internal sequence of "R and that Sps
its value at n, is g,, for eachn EN.

First we shall prove that s is internal. Let n be any map of I into N (i.e., n
is a natural number), and let v be the map of I into R such that v(v) = gn(v)(v)
for each v € I. Of course, (s(v), n(»), v(¥)) € VS for each vEI; so

v, n(»),v(¥)EVSI=IEU.

We conclude that (s, n, v) € *VS.

We point out that the first term of each member of *VS is an internal
sequence. This is due to two facts:

(i) the first term of each member of VS is a sequence;

(i) (i) can be expressed in the language of .
Let us make sure of this point. Consider the following statement in the
language of |:

(6.2) Vx [Iyz [(x,y,z) EVS] > x €Seq],

where the quantifiers refer to the basic set of ®. To see that (6.2) is true for |,

it is sufficient to appeal to the definition of the relation VS. By construction,

a triple is a member of VS iff its first term is a standard sequence, its second

term is a standard natural number, and its third term is the value of the se-

quence at that natural number. So the set of first terms of VS is the set of
itandard sequences, namely Seq. Thus (6.2) is true for &. Interpreting (6.2) in
R yields

(6.3) Vx [3yz [(x,y, z) € "VS] = x € *Seq],

which is true for "R by the Ultrapower Theorem 4.2. Therefore the first term
of each member of *VS is an internal sequence. Since (s, n, v) € *VS, we
conclude that s € *Seq; i.e., s is an internal sequence of "R.

Next we shall show that the value of s at m isg,,, for each m €N. Here the
first m is the constant map that associates the standard natural number m with
each member of I; i.e., m(v) = m for each v € I. Define v as above, i.e.,
v(¥) = &y )(¥) for each v €1. Then

(s(@), m(v), v(®)) = (s(v), m, g, (V).



CH. 2, §6] *& IS SEQUENTIALLY COMPREHENSIVE 55

Clearly, the value of the sequence (g(»), g,(¥), g5(»), ...) at m is g,,,(¥). So,
foreachv €1, (s(v), m(»), v(»)) EVS;i.e.,

i@, m),v(r) €EVS}=I€uU.

Thus (s, m, v) € “VS; this means that v is the value of s at m (in symbols,
Sy =v). But foreachv €1,

U(V) = gm(p)(V) = gm(V)s

$0 U = g,,,. This proves thats,, = g,,, for each m €N, and completes the proof
of our lemma. O

The lemma asserts that each sequence (g,,) over NV, of objects of *® from
the same supporting set, can be extended to an internal sequence of "R. We
describe this property of "R by saying that "R is sequentially comprehensive.
It is important to know that a sequence over N can be extended to an internal
sequence over "N because of the central importance of internal entities.
Moreover, each internal sequence yields many internal subsets of "N. For
example, if s is an internal sequence, then both {n}n € "N A S, = 1} and
{nln€*N A 0<s, <1} are internal subsets of "N.

In this regard we bring out another method of generating internal sequences
of "R. Notice that in R, corresponding to each ¢ €R there is a sequence (a,)
defined as follows:

_ 0 ifn<y,
mTV1 ifn>t.

This fact can be expressed in the language of & as follows:
(6.4) Vix[VYn[n<t~>(x,n,00 EVS] A Vn[n=1t->(x,n,1) EVS] > xESeq].

Here the first quantifier refers to R, the second to the basic set of &, and the
remaining quantifiers to V.

Since (6.4) is true for R, its interpretation in " is true for "R. So the
following statement is true for "R:

(6.5) Vix[Vn[n<t—(x,n,0) € *VS] AVn[n=1->(x,n,1) € *VS] > x € "Seq.

Here the first quantifier refers to *R, the second to the basic set of *®, and the
remaining quantifiers to "N.

Since (6.5) is true for "R, so is each statement obtained from (6.5) by
deleting ““V¢** and replacing the remaining #’s by a specific member of *R. In
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particular, we obtain that (s,,) is an internal sequence of *R, where

o = 0 ifn<uw,
n 1 ifnz2w,

here w is the infinite natural number defined in Section 4. Thus (s,,) is an
internal sequence of *R.
On the other hand, the map (¢,)) for which

f = 0 ifneEN,
n 1 ifne*N—-N

is an external sequence of ‘R, i.e., t)é *Seq.

7. Principles of permanence

In the remainder of this book, by *R we shall mean any sequentially com-
prehensive model of the postulate set of Section 1, not necessarily the ultra-
power ‘R of Section 4.

We have agreed to call each member of *(PN) an internal subset of *N;
and we have agreed to call any other member of 2 (*N) an external subset of
*N. The Transfer Theorem 1.2 allows us to establish certain facts about *(?N)
by merely observing that PN has the corresponding property in & (i.e., the
corresponding statement about PN, in the language of &, is true for ®).

To illustrate this fact, we mention that Peano’s induction postulate (see
(1.8)) yields the following statement.

7.1. PRINCIPLE OF MATHEMATICAL INDUCTION FOR *R. If S is an
internal subset of *N such that 1 €S and Vx[x €S > x + 1 €S), then S ="N.

Proof. In effect, we are quantifying over *(?N), which we regard as a support-
ing set of *R. The corresponding statement in the language of & is true for &;
50, by the Transfer Theorem 1.2, our statement is true for *®. O

By a principle of permanence we mean a statement which declares that if
each member of a set B has a stated property, then each member of some super-
set of B has the property.

7.2. FIRST PRINCIPLE OF PERMANENCE. Let A be an internal subset of *N
that includes N. Then there is an infinite natural number k such that n € A for
eachn<k,n€ N.
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Proof. In K, each nonempty subset of NV has a smallest member; therefore, in
'R, each nonempty internal subset of *N has a smallest member. Now either
A="NorAdisa proper subset of *N. In the former case, there is nothing to
prove. In the latter case, ‘N—Aisa nonempty internal subset of *N. Therefore,
by the observation that begins this proof, *N — A4 has a smallest member, which
must be infinite, say k + 1. Thusn €A for eachn<«k,n € *N. This establishes
our principle of permanence. O

7.3. SECOND PRINCIPLE OF PERMANENCE. Let A be an internal subset of
*N that contains each infinite natural number. Then there is a finite natural
number q such that n €A for eachn>q,n €*N.

Proof. In &, each nonempty subset of NV that is bounded above has a largest
member; therefore, in *R, each nonempty internal subset of *N that is bounded
above, has a largest member. Now, either 4 = *N or there is a finite natural
number that is not in 4. In the former case, there is nothing to prove. In the
latter case, *N—Aisa nonempty internal subset of *N which is bounded above
(by each infinite natural number). So, by the observation that begins this
proof, *N—A hasa largest member, say q. We conclude that n €4 for each
n>gq,n € *N. This establishes our principle of permanence. O

For our next principle of permanence we shall require the following lemma,
which expresses a fact about internal sequences.

7.4. LEMMA. Let (s,)) be an internal sequence of *R, and let m € "R be such
that |s,| < m for eachn €EN. Then there is an infinite natural number k such
that |s,| < m for each n <«k.

Proof. If |s,| < m for eachn € *N, there is nothing to prove. Otherwise, let

A={nin€Nals,|>m}.

Certainly, 4 is a nonempty internal subset of *N; thus A has a smallest member,
say k, which of course is infinite. We conclude that [s,| < m for each n <k,
ne*N.O

We are now ready for the

7.5. THIRD PRINCIPLE OF PERMANENCE. Let (s,,) be an internal sequence
of " such that s, = 0 for each n € N. Then there is an infinite natural number
k such that s,, ~ 0 for each n <x,n € *N.
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Proof. We point out that (ns,) is an internal sequence of *R. Let n €N, then
ns, ~0,so0 |ns,| < 1. Thus, by Lemma 7.4, there is an infinite natural number
& such that |5, | < 1/n foreachn<k,n€ *N. Thus S, =0ifn<k andn is
infinite. By assumption, 5,, = O for each n € N. This completes our proof. O

7.6. COROLLARY. Let (s,,) be an internal sequence of 'R such that S, IS
infinite if n € N. Then there is an infinite natural number k such that s, is
infinite for eachn <x,n €N.

Proof. The sequence (1/s,,) is internal, and 1/s,, ~ O for each n € N (clearly,
1/s, # 0 if n EN). So, by the Third Principle of Permanence, there is an
infinite natural number « such that 1/s,, ~ 0 for each n <k, n € *N. The
reciprocal of a nonzero infinitesimal is infinite; we conclude that s,, is infinite
ifn<k,n€'N.O

We can also use the Third Principle of Permanence to establish a result of a
different character (see Robinson [1973], Theorem 4.1).

7.7. LEMMA. Let (a,,) be a decreasing sequence, over N, of infinite natural
numbers; i.e.,a, > a, | anda, € *N — N for each n €EN. Then there is an
infinite natural number «k such that a, > « for eachn €N.

Proof. Since *R is sequentially comprehensive, there is an internal sequence
(s,) such that s, =a,, for eachn €N. Let (u,) be the internal sequence
obtained from (s,)) by replacing each of its zero terms (if any) by 1. Next let
(t,) be the internal sequence such that for each n € N,

t, =nfmin{lu,l, ..., lu,l}.

Foreachn €N, t, = nla,;sot, =~ 0. By the Third Principle of Permanence
there is an infinite natural number, say k + 1, such that ¢,, =~ 0 for each
n<k+1,n€'N.In particular, ¢, =~ 0, i.e.,

x/min{lu,l, ..., lu |} =0,

so |u,| >« foreachn<k,n€ *N; thus g, >« foreachn €N. O

Returning to our proof of Lemma 7.7, notice that k/a,, =~ 0 for each n €N.
This points out the fact that *N — N is so extensive that each of its members,
indeed any sequence of its members, is preceded by an infinite natural number
so small that its ratio to each member of the sequence is infinitesimal.
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7.8. COROLLARY. Let (a, ) be a decreasing sequence, over N, of infinite real
numbers. Then there is an infinite natural number k such that a, > k for each
nEN.

Proof. For each n €N, replace a,, by the largest natural number that does not
exceed a,,. Apply Lemma 7.7 to the resulting sequence. [

Now we can prove the following fact.

7.9. LEMMA. Let (a,,) be an increasing sequence, over N, of positive infinites-
imals. Then there is an infinitesimal € such that a,, <€ foreachn €N.

Proof. By assumption, (1/a,,) is a decreasing sequence, over NV, of infinite real
numbers. By Corollary 7.8 there is an infinite natural number k such that
1/a, >k foreachn €EN. Lete = 1/k; then e~ 0 and a,, <e for eachn €N. O

Here is an example.

7.10. EXAMPLE. Let p be any positive infinitesimal. Then (p!/7), where

n € N, is an increasing sequence, over IV, of positive infinitesimals; so, by
Lemma 7.9, there is an infinitesimal € such that ¢ > pl/" for eachn €N. We
conclude that corresponding to each positive infinitesimal p there is an
infinitesimal € so large compared with p that €' > p for each n € N.

Our next lemma should be compared to Corollary 7.8.

7.11. LEMMA. Let (a,,) be an increasing sequence, over N, of infinite real
numbers. Then there is an infinite natural number k such that a,, <k for each

neNn.

Proof. Since "R is sequentially comprehensive, there is an internal sequence
(s,) such thats, = a, foreachn €EN. Foreachn€e N, let t, = max{sy, ..., 8, };
clearly (¢, is an internal sequence. Now  is an infinite natural number; so
t,,=t, for each n < . Certainly there is a natural number greater than 7,
say k. Then t,, <k for each n < w; thusa, <k foreachn€N. O

This result has the following corollary.
7.12. COROLLARY. Let (a,) be a decreasing sequence, over N, of positive

infinitesimals. Then there is a positive infinitesimal € such that a,, > € for
eachn€N.
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Proof. Apply Lemma 7.11 to the sequence of reciprocals (1/a,,). O

Our principles of permanence can be formulated in terms of the notion of
a property. Now, a property of natural numbers is characterized by the set
that consists of all natural numbers which possess the property.

Here are some examples, replacing sets by properties.

7.13. EXAMPLE. Let (s,,) be an internal sequence of "R such that |s,,| > m
for each n € N. We shall say that a natural number ¢ has property P if |s,| > m.
This is an internal property since the corresponding subset of "N is internal.
Therefore, by the First Principle of Permanence, there is an infinite natural
number k such that each natural number less than « has the property;i.e.,

s, | >mifn<k,n€’N.

7.14. EXAMPLE. Let (s,,) be an internal sequence of *® such that s,, = 1 for
each n € "N — N. We say that a natural number ¢ has property P if s, = 1; this
is an internal property. Therefore, by the Second Principle of Permanence,
there is a finite natural number g such that each natural number greater than
q has the property; i.e.,s, = 1 foreachn>q, n €N.

We present one more lemma.

7.15. LEMMA. Let (s,,) be an internal sequence of *R such that s, | <m for
each n € *N — N, where m € "R. Then there is a finite natural number q such
that |s,| <m for each n > q.

Proof . If |s,} <m foreachn € *N, there is nothing to prove. Otherwise, let
A={n|n€NAls,|>m}.

Now A is a nonempty internal subset of *N; moreover, 4 is bounded above by
each infinite natural number. It follows that A has a largest member, say g,
which of necessity is finite. We conclude that |s,| < m for each n > q. O

Finally, we mention that principles of permanence must be formulated with
some care. The following statement, which has the form of a principle of
permanence, is clearly false. “Let (s,,) be an internal sequence such that s, is
finite for each n € N. Then there is an infinite natural number k such that s,
is finite for each n <k.” To see that this statement is false, apply it to the
internal sequence (n); i.e., take s, =n foreachn € N.

Here is another false principle of permanence. “Let (s,,) be an internal
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sequence such that s, =~ 0 for each infinite #. Then there is a finite natural
number g such thats, ~ 0 for eachn>gq,n € *N.” To see that this statement
is false, take (s,,) = (1/n).

8. Continuity in &

The purpose of this section is to prepare the way for the discussion of con-
tinuity in "R presented in Section 10.

The notion that a function fis continuous at a standard number « in its
domain was characterized by Weierstrass as follows:

(8.1) Vedd Vx [|x —a| <6~ |f(x)—f(a)| <e].

Here the Greek letters indicate quantification over positive standard numbers,
and the last universal quantifier refers to the domain of f.

By utilizing certain concepts of *R, we can characterize continuity in terms
that follow qur intuition; i.e., we say that fis continuous at a, where f € F and
a € dom f, provided that *f(x) is infinitely close to *f (a) whenever x is in-
finitely close to a. In symbols,

(82)  Vx[x=a~>f(x) =),
where the quantifier refers to the domain of *fin *R.

Notice that (8.2) involves =, a relation of *R that corresponds to no relation
of ]. So, removing stars throughout (8.2) does not yield a statement in the
language of &;i.e., (8.2) corresponds to no statement of ®. This observation
explains the difficulty in characterizing continuity when *® is not available.

It took the genius and insight of many mathematicians (e.g., Eudoxus, Euclid,
Archimedes, Bolzano, Weierstrass) before it was appreciated that (8.1) charac-

terizes this notion.
We shall now show that (8.1) and (8.2) are mathematically equivalent.

8.3. LEMMA . Let fEF, and let a € domf. Then (8.1) is true for & iff (8.2) is
true for *g.

Proof. (i) Assume that (8.1) is true for ®. Let & be any positive standard
number; by (8.1) there is a positive standard number ¢ such that
(8.9) Vx [Ix —al<t=|f(x)—f(a)| <h]

is true for &. Therefore (8.4) is true for *R when interpreted in *R. Now con-
sider (8.2). Let x ~a, and let x be in the domain of *f; then |x —a| is less than
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each positive standard number, so [x —a| <t. Thus, by (8.4) interpreted in 'R,

Ifx)— fl@)| <h.

Since 4 is any positive standard number, we conclude that f(x) — f(a) is an
infinitesimal, so f(x) = f(a). Therefore (8.2) is true for *R.

(ii) Assume that (8.2) is true for *®. Let & be any positive standard number.
We claim that

(8.5) A6 Vx [Ix —al <8 > |f(x)—f(@)| <Hh]

is true for "R. To see this, take any infinitesimal for 8. If [x —a| < §, then
x~a,so by (8.2),

f(x)=f(a),

and it follows that

|f(x) —f(@)| <h.
By Transfer Theorem 1.2, (8.5) is true for ® when interpreted in & i.e.,
(8.6) A6Vx [Ix —a| <8 |f(x)—f(a)| <Hh]

is true for ®. Here 4 is any positive standard number; i.e., (8.6) is true for &
for each positive standard number 4. Thus

(8.7) VeddVx[lx—al<8->|f(x)— fla)| <el

is true for . This completes our proof of the lemma. O

Weierstrass characterized continuity of f (as opposed to continuity of f at
a member of its domain) as follows: fis continuous iff

(8.8) VyeA6Vx [x —y | <8 > 1 f(x) —f(»)| <€l

is true for . Again, the Greek letters indicate quantification over positive
standard numbers, and the Latin letters indicate quantification over the
domain of f.

Quantifying the “a” of (8.2) yields the corresponding nonstandard formu-
lation; i.e., f is continuous, where f € F, iff

(8.9) Vax [x ~a~f(x) ~f(a)]

is true for "R. Here the first quantifier refers to standard numbers in the
domain of f, and the second quantifier refers to the domain of f.

The value of the nonstandard approach is particularly evident in the case
of uniform continuity. The Weierstrass characterization is as follows: a func-
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tion f is uniformly continuous iff
(8.10) VedsVxy [Ix —y| <8 > 1f(x) —f(M)I<e]

is true for &, under the same conventions on quantifiers as for (8.8).
Comparing (8.8) and (8.10), we see that for continuity Weierstrass requires
that corresponding to each y there is a suitable §, whereas for uniform con-
tinuity Weierstrass requires much more, namely that a 6 exists which is suitable
for each y. In short, the condition for uniform continuity can be obtained
from the condition for continuity by moving the quantifier Vy to the right of
3s.
Using the concepts of "R we formulate uniform continuity as follows:
a function f € F is uniformly continuous iff

(8.11) Vxy [x =y > f(x) =f())]

is true for *®; here the quantifiers refer to the domain of f.

Contrasting (8.9) and (8.11), we see that the distinction between continuity
and uniform continuity reduces to the domain of a single quantifier, the Va
of (8.9). For continuity, this quantifier refers to standard members of the
domain of f; for uniform continuity, the corresponding quantifier of (8.11)
refers to the entire domain of f.

The two characterizations of uniform continuity are mathematically
equivalent:

8.12. LEMMA. Let fE F. Then (8.10) is true for & iff (8.11) is true for *&.
Proof. Follow the pattern of the proof of Lemma 8.3. 00

The power of Nonstandard Analysis is revealed by the ease and directness
of our proofs of key facts concerning such notions as continuity, limits and
series. To illustrate this, we shall prove the well-known fact that a continuous
function is uniformly continuous if its domain is a finite closed interval; by
finite we mean that the closed interval contains only finite numbers.

8.13. LEMMA. Let f be a continuous function whose domain is a finite closed
interval I. Then f is uniformly continuous.

Proof. Leta ~b, a,b € *T; thena and b are finite. By the Fundamental
Theorem about Finite Numbers 1.7 there is a standard number ¢ € * such that
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c¢~a and ¢ ~ b. But f is continuous at ¢, so

fl)=f@,  fl)=f(b)

Therefore f(a) =~ f(b). In view of (8.11) this proves that f is uniformly con-
tinuous. 1

Next we shall use the resources of *® to characterize the limit of a sequence
and the sum of a series.

8.14. CRITERION FOR THE LIMIT OF A SEQUENCE. Let (a,,) € Seq and
L €R. Then (a,) converges and lim(a,,) = L iff a, ~ L for each k € ‘N—N.

The proof is left to the reader.

We can simplify this criterion by dropping the requirement that each a, is
finite. Thus we claim that (a,,) converges iffa, ~a , for eachk € N —N.
Moreover, if (g,)) converges under this criterion, then we say that lim(a, ) = Oaw.
Of course, we must prove thata, is finite if (a,) converges.

8.15. LEMMA. Let (a,) € Seq, and let a, ~a_, for each k € N — N. Then a,,
is finite.

Proof. The sequence (a,,) extends to an internal sequence of *® which we can
denote by *(an), or, following the usual mathematical convention, simply by
(a,). Certainly, the difference of two internal sequences is an internal sequence;
SO (‘i" —a,) is an internal sequence. By assumptioq, !aK —a,| <1 foreach

k € "N — N. Therefore, by Lemma 7.15, there is a finite natural number g

such that g, —a | < I for each n > q. In particular, (aqH —a,| <1;here
Bqi1 is finite, so @, is finite.

8.16. CRITERION FOR THE SUM OF A SERIES. Let Xy a, be any series in
&, and let S €ER. Then Zy a,, converges and Zy a,, = S iff
a +..+a, =S8
for each k €N —N.
Again, we can simplify our criterion by dropping the requirement that each
sumay + ... +a, is finite. Thus we say that Zy a, converges iff
ayt+..+a, ~a +...+a,

foreachk € "N —N. Moreover, if X, a, converges under this criterion, then
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we say that

Ean =0g;+..+a).

N
Of course, we must prove thata; + ... +a, is finite if £y a,, converges.

8.17. LEMMA. Let Zy a,, be any series in &, and let
ap+ .. ta,~a;+ .. +a,
foreach k €N —N. Thena; + ... +a_, is finite.

Proof. Follow the pattern of the proof of Lemma 8.15.0

9. Internal functions

It is important to realize that *F, the set of all internal functions of 'R, is
an extension of F, the set of all functions of &, in two senses. First, certain
members of F extend their domains and ranges in the passage from K to R.
For example, the identity function {(¢, £) |t ER } grows to the identity func-
tion {(z, )| 1 € "R} which is a member of *F. We mention that a finite func-
tion such as {(1, 0), (2, 5)} does not grow in the passage from R to *R.

Secondly, *F contains functions that are not rooted in F in this way. Here
is an example.

9.1. EXAMPLE. The mapping {(z, w)|t € "R} is an internal function of "R;
here w is the infinite natural number introduced in Section 1. Why? Because
the following statement is true for & and can be expressed in the language of &:

(9.2)  Corresponding to each a € R there is a function fsuch that
f(t)=aforeacht €R.

By the Transfer Theorem, (9.2) is true for *® when interpreted in *R. The
universal quantifiers of (9.2) refer to R, and its existential quantifier refers to
F.To interpret (9.2) in "R we must star its relations, and interpret its quanti-
fiers appropriately, i.e., the universal quantifiers refer to *R and the existential
quantifier refers to “F. It follows, in particular, that {(z, w) |7 € *‘R}YE'F;ie.,
{t,w) |1 e *R} is an internal function. Clearly this function is not rooted in
any member of F.
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We must clarify the first paragraph of this section. The basic fact is that
corresponding to each f € F there is an internal function, say *f, which
possesses all properties of f that can be expressed in the language of &. More-
over, and this is important, *f is a superset of f. This is due to the fact that the
statement (@, b) € f'is in the language of &. Therefore, if (a, b) € f is true for
R, it is also true for "R; i.e., (a,b)E™f.So fisa superset of f. Of course, this
is merely a necessary condition for an internal function of the first kind and
is not a sufficient condition. Frequently, though, this necessary condition
allows us to demonstrate that a given internal function has not grown from a
member of F.

We obtain more examples of the second kind of internal functions by
quoting suitable methods of constructing members of F from given members
of F and members of R (it is the presence of the latter that is essential here).
The following statement is true for & and can be expressed in the language
of ®:

(9.3)  Corresponding to each function f with domain R, and to each
number @, there is a function g such that g(¢) = f(at) for each t ER.

It follows that (9.3) is true for "R when interpreted in “®. The universal quan-
tifiers of (9.3) refer to F and R, and its existential quantifier refers to F.
Therefore, interpreting (9.3) in *R involves quantifying over *F and "R in
particular, its existential quantifier refers to 'F.

Here are two internal functions that are obtained by applying (9.3) in R.

9.4. EXAMPLE. The function sin €F grows to a member of *F that we shall
also denote by sin, following the usual mathematical convention. Therefore,
by (9.3) interpreted in 'R,

{(z, sinwt)| t € R}

is an internal function of "R. We shall denote this function, for later reference,
by sin wx. We mention that sin wx is not rooted in any member of F.

9.5. EXAMPLE. The function expx or e* of & grows to a member of *F that
we shall also denote by exp x or e*. Moreover, e—*" € F and this function
grows in the passage to "®. Therefore, by (9.3) interpreted in 'R (with a =/ w),

{(t,exp[—wr2]) |t €'R}EF;

i.e., exp [—wx?] is an internal function. Since exp [—wt2] is an infinitesimal
for each non-zero t €R, we conclude that exp [-wx?] is not rooted in a
member of F.
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For &, the product of any two functions is a function. Of course, this is
true for "R as well; i.e., the product of any two internal functions is an internal
function.

9.6. EXAMPLE. We form the product of the internal function of Example 9.3
and the constant function {(¢, \/(ew/n)) | ¢ € *R}, which is an internal function.
By the preceding observation, this yields the internal function

{(t, Vw/m exp [—wt?]) |t € 'R},
which we shall denote more simply by v/w/m exp [—wx?].

The function of Example 9.6 is a realization of the notion of a Dirac delta
function; but there are other possible realizations. Generally an internal func-
tion, say §, is called a Dirac delta function if

(1) domés ="R;

(2) Ve[t 0~>8()~0];

(3) 8'(f)> 0fort <0, and §'(t) < 0 for £ > 0;

@ ;= 8(r)de=1.

There might also be a requirement of infinite differentiability, except at
specified points.

Here is another method of constructing members of F, expressed by the
following statement:

(9.7)  Corresponding to the standard real numbers @ and b, there is a
function fsuch that f(#) = a for each t <0, and f(¢)=b
for each ¢t > 0.

Since (9.7) can be formulated in the language of &, and is true for R, it is true
for "R when interpreted in *.

9.8. EXAMPLE. Let € be a nonzero infinitesimal, and let f be the map of "R
into {0, €} such that £(¢) = 0 for each ¢ < 0, and f(¢) = € for each ¢ > 0. By
the preceding observation, f&€ *F. Clearly, f is not rooted in any member of F.

We mention that each internal function yields two internal subsets of "R,
its domain and range. To see this, observe that the statements
(9.9) Vf3SVx[xES<«> 3y |[(x,¥y)ESf]].
(9.10) VF3ASVy[yeS<«>3x[(x,»)Ef]]
are true for ®, where the quantifiers refer to F, PR, R and R. By the Transfer
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Theorem, these statements are true for *® when interpreted in *R. To interpret
(9.9) and (9.10) in *R, we must realize that the quantifiers refer to *F, "(?R),
*R and "R. Let g be any internal function; from (9.9), interpreted in "R,
{x|(x,y) Eg}is an internal subset of *®; from (9.10), interpreted in "R,
{y1(x,y) €Eg} is an internal subset of *R. In other words, the domain and
range of an internal function are internal subsets of "R.

Notice that (9.9) and (9.10), interpreted in *®, are internal statements of "R.
On the other hand, if g is not rooted in a member of F, then

(9.11) ISVx[xeS—3y[(x,y)Eg]l,
(9.12) ASVy[y €S« 3x((x, y) Egl]

are external statements of "R. The point is that (9.11) and (9.12) cannot be
interpreted in & since g has no meaning there, even though g is an internal
entity of "R.

10. Continuity in *®

The fact that *F is a two-way extension of F means that we face a double
problem when deciding how to define continuity in “®. Here we are referring
to continuity of a function at a member of its domain. In the case of a func-
tion rooted in a member of F, say *f, we must define continuity so that for
eacha € R N dom *f, *f is continuous at a iff f is continuous at . The main
problem is to decide how to extend the notion of continuity to members of
the domain of *fin *R —R.

Secondly, we must decide on the continuity of an internal function which
is not rooted in a member of F. In this case there is no member of F available
to assist us.

We need a criterion for continuity in *® that will handle both cases.
Fortunately, the criteria for continuity in &, discussed in Section 8, can be
generalized to *R in a straightforward manner.

First we shall generalize the Weierstrass criterion for continuity (8.1) to R.
Hereafter, by a real number we mean any member of 'R.

10.1. DEFINITION OF Q-CONTINUITY. We say that an internal function f
is Q-continuous at a, where ¢ € domf, if

(10.2) VedsVx[lx—al <85> |f(x)—f(a)| <e]

is true for "R, where the Greek letters indicate quantification over positive
real numbers and the Latin letter indicates quantification over dom f.
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Clearly, each constant function is Q-continuous at eacha € *R, and the
identity function is Q-continuous at eacha € R.

10.3. EXAMPLE. The internal function sin wx (see Example 9.4) is Q-continuous
at each @ € "R since for |x —a| <8,

|sinwx — sin wa| = 2| sin%w(x —a) cos%w(x +a)|
< 2sin 3w,
provided that & is chosen so that wéd ‘is a positive infinitesimal and wd <e. But
2sintwd < wh <e;

we conclude that sin cwx is Q-continuous at each 2 € 'R.
For our next example we consider an internal function of Example 9.8.

10.4. EXAMPLE. Let € be a positive infinitesimal, and let f be the function
such that

if1 <0,

0
FO=1¢ ifr>o

Certainly f is Q-continuous at each 2 # 0, 2 € "R. However, f is not Q-continuous
at 0. In particular, there is no positive real number & such that

Vx [1x1 <8~ | f(x)i <3el.
Indeed, for each positive real number &,
f(%&) =e.

Next we shaii generalize the nonstandard criterion for continuity, i.e. (8.2).
First notice that (8.2) can be expressed in terms of monads as

(10.5) Vx [x € u(a) » f(x) € u(f(a))],
where u(7) = {s|s =}, the monad of ¢, for each t € 'R.

Now (10.5) is a statement about *®, and its quantifier refers to the domain
of f. Moreover, a is any member of the domain of f.

We shall call this sort of continuity monadic continuity, and we shall refer
to it also as S-continuity.
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10.6. DEFINITION OF S-CONTINUITY. We say that an internal function f is
S-continuous at a, where a € dom £, if

(10.7) Vx [x €u(a) > f(x) Eu(f(a))]

is true for "R, where the quantifier refers to the domain of £.

In other words, f is S-continuous at @ provided that
(10.8) Vx [x ~a - f(x) >~ f(a)]

is true for "R.

Clearly each constant function is S-continuous at each 2 € "R, and the
identity function is S-continuous at each @ € "R.

Although the function sin wx of Example 10.3 is Q-continuous at 0, it is
not S-continuous at 0. For 7/(2w) € u(0), but sin 7/(2¢w) & u(sin0) = u(0).
Of course, this is a counter-example to the conjecture that each internal func-
tion that is Q-continuous at a member of its domain is also S-continuous there.

The internal function presented in Example 10.4 is a counter-example to
the converse conjecture that each internal function that is S-continuous at a
member of its domain, is also Q-continuous there. Clearly any internal func-
tion whose image contains only infinitesimals is S-continuous at each member
of its domain. So the function of Example 10.4 is S-continuous at each 2 € *R.

Nonetheless, the concepts of Q-continuity and S-continuity are closely
analogous. Indeed, the distinction between these notions reduces to the
domain of two quantifiers in (10.2), the statement that characterizes Q-
continuity ata.

10.9. LEMMA. Let f be any internal function, and let a € dom f. Then f is
S-continuous at a iff
(10.10) VeddVx [Ix—a| <8 |f(x)— fla)l <e]
is true for "®, where the Greek letters indicate quantification over the positive
standard numbers, and the last quantifier refers to domf.
Proof. (i) Assume that

Ve3sVx[Ix—al<8§~>|f(x)—f(a)] <e]

is true for "R, under the above agreements re quantifiers. Let /4 be any positive
standard number; by assumption there is a positive standard number, say ¢,
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such that
(10.11) Vx[lx—al<t-|f(x)—fla)| <h]

is true for "R. Take x € u(a); then |x —a| <1, so by (10.11), | f(x) — f(@)| < h.
But 4 is any positive standard number; thus f(x) =~ f(a). We conclude that f is
S-continuous at a. Notice the similarity, and the differences, between this
argument and the first part of the proof of Lemma 8.3.

(i) Assume that fis S-continuous at @; i.e.,

Vx [x ~a - f(x) > f(a)]

is true for *R, where the quantifier refers to domf. Let h be any positive
standard number. We claim that there is a standard number 7 such that

(10.12) Vx[t>0A(Ix—al<t-|f(x)—f(a)| <h)]

is true for *®, where the quantifier refers to domf. Certainly each positive
infinitesimal yields a true statement of *® when put for ¢ throughout (10.12).
If no standard number satisfies (10.12), it follows that the set of all positive
infinitesimals is an internal subset of *R. To see this, observe that

(10.13) VFAASVI[tES<—=Vx[t>0A(xEdomfAlx—al <t
> 1f(x) —f@)| <h)]]

is true for &, where the first quantifier refers to F, the second to PR, and the
remaining quantifiers to R. Therefore (10.13) is true for *® when interpreted
in Q. In particular, since the function f of our lemma is an internal function,
there is an internal subset of 'R, say S, such that foreach ¢t € 'R,

(10.14) tESVx[t>0A(xEdomf Alx—al<t=|f(x)—f(a)| <h)]

is true for *R. If no standard number ¢ satisfies the RHS of (10.14), it follows
that for each t € *R,

tesS iff t>0Ar>=0;

i.e., S is the set of all positive infinitesimals. So this set is an internal subset of
*R. Of course, it follows from this that the set of all infinitesimals is an internal
subset of *R. But this is impossible (see Section 1). This contradiction proves
that (10.12) is true for *R, where ¢ isa positive standard number, and verifies
our claim. We conclude that (10.10) is true for *R. This completes our proof
of the lemma. O

In our next two lemmas we show that both Q-continuity and S-continuity
are generalizations of the notion of continuity in &.
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10.15. LEMMA. Let fE F, and let a € dom f. Then *f is Q-continuous at a iff
fis continuous at a (in R).

Proof. By (8.1), f is continuous at a iff
(10.16) VeAsVx [lx —al <6 [f(x)— f(a)| <e]

is true for ], where the Greek letters indicate quantification over positive
standard numbers, and the Latin letter indicates quantification over dom f.

It follows that (10.16) is true for & iff it is true for "R when interpreted in *R.
But (10.2) is the interpretation of (10.16) in *R. We conclude that f is con-
tinuous at @ (in ®) iff *f is Q-continuous at  (in "R). O

10.17. LEMMA. Let fE F, and let a € domf. Then *f is S-continuous at a iff
fis continuous at a (in K).

Proof. By Lemma 8.3, f is continuous at a iff
Vx [x ~a > (x) = f(a)]

is true for "R, where the quantifier refers to dom *f. In other words, f is con-
tinuous at a iff *f is S-continuous at a. 0

Another approach, more in the spirit of Nonstandard Analysis, is to allow
the extending process itself to make the decision as to which internal func-
tions are to be labelled “continuous at a”, where a is a member of the domain
of the function involved. To this purpose, we shall consider the relation of &
that connects a function and a member of its domain, just in case the function
is continuous at that member of its domain. Denoting this relation by PC
(point continuity), we can appeal to *PC, the corresponding relation of 'R, to
decide whether a given internal function f is continuous at @, a member of its
domain; i.e., we say that f is continuous at a iff (f,a) € *PC.

10.18. LEMMA. Let f € F, and let a € domf. Then ('f, a) € "PC iff f is con-
tinuous at a (in R).

Proof. By the Transfer Theorem, (f,a) € PC is true for & itt ('f,a) € "PC is
true for *R. O

It might appear that we are confronted with three competing notions of
continuity at a number in *®. In fact there are only two since the notion of
continuity represented by the relation *PC is identical with our notion of
Q-continuity at a.
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10.19. LEMMA. Let f be any internal function, and let a € domf. Then
(f,a) € "PC iff f is Q-continuous at a.

Proof. Here we exploit the fact that Weierstrass characterized continuity in ®
by a statement in the language of ®. To be specific, for each function f and
for each member of its domain, say a,

(10.20) (f,@)€PC iff VYVeIdVx[lx—al<d>If(x)—f(a)|<e]

is true for &. Therefore, by the Transfer Theorem (10.20) is true for *® when
interpreted in *®; i.e., for each internal function f and for each member of its
domain, say a,

(10.21)  (f,@)€'PC iff fis Q-continuous ata
since the RHS of (10.21) is the interpretation in "R of the RHS of (10.20). O

Pursuing this approach, in which we use the extending process itself, let us
move on to the notion of a continuous function, as opposed to the notion of
continuity at a point (i.e. number). After all, we do possess a clear-cut notion
of the continuous functions of ®; this can be formalized by an appropriate
unary relation of &, which we can call CF. Thus CF is the set of all functions,
say f, such that fis continuous at each member of its domain; of course,

CF CF. Just as F extends in a two-fold manner to *F, so CF extends in a
two-fold manner to *CF. Since CF is a proper subset of F, just so *CF is a
proper subset of *F. The idea is to allow *CF to make the decision about the
continuity of an internal function; thus we say that a member of *Fis con-
tinuous iff it is also a member of *CF.

To illustrate these ideas, consider the internal function sin wx of Example 10.3.
Of course, sin € CF; moreover, for each standard number ¢ the composite
function sin #x € CF. Therefore in "R the composite function sin tx € *CF for
eacht € *R. In particular, sin wx € *CF; recall that sin wx is not S-continuous
at 0 (see the remarks following Definition 10.6).

Next consider the internal function f of Example 10.4. We want to decide
whether £ is continuous, i.e., whether f € *CF. Observe that, for &, no function
whose domain is R and whose range has exactly two members is a member of
CF. Moreover, this fact can be expressed in the language of &. Therefore no
internal function whose domain is "R and whose range has exactly two mem-
bers is a member of *CF. We conclude that f € *CF, i.e., f is not continuous,
even though f is S-continuous at each member of its domain.

We pointed out in Lemma 10.19 that (£, ) € *PC iff f is Q-continuous at .
Just so, f € *CF iff £ is Q-continuous at a for each a € domf. Let us prove this.
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10.22. LEMMA. Let f be any internal function. Then f € *CF iff f is Q-
continuous at a, for each a € domf.

Proof. For each function f,
(1023) feCF iff Vx|[(f,x)€PC]

is true for &, where the quantifier refers to dom f. Therefore this statement is
true for "R when interpreted in *R;i.e., for each internal function 1,

(1024) f€'CF iff Vx[(f, x) € PC]

is true for *R, where the quantifier refers to domf. By Lemma 10.19,
(f, x) € "PC iff f is Q-continuous at x. Thus, for each internal function £,

(10.25) f€'CF iff Vx [fis Q-continuous at x]

is true for "R, where the.quantifier refers to dom f. This completes our proof. [J

Finally, we consider the problem of determining the derivative of an
internal function. Obviously, the simplest procedure is to allow the extending
process to make the decision for us. Let DF be the relation of & that pairs
with each function its derivative (remember that the empty set is the derivative
of certain functions, viz. those functions that are not differentiable); so
(f,g) EDF iff g = f', the derivative of f. Now DF extends in a two-fold
manner to "DF, a set of ordered pairs of internal functions, which is moreover
a binary relation of *R. Of course, no two ordered pairs in *DF have the same
first term. So to determine the derivative of a given internal function, say f,
we have only to consult *DF as follows. Look up the ordered pair in *DF
whose first term is f; its second term is the derivative of f. Of course the
familiar algebraic properties of derivatives in & are preserved in *&.

We mention that for each standard function f, f' is defined as follows. Let
a€R.Thena € domf' iff

0( "f(a + 9 *f(a)) _ 0( *f(a + Ol *f(a) )

whenever € and & are nonzero infinitesimals. If 2 € dom f”, then
0, % *
’ at+e)— fla
f(a)=(f( ) f())’

where € is any nonzero infinitesimal.
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10.26. EXAMPLE. To determine the derivative of the internal function sin wx
of Example 10.3, recall that (sin nx)’ = n cos nx for each standard natural
number n. This is a fact about DF in & which can be expressed in the language
of &; so the corresponding statement is true about *DF in "8, i.e.,

(sinnx)’ = n cos nx for each natural number #. In particular,

(sin wx)' = wcos wx.

10.27. EXAMPLE. Let f be the internal function of Example 10.4. Then
(f,8) € "DF, where
g={(t,0)|t€RAL#0}.

This is so because each function in & of this sort (i.e., a union of two constant
functions, and whose domain is R) has the zero function, with one pair deleted,
for its derivative.

10.28. EXAMPLE. Consider a Dirac delta function 8 = v/k/m exp [—kx?],
where « is any infinite natural number (see Example 9.6.) Clearly 8 € *CF and

8" =—2Kx+/k[mexp [—kx2].

Notice that 8'(£) > 0if t <0, and 8'(¢) < 0if > 0. Moreover, §'(0) = 0 and
8'(1/k) = —2v/k[m exp [~ 1/k] = —2v/k/n,

which is negative and infinite; finally we mention that

8'(1y=—2k/klmexp[—k] = 0.



CHAPTER 3

THE FIELD ‘R

1. Maximal ideals

A characteristic property of a maximal ideal, say I, of a commutative
ring o{ with identity 1 is that the ring of cosets A/I is a field. In fact, A/l is a
field iff I is a maximal ideal of ¢{. We shall prove this statement here; this will
prepare the way for our discussion of the nonarchimedean field R of Section 2.

First recall that a subset of 4, say /, is an ideal of # provided that:

(1) O€r;

(2) Vxy [x,y€I>x—y€EIl,

(3) Vax[a€A AxEI~»axEI].

An ideal I of of is said to be a proper ideal if I #+ A (i.e., I is a proper subset
of A).

An ideal I of # is said to be maximal provided that I is a proper ideal and
is not a subset of any other proper ideal of & .

1.1. LEMMA. Let A be a commutative ring with identity 1, and let { have
just two ideals, {0} and A. Then o is a field.

Proof. Notice that for each nonzero ring element a, {ax|{x €A} # {0} is an
ideal of #{. By assumption, {ax|x €A} =A4;s0 3x [ax = 1]. Thus each
nonzero ring element has a multiplicative inverse;i.e., #{ isa field. O

1.2. LEMMA. Let o be a commutative ring with identity 1,and let I be a
maximal ideal of A. Then A/l is a field.

Proof. Clearly A/ is a commutative ring with identity [1]. We shall show that
A/l has just two ideals, viz. {I} and A/I. Notice that I is the zero of A/I. Let
B be any ideal of A/I, B # {I}. It is easy to verify that

"={x€4|[x] € B}

76
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is an ideal of o{. But ] € B since [ is the zero of A/I; therefore I CI'. Since /
is maximal, either /' = I or I = A. By assumption, B # {I}; thus there is a
nonzero ring element, say [y], such that [y] €B and [y] # I. Therefore,
y€I'"and y ¢ 1. We conclude that /' = A4, so B = A/I. This means that the
ring A/I has just two ideals, {7} and A/I. Thus, by Lemma 1.1, A/I is a field. O

1.3. LEMMA. Let o be a commutative ring with identity 1, and let I be an
ideal of A such that the ring of cosets A/l is a field. Then I is maximal.

Proof. LetI' be an ideal of o such that 7 CI', and suppose that there is a
ting element g such that ¢ €7 and a € I. We shall show that /' = A. By
assumption, [a] #1, so [2] has a multiplicative inverse [b]; i.e.,

[a] [b] = [ab] = [1].

Letx =ab— 1. Then x €. Therefore ab —x €1’ (since x €I ' and ab €1");
ie.,1E€I'. ThusI' = A. We conclude that J is maximal. O

2. The field "R

In a sense the field & suffers from the disadvantage of being archimedean,
i.e., it has neither infinitely small nor infinitely large numbers. The field *®,
on the other hand, suffers from a surfeit of infinitely small and infinitely large
numbers. We propose in this'chapter to construct and investigate a field
midway between & and *®R, which is nonarchimedean, but does not contain
infinite numbers of unrestricted size, nor infinitesimals that are arbitrarily
small.

The first step toward constructing this field consists in choosing a positive
infinitesimal, say p. We shall call our field R since it is constructed from R
and p. Recall our agreement that “® is any sequentially comprehensive model
of the postulate set of Section 2.1.

The next step in our construction is to form two subsets of "R which we
call M and M,. M, consists of each number that is smaller, in absolute value,
then p—" for some n EN; i.e.,

My={tlr€ *R and |#]| < p—" for some n EN}.
M consists of all numbers that are smaller than p” for eachn €N, i.e,,

M, = {t1t€*R and |t| < p" for eachn EN}.
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It is easy to show that both My and M, form rings with respect to the addi-
tion and multiplication of *R. We claim that M 3 is a maximal ideal of the ring
formed by M. To see this, let x €M and let a €M;. Then |a| < p™ " for
some n €EN, and | x| < p"**™ for each m € N. Thus |ax| < p™ for eachm EN,
s0 ax €M). Moreover, x * y €M, if x,y €M,. So M, is an ideal of M.

To prove that M, is maximal, we shall apply the argument used in Section 1.3.
Leta GMO — M, then for some m,n €N,

P <lal<p™?,
thus
P <l|lla|<p—™

and it follows that 1/a € My — M. Let J be an ideal of the ring formed by M,
such that M, is a proper subset of J, and leta € J — M;; thena EMy— M.
But we have just observed that 1/a €M;soa*(1/a) € J,ie., 1€ J, and it
follows that J = M. This establishes that M; is a maximal ideal of the ring
formed by M,,.

Applying Lemma 1.2, we see that the quotient ring of residue classes
My/M, is a field. This is the field that we call °R. Here M, = [0] is the additive
identity.

Next we introduce an order relation on our field #R; we shall follow the
procedure discussed in Section 1.3, which centers on defining the positive
elements of “R in terms of the positive elements of M (with respect to the
field *R). Let [¢] be a nonzero field element of #&; so €My — M. Now all
members of [t] are positive in "R or all members of [¢] are negatlve in "R.
Accordingly, we define [¢] to be positive in PR iff ¢ is positive in *R. Let P’ be
the set of all positive members of R then P’ has the following properties:

(1) 0¢P;

(2) Vx[x#0->x€P' v—x€EP'];

(3) Vxy [x,yEP'>x+yEP ' AXxyEP].

The idea is to use P’ to define a binary relation < on ?R. We say that x <y
iff x — y € P'. This binary relation is an order relation on R and is compatible
with both addition and multiplication (see Section 1.3). So #R extends to an
ordered field under <. We claim that this ordered field is nonarchimedean. It
is enough to find a € P’ such that Vn [na < [1]]. Clearly p EMy — M, and
p>0;s0 [p] €EP’.Foreachn €N,

nlp] = [p] + ..+ [p] = [np].
nlpl’s

But np < 1 since p is an infinitesimal of *® (see Section 1.3); thus 1 — np is
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positive in *®, so [1 — np] € P’ in PR. Therefore, by our definition of < in R,
[np] < [1], ie.n[p] < [1]. This proves that °R is nonarchimedean and that
[p] is an infinitesimal of this field.

Now e is an infinitesimal of AR iff

Vn [nle| < [1]],
and « is infinite in PR iff
Vnn [1]1 <|k|].

Let € # 0O; then € is an infinitesimal of PR iff 1/e is infinite in PR. As we have
just observed, [p] is an infinitesimal of PR, so [1/p] is an infinite number of #K.

An important feature of our field #R is that, putting it paradoxically, its
infinite numbers are small and its infinitesimals are large. More precisely, the
members of each infinite number are bounded above by p—¥, and the mem-
bers of each positive infinitesimal are bounded below by p¥, where k is any
member of "N —N. Indeed, for each k € *N — N and for each ¢ EM,,

[t] #0->pk <|t| <p~k.
Notice that each coset [¢] is an interval in M, so in *R; indeed,
[t]C{xIx€"Randt—p" <x<t+p"}
for each n €N, so [t] is a subset of the intersection of all intervals of the form
[t_pn’t + pn]

Let us prove that & can be embedded in °R. Of course, R C M(,; moreover,
0is the only standard number contained in M. Therefore each coset [¢] con-
tains at most one standard number. If two cosets each contain a standard
number, so do their sum and product. Accordingly we can identify each coset
that contains a standard number ¢ with ¢. This “labelling” procedure preserves
addition, multiplication and the order relation. So & is isomorphic to a sub-

field of PR; i.e., R is embedded in PK.
PR is introduced in Robinson [1973].

3. Valuation
Lett EMy—M,, and leti €M;s0 [t] = [t +i]. By assumption, there are
standard natural numbers m and n such that
Pt < p—m, <t +Hi|<p ™.
Of course, if 0 <a < b, then log‘J b< log‘J a; thus
—-m<logplt|<n, —m<log, |t +i| <n.
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Clearly logp [t} and logp |# + i| are finite, so possess standard parts. We shall
show that

logp lt] ~ logplt + il.

Now the function log,; can be expressed in terms of the function In as
follows:

lo =
& Inp’
So
. l i
logp|t+l'l_logp|t|=logp tt_ﬂ'=logp|1+i/t|= nllln':)'l/tl

But In p is infinite (and negative), and
Injl1 +i/t]~In1=0
since i/t =~ 0 and the function In is continuous. Therefore
logp |t] > logp |t +i|
and it follows that
O(log,, I#1) = O(log, 17 +1l).
This proves that if & € °R and a # 0, then
O(log, |x]) = O(log, I ¥1),

provided that x,y € a.
In view of this fact, we define a map v of #R into R U {0} as follows. Let
v(0) =<0 ifa€PR and a # 0, let

v(e) = Olog, |x1),

where x € a. We claim that v is a nonarchimedean valuation on #&; moreover,
we shall prove that our field & is complete with respect to this valuation.
To illustrate our definition, notice that

u([p]) =1,
v([p"])=n ifn€ER,
v([p"]) =0n ifn is finite.

Moreover, log,, ¢ is a negative infinitesimal if  is finite andt > 1;s0 0(logp 1) =0;
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thus for each such ¢ and for eachn €N,
v({t0"]) = O(log, 120™1) = O(log, |t| + log, [0") = Olog,, [t[) +n=n.
Our claim that v is a nonarchimedean valuation on the field #& is based on
the following two lemmas.

3.1. LEMMA. Vo8 [v(a - B) = v(a) + v()], where quantification is over °R.

Proof. 1f a=0or =0, then a* §= 0, and v(a) = < or v(f) =, so

v(a * B) = o0 and v(a) + v(B) = = (see the properties of o listed in Section 1.4).
Next assume that @ # 0 and § # 0, and let @ = [x] and § = [y]. Then
a*f=[xy];so

v(a*B) = O(log, Ixy1) = O(log,, x| +log, | ¥ 1)
= O(log, |x1) + O(log, | ¥1)
= v(a) + v(B).

This completes our proof of the lemma. O
3.2. LEMMA. Va8 [v(a + B) = min{v(a), v(8)}], where quantification is over “R.

Proof. If a+ 8= 10, orifa =0, or if § = 0, then clearly
v(a + ) = min{v(a), v(f) }.

Therefore we may assume thata + 8+ 0, a# 0 and § # 0. Let x € @, and let

y €; by the Trichotomy Law for *6{, x| <|ylor|yl<|x|.Sincea+f=0+a,
there is no loss of generality in restricting ourselves to the first case; so we shall
assume that |x| < |y|. Thus

log, |y <log, |xI,
Ny
O(log, 1¥1) < O(log,, IxI).

We shall prove that

O(log, |x +y1) = %log, | ¥ ).
By the Triangle Inequality for 'R,

Ix +yI<lx|+|yI<2]yl
since |x| < |y|. Thus

log, |x + y| > log, 12y,
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$O
O(log, Ix + y1) = Olog, 12y1) = %(log,, 2 + log, | y|) = (log, 2) + O(log, | »]).
But logp 2 is a negative infinitesimal, so 0(logp 2) = 0. Thus
Olog, Ix +y1) > (log, |y 1),
i.e., v(a + B) = v(B). By assumption, v(f) < v(a); so
v(a + B) > min{v(a), v(B) }.
This completes our proof of the lemma. O
Considering the requirements for a nonarchimedean valuation listed in
Section 1.4, we conclude that v is a nonarchimedean valuation on the field °R.
It follows that v(—a) = v(a) and v(1/a) = —v(a) if @ # O (see Section 1.4).

We shall prove that #R is complete with respect to the nonarchimedean
valuation v in the next section. There we shall need the following fact.

33.LEMMA Lety € *R, and let x be a member of M such that logp fx—yl|>0.
Theny EM,.

Proof. By assumption, |x — y| = p?, where @ > 0; so x — y is finite. Moreover,
there is a standard natural number ¢ such that |x| < p—*. Thus

YISy —xl+Ix|<pf+p <27 <p~ i1,
soy €EM,. 0

Let us pin down our comment in the proof of Lemma 3.3 that x —y is
finite.

3.4. LEMMA. Let x € 'R, and let log, |1x| > 0; then x is finite.
Proof. Let | x| = p4; thena > 0. Now p’ = exp [t In p] for each € "R. But Inp
is negative, and the function exp is monotonically increasing; therefore the
function pf is monotonically decreasing. Thus p? < p—¢ since a > 0; so
(092 < 1, and we conclude that 0< p?4 < 1.0

We shall need the following facts later.

3.5. LEMMA. Let a €R, where a # 0. Then v([a]) = 0.



CH. 3, §3] VALUATION 83

Proof. Let
la|l = p! =exp[tinp].

Now In p is infinite and negative. Assume that |a| > 1; then t1np > 0 since
es> 1iff s> 0. So,if |a| > 1, then ¢t < 0. Also, ¢ In p is finite since

exp [tIn p] = | a] is finite. Therefore # ~ 0. This proves that logp lalisa
negative infinitesimal in case || > 1.If |a]| = 1, then logp lal =0, so
v([a])=0.1flal <1, then

v([a]) =—v([1/a])= 0
by the first part of this proof. We conclude that u([2¢]) = 0ifa ER anda+# 0.0
3.6. LEMMA. Let x ~a, wherea €ER and a > 0. Then v([x]) = 0.

Proof. By assumption, %a <x< % a. Thus

logp (%a) < logpx < logp (;la),
$0

Olog, ( @)) < O(log, x) < O(log, (3 a)),
ie.,

v([5a]) <v([x]) <v([3al).

Thus v([x]) = 0 by Lemma 3.5. O
3.7. COROLLARY. Let x ~a, wherea€R and a # 0. Then v([x]) = 0.

Proof. Leta < 0. Then, by Lemma 3.6,
v([x]) =v([-x])=0

since —x ~—a. O
3.8. LEMMA. Let a,t €R, where a # 0. Then v([ap']) = ¢.

Proof.
v([ap']) = v([a]) + v([0*]) = v([p’]) by Lemma 3.5
=O(log, [p*)) = £.0

Our next two lemmas relate the inequalities on R and R U {eo}.

3.9. LEMMA. If v(B) < v(c), then |a| < |BI.
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Proof. To avoid misunderstanding, we point out that

vy ify=0,

lvi= —y ify<0.

If u(a) = o=, then a = 0; but 8 # 0, so la| <|[B|. Assume that v(a) # =, i.e.,
a# 0, and leta € || and b € |B]. Then

O(log, b) < O(log, a),
sob = pY and a = p*, where y <Xx; thus p* < p7Y. Therefore 2 < b. This means
that |a| < |8].0
3.10. LEMMA. If |a| < [BI, then v(B) < v(a).

Proof. If a = 0, then v(a) = o°; but § # 0, so v(B) € R. Thus v(B) < v(a).
Assume that & # 0, and let € [@] and b € [B{; then v{a) = O(Iogp a) and
v() = O(log, b). By assumption, 0 <a < b; thus Ina <Inb, so

Ing/inp >1Inb/inp;
ie.,log, b < logp a. Therefore

O(log, b) < O(log, a);
ie., v(f) <v(a).O

4. Convergence

The role of v, the nonarchimedean valuation on PR defined in Section 3,
is to build up a metric d on PR. As we saw in Section 1.5 this is achieved in
two steps. First, we define the mapping | |,» in terms of v, where

lal v = e_U(O‘)

for each a € PR; here we identify e~ with 0. This map has the seven proper-
ties listed in Section 1.5. Next we define the map d, in terms of | Ly where

d(a,p) =la—Bl,

for each a, 8 € PR. In short, d(a, B) = e~ ¥@—f) for each &, € R. As we
pointed out in Section 1.5, d is a metric on PR and satisfies the ultrametric
inequality:

VaBy [d(e,v) < max {d(a, ), d(B,7)}.
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The metric d allows us to define, in #R, the notions of a convergent sequence
and its limit, and the notion of a Cauchy sequence. In the first place, a sequence,
say (@), is a map of NV into °R. Moreover, (a,,) converges to &, where a € °R,
provided that the standard sequence (d(a,,a)) converges to 0 (in ®). A sequence
(ay,) is called a Cauchy sequence if

Ve InyVmn [m,n > ny > d(a,,, a,) <el,
where the first quantifier refers to the positive standard numbers, and the other
quantifiers refer to V. If each Cauchy sequence converges in °R, we say that °®
is complete with respect to the nonarchimedean valuation v.
Notice that for each standard natural number q,
d(ay,, a)<e 1 iff vla,—a,)>q.
So(a,) is a Cauchy sequence iff
Yq 3nyVmn [m,n>ny > v(e,, —a,) >q],

where the quantifiers refer to V.

In Section 1.5 we pointed out that sequences and series possess nice
properties, from the viewpoint of convergence, if the metric is yielded by a
nonarchimedean valuation and the field involved is complete with respect to
that valuation (see Lemmas 1.5.7, 1.5.8, 1.5.11, 1.5.13 and 1.5.15). Accord-
ingly, it is useful to establish the following fact.

4.1. THEOREM. PR is complete with respect to v.
Proof. Let (a,,) be any Cauchy sequence in °R, and let x,, € a,, for each n EN.

Then

Vg 3n,Vmn [mn>ng > v(a, —a,) >q],
o)
Yq 3n,Vmn [m,n>n, —>0(logp 1%,,, — X,1) >ql,

where the quantifiers refer to V. It follows that
Vg 3n,Vmn [m.n>n, = log, |x,, — x,] >q].

Recall that *® is sequentially comprehensive; so there is an internal sequence
(sn), where s, € *R foreach n € ="N, such that s, = x, foreachn €N. Therefore

4.2) ¥q 3n, Ymn [m,n>nq—>logp|sm—sn|>q]

is true for "R, where the quantifiers refer to NV, and the sequence involved,
namely (s,,), is internal. In words, corresponding to each g € N there exists
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an n, € N such that
m,n>nq »logplsm—snl>q,

where m,n € N. Let g €N, and choose n,, in accordance with (4.2). Then

q
A={t€*N|Vmn [m,n>nql\m,n<t—>logpIsm—sn|>q]}

is an internal subset of *V that contains NV. Thus, by the First Principle of

Permanence 2.7.2, there is an infinite natural number K"I such thatr €4 for
*

eacht<xq, teN.

The idea is to choose K first, then k, k,, and so on. In this way we are
free to take k| <K, Ky <Ky, K3 <K, and so on. So (k,) is a decreasing
sequence, over IV, of infinite natural numbers. Thus, by Lemma 2.7.7, there is
an infinite natural number k such that k < Kq for each g €N. Therefore, for
each g €N, there is an n, € N such that

mun<ekA m,n>nq—>10gp|sm—sn|>q,
where m,n € *N. Taking n = k yields
(4.3) m<x/\m>nq—>logplsm—sxl>q

for eachm € *N.In(4.3) takeg=0andm =1+ n,; thenlog, Is,, — s,/ >0,
so by Lemma 3.3, s, € M,,. Moreover, from (4.3),

Vm [m <k Am>n, > 9og, |s, —s,1) =>4l
where the quantifier refers to "V; in particular,
(4.9) vm [m>ng > v(lx, —s)>ql,
where the quantifier refers to N. We claim that (a,,) converges to [s, ]. Given
q €N, choose n, in accordance with (4.2); form>ng,
d(ay, [, ]) = exp (Cu([x,, =5, 1)) < e79
by (4.4). Thus (d(a,,, [s,])) converges to 0. This proves that (a,,) converges to
[s,] and completes our proof of the theorem. O]
Here are some basic facts about the map | |,,.

4.5. LEMMA. If |a| <81, then |a], < |8],,.

Proof. By Lemma 3.10, v(8) < v(e); so —v(a) < —v(g). The function exp is
monotonically increasing, so

e V(@) L (B

i.e.,lalv<|ﬁ|U.D
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4.6. LEMMA. If lal, <|Bl,, thenla] <|BI.

Proof. By assumption, e V@ < e=v(8); 50 —y(a) < —v(B), thus v(8) < v(a).
Therefore || <|8] by Lemma 3.9. 0

Our next lemma has a bearing on the discussion of continuity in Section 4.3.
4.7. LEMMA. Let o« > 0, and let vy be such that |y —al, <l|a|,. Then y> 0.

Proof. By Lemma 4.6, |y — o] < a; so vy # 0. Assume that y < 0; then—y > 0,
$0 o — 7y > @, thus [y — a| > e This contradiction proves that y > 0. O

4.8. COROLLARY. Let a < 0, and let v be such that |y — ai, <|al|,. Then
7<O0.

Proof. By (2) of Section 1.5, |a — 7|, <|—al,, where —a> 0;i.e.,
=y = ()|, <I—al,.
So, by Lemma 4.7,—y > 0,i.e.,y< 0.0

Later we shall need the following fact.

4.9. LEMMA. Let (y,) be a sequence such that lim(y,) = v, and let o, be
between v, and 7y for each n € N. Then lim(e,)) = 7.

Proof. Let x, €7, and t, € a, foreachn € N. Then ¢, is between x,, and x
for each n € N. Now, foreachn €N,
lay, = 7l, = e, = x]l, <1[x,—xIl,
by Lemma 4.5, since {t,, — x| <|x, —x|. So, for each n €N,
la, =71, <lv,— 7l
But lim(|y, —v/,) = 0, so lim(|a, — 7v1,) = O;i.e., lim(e,) = 7. O

5. Series

The notion of a series is discussed in Section 1.5 in a rather general setting.
We now apply those ideas for the case of the field °® and the metric induced
by the nonarchimedean valuation v.
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A series is an expression of the form Zy «,,, where «,, € °R for each n €EN;
the field elements a,, are generated by a map of V into PR. Intuitively, the
formal expression 2, @, represents the infinite sum

agtoy+ . ta, o,

ie., the sum of the terms of the infinite tuple (o, &, ..., @, ...) which has as
many terms as there are natural numbers. We say that a series Zy a,, converges
if the corresponding sequence of partial sums (g,,) converges, where

g, =aqy+..ta,
for each n € N. Throughout this discussion, our notion of convergence is
based on the metric d induced by our nonarchimedean valuation v.

If (0,,) converges, we say that the series 2y «,, converges to lim(g,), a
member of R, and identify the formal expression Zy o, with the field
element lim(a,); i.e.,

2ia, =lim(a,).
N n n

The results of Section 1.5, which are of a general nature, apply in particular
to our field °R. It is convenient to summarize these results here.

5.1. THEOREM. If lim(a,,) = a, then lim(la,,| ) = lal,.
5.2. LEMMA. (a,,) is a Cauchy sequence iff lim(a,, | — @) = 0.
5.3. LEMMA. Z a,, converges iff lim(e,) = 0.

5.4. LEMMA. I o, converges if Zy |ay,|, converges. Recall that 18], = e~ v(F)
foreach BEPR.

5.5. LEMMA. (a,,) converges iff lim(a,, .| —,) =0.
5.6. LEMMA. Let lim(,,) = &, and let B be a standard real number. Then

3qVn[n>q-v(,)>B].

5.7. LEMMA. Let lim(a,,) = a and lim(B,,) = B. Then
lim(a, + 8,)) = a+ B, lim(e, 8,) = af.
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5.8. LEMMA. Let Zy o, = aand Zy B, = B. Then

Z)(an+ﬁn)=a+ﬁ.
N

5.9. LEMMA. Let Zy o, = a, let Ty, B, =B, and for each n EN let
7n =a03n + alﬁn—l + + anﬁo.
Then

Z)'yn = af.
N

5.10. LEMMA. Let (a,) be a convergent sequence such that v(a,) = t for each
n>j, wheret€R and j €N. Then lim(a,,) # 0.

5.11. THEOREM. Let lim(a,,) = a, and let j be a standard natural number
such that v(a,,) =t for each m > j. Then v(a) =t.

5.12. LEMMA. 2y a, converges iff lim(v(a,)) = °; i.e.,
VB 3qVn [n>q - v(a,)> B].

5.13. THEOREM. Let lim(a,,) = a, where a # 0. Then
3jvmm>j-la,l, =lal,l].

To dispell the notion that each series converges, we point out that by
Lemma 5.3, Zy a,, converges iff lim(e,,) = 0. If there is a standard naturat
number j such that @, = «; for each n >j and o; # 0, then lim(a,,) = a; # 0.
So Zy a,, diverges. For example, let a be the map of NV into AR such that

aln) = 0 ifn<s,
[11 ifrn=>5,

then lim(a,,) = [1]; s0 2y a,, diverges. Indeed, the sequence of partial sums

is (0,0,0,0, 0, [1], [2], [3], ...) which converges iff ([n]) converges. By

Lemma 5.2, this sequence diverges.
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6. p-series

Each series of the form X, a, [p]*", where a,,v, €R foreachn €N,
vy <v; <v, <..and {v, |n EN}isunbounded, is called a p-series.
Here are some facts about p-series.

6.1. LEMMA. Each p-series converges.

Proof. Let Zy a, [p]*" be any p-series, and let o, = [a,,p""] for each n EN.
Ifa, # 0, then v(a,) = v, by Lemma 3.8; of course, if g, = 0, then v(e,,) = .
Thus v(a,) = v, for each n € N. By Lemma 5.12, 2y a, converges iff (v(a,))
increases without bound iff (v,,) is unbounded. But the sequence (v,,) is un-
bounded by assumption. We conclude that each p-series converges. O

6.2. COROLLARY. Let Ty a, [p]"" be any p-series; let (0,,) be the corre-
sponding sequence of partial sums, i.e.,
0, =aylpl”®+ ... +a,[p]""

for each n €N. Then (0,) converges and

lim(o,) = Ean [p]?n.
N

6.3. LEMMA. Let Xy a, [p]"" be any p-series, and let (0,,) be the correspond-
ing sequence of partial sums. Either a, = 0 for eachn €N, or there is a
standard natural number j such that v(o,) = v for eachn =j.

Proof. If a,, % O for some n € N, then there is a smallest standard natural
number j such that a; #0.Fornz>j,

0, = lagp®0 + .. +a,p’n] = [a]-p"f + .. +a,p"],

thus
v(o,) = log, la;p" + ... + a,p"nl)
=0(log, 1p"/(a; +a;, P"I+17¥ + . +a,p"nV))
=V + O(Ing |a] + aj+1p"]'+l""j + ..+ anpvn—v]'l)‘
But

a1 PPV H L+ apt T >0
and a; % 0; s0, by Corollary 3.7,
v([a; +ap, 0717+ a,p’n i) = 0.

Thusv(o,,) = v;. This completes our proof of the Lemma. O
n ] P
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Alternatively, we can establish this lemma by applying Lemma 1.4.3, since
v([a;p%1) <v(o, — )

for each n >j.

6.4. COROLLARY. Let Ty a, [p]*" be any p-series such that some a,, # 0.
Then Zy a, [p]"" # 0.

Proof. Let (a,) be the corresponding sequence of partial sums. By Lemma 6.3,
there is a standard natural number j such that v(o,) = v; for each n 2>j.
Therefore, by Lemma 5.10, lim(o,,) # 0; thus Zy, a,, [pi"" #0.0

6.5. LEMMA. Let 2y a, [p]"" be any p-series. Then Zy, a, [p]"" = 0 iff
a, = 0foreachn€N.

Proof.1f a,, = 0 for each n €N, then g,, = 0 for each n; so lim(g,)) = 0 and
Zy a,[p]”" = 0.1f g, # O for some n EN, then Zy a, [p]*" # 0 by
Corollary 6.4.0

The following lemma has a bearing on the relation between p-series and the
generalized power series of Section 1.7.

6.6. LEMMA. Let Zy a, [p]"" be a p-series such that some a,, # 0. Then
o(2Ja, o] =,
where j is the smallest standard natural number such that a; * 0.

Proof. Let (0,)) be the corresponding sequence of partial sums. By Corollary 6.4,
Zy a,[p]"n # 0; thus lim(o,)) # 0. For each n 2j, v(0,) =»;, by Lemma 6.3,
where j is the smallest standard natural number such that a; # 0. Therefore,

by Theorem 5.11, v(lim(o,,)) = v ie.,

v( Ean [e}Pm) =v;. O
N

As a simplifying convention, we shall identify two p-series if they yield the
same series upon suppressing each term whose coefficient is zero, or if each
coefficient of each series is zero.

Next we want to relate the definition of < for PR (see Section 2) to the
definition of < for £ (see Section 1.7).
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6.7. LEMMA. Let 2y a, [p]*" be a p-series such that ay # 0. Then
Zy 4, [p]"n > 0iff ay > 0.

Proof. Letx €Zy a, ., [p]""*]; then
2Ja,[p]"" = [agp™ + x].

Now v([x]) =v, > v, (indeed, v([x]) = v, ifa; # 0); s0

v([x]) >v([app™]),
thus [x[ <|app™|. Therefore
2+ x>0 (in'®) iff ay>0,
SO
[agp™ +x] >0 (in°R) iff a5>0,
ie.,

;Ean [p)’n>0 iff ay>0.0

Our next two lemmas show the connection between addition and multipli-
cation in AR, restricted to p-series, and the corresponding operations of the
field L.

6.8. LEMMA. 2 a, [p]*" + Zy b, [p]¥n = Zp ¢, [p1*n, provided the series
on the LHS are p-series, and the series on the RHS is obtained from these
p-series by applying the definition for the sum of two generalized power series
(see Section 1.7).

Proof. Consider the manner in which Zy ¢, [p]n is obtained from Zya,lpl’n
and Zy b, [p]*n. For each n € N there is a correspondingm EN (n<m<2n+ 1)
such that

[agp™ + ... +a,p""] + [bypt0 + ... + b, p*"] = [cop)‘O + ..+ cmp}""].
Therefore, by Lemma 5.9,
im([age™ + ... +a,0""]) + lim([byp*0 + ... + b, p*"])

= lim([cop“’ + .+ c oMY,
ie.,

2a,[p]"n + 23 bylp)*n = 2ic, [p]™. D
N N N
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6.9. LEMMA. (Zy a, [p]"") < (Zn by [p]¥n)=Zp ¢, [p]n, provided the
series on the LHS are p-series, and the series on the RHS is obtained from these
p-series by applying the definition for the product of two generalized power
series (see Section 1.7).

Proof. Consider the manner in which =, ¢, [0]* is obtained from
Zy a,[p]*n and Zy b, [p]*n. For each n €N there is a corresponding
meEN (n<m<(n+ 1)2) such that

[agp™ + ... +a,0"7] [bopH0 + ... + b p*n] = [cop™® + ... + c,pptm].
Therefore, by Lemma 5.9,
(lim([agp™ + ... +a,0""])) * (lim([byp*° + ... + b, p*7]))

= lim( [cop"0 +..+ cnp""]),
ie.,

(2 a,[p1"n)+ (23 b, [p]#n) = 2 ¢, [p] ™. O
N N N

We have shown that p-series behave under the field operations of #® in the
same way as the generalized power series of the field £. To be specific, let
be the map of L into R such that

®(27a,"n) = 2ia,[p]’"
N N

for each generalized power series Z a,t*7 € L. Then & is a homomorphism
of £ into . Notice that & is a one—one map since $(Zy a,,¢*") = 0(the
additive identity of #®) iff a,, = O for each n EN; i.e., D(Zy a,t*n) = 0 iff

Zy a,t"n = 0(the additive identity of £). Therefore £ is isomorphic to &L,

a subfield of PR. From Lemma 6.7, the map ® preserves the order relation of £;
indeed, for each p-series 2y a,, [0]*7,

? a, [p]*n is positive (in PR)  iff ? a,t’n is positive (in £),
50
?an [o]*n < ?b,, [o]#n iff NEa,,z”n < ?bnt“n.

Moreover, for each p-series Zy a,, [p]*7,

w(22a,[p]"") = v( 2 a,1'n)
N N

by Lemma 6.6. Thus & is analyric (i.e., value preserving).
We conclude that the system (P, v) is an extension of the system (£, v).
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7. Iotas and megas

By construction, the field °R lies between the fields ® and *R; indeed °R
is an extension of & that includes large infinitesimals and small infinite numbers,
but excludes small infinitesimals and large infinite numbers. As we know, we
can study the real number system & effectively by utilizing various concepts
of "R; e.g., infinitesimals, infinite natural numbers, infinite sums. Similarly,
certain concepts of "R assist our study of °R; e.g., the concept of a small
infinitesimal and the concept of a large infinite number.

Intuitively, we regard each member of M|, say i, as a small infinitesimal,
and its multiplicative inverse (provided that i # Q) as a large infinite number.
Introducing some terminology, we shall call each member of M an iota, and
we shall call the multiplicative inverse of each nonzero iota a mega. We point
out that { € *R is an iota iff [7] < p" for each n €N; also, k € *Risa mega iff
lk| > p~" for eachn €N. Sok is a mega iff K € R — M.

Let = be the binary relation on "R such that x ~ y (read x is infinitely close
to y) iff x — y is an iota. In particular, if y €M, then x ~ y iff x € [y],

a member of #R.

7.1. LEMMA, ~ is an equivalence relation on "R.
Proof. Use the fact that M is a ring. O0

One goal in constructing PR is to raise the large infinitesimals and small
infinite numbers of "R to the status of standard numbers; more precisely, we
are referring to the equivalence classes that contain large infinitesimals or
small infinite numbers. To a certain extent, this allows us to think of large
infinitesimals and small infinite numbers in the same way that we think of
standard numbers. Accordingly, we shall use the iotas and megas of R to
study PR in the same manner that infinitesimals and infinite numbers assist
our study of &. Just as for infinitesimals, notice that the equivalence relation ~
provides us with a convenient abbreviation for the statement “j is an iota”,
namely “i = 0,

The arithmetic of iotas is similar to the arithmetic of infinitesimals. For
example, the sum of two iotas is an iota, and the product of two iotas is an
iota.

Here is a useful way of characterizing iotas.

7.2. CRITERION FOR IOTAS. i is an iota iff there is an infinite natural
number, say v, such that |i| < p*.
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Proof. Leti € R.
(i) Assume thati~ 0. Then |i| < p” for each n € N. Notice that
{ne™NIlil<p"}

is an internal subset of *N that contains N. Therefore, by the First Principle
of Permanence 2.7.2, there is an infinite natural number, say v, such that
li| <pv.

(ii) Assume that |i| < pV for some v € "N — N. For each n €N, p¥ < p";
thus |i| < p” foreachn EN.Soi €M, ie.,i= 0.0

Here are some applications of our Criterion for Iotas.
7.3. LEMMA. If i is an iota and a is not a mega, then ai is an iota.

Proof. We are given that |i| < p? for some » € "N — N, and that |a| < p~"
for some n € N. Thus |ai | < p*~". But v — n € "N — N; so, by the Criterion
for Iotas, ai is an iota. O

7.4. COROLLARY. If « is a mega and if a is not an iota, then ax is a mega.

Proof. We are given that 1/k is an iota and that 1/a is not a mega. Thus, by
Lemma 7.3, (1/a)  (1/k) = 0; so ax is a mega. O

Later we shall need the following facts.

7.5. LEMMA. (1 — h)* = 0, provided that :
(i) k is a mega and k €N,
(i) 0<h< 1,
(iii) A is not an iota.
Proof. For R,
(1—a)" < 1)(1 +an)
ifn €N and 0 <a < 1. Therefore, for 'R,
(1=h) < 1/(1+ hx).
But 1 + Ak is a mega; so 1/(1 + 2k) =~ 0. Applying the Criterion for lotas we
conclude that (1—h)* ~ 0.0

7.6. LEMMA. A% [k! ~ Q if K is a mega, k € "N, and h is finite.
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Proof. Since h is not infinite, | A| < n for some n EN. Now n¥?/v! =~ 0 if
v € *N — N. Therefore,

n—ljxk -1 <1,

so n*/k! <nfk.By Lemma 7.3, n/k =~ 0. Applying the Criterion for lotas,
n®/k! = 0. But

0< |h|*/k! < n*/k!;

applying the Criterion for Iotas again, we conclude that 2% /k! is an iota. O
We can strengthen Lemma 7.6.
7.7. LEMMA. h*/k! = 0 if k is a mega, k € *N, and h is not a mega.

Proof. We are given that || < p—™ for some m €N. Thus

K —m
0<Ih’l <o ')"

K K!

_L 1 L1
kp™ (k— D)pm ~ 2pm pm

_1 ! ! o111
kp2m “.(K—V+l)p2m (k —v)p™ "(V+l)p’”'“’_l 1
<! 1 1 1
kp2m " (k—v+ D" (k —p)p™ (v + 1)p"
<L ! ~ 0

kp2m .(K —y+ 1)p2m
where v is the smallest integer greater than p= . So k% /k! = 0.0
Our proofs of the preceding lemmas have used ihe fact that a number is an
iota if it is smaller, in absolute value, than some iota. Of course, this is a basic
property of iotas and deserves a proof.

7.8. LEMMA. Let i ~ 0, and let |h| < |i |, where h € "R. Then h ~ 0.

Proof. By the Criterion for Iotas, |7 | < p¥ for some v € *N — N. Therefore
[h| < p¥;so h is an iota by the Criterion for Iotas. O
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Similarly, 2 number is a2 mega if it is larger, in absolute value, than some
mega.

7.9. LEMMA. Let k be any mega, and let |h| > k|, where h € *R. Then h is
a mega.

Proof. 1/k = 0and | 1/h| <|1/k]; by Lemma 7.8, 1/h = 0. We conclude that
h is a mega. O

Later we shall need the following principle of permanence, which asserts
that each natural number greater than some q € M, has a specified internal
property, provided that each mega in "N has the property. This is analogous
to the Second Principle of Permanence 2.7.3.

7.10. FOURTH PRINCIPLE OF PERMANENCE. Let A be an internal subset
of "N such that k € A if « is a mega in *N. Then there is an infinite natural
number in My, say q, such that

Vnn€E'NAan>qg->n€A].

Proof. Either each infinite natural number is in 4, or these is an infinite
natural number k such that k & A. If the former, there is nothing to prove.
If the latter, then "N — A4 is a nonempty internal subset of "V which is
bounded above. Therefore *N — A has a greatest member, say g. So

Vn[n€'™NAn>qg->neAd].0

The following principle of permanence is analogous to the Third Principle
of Permanence 2.7.5.

7.11. FIFTH PRINCIPLE OF PERMANENCE. Let (i,)) be an internal sequence,
in *®, such that i, ~ O for each n € N. Then there is an infinite natural number
k such that i, ~ 0 for eachn <k, n €N,

Proof. Notice that (o~ i,,) is an internal sequence of *R. Foreachn €N,
p~ i, ~0;s0|p7"i,| <1.By Lemma 2.7.4, there is an infinite natural
number « such that [p~"i,| <1 for each n < k. Therefore |i,| < p™ for each
n < k. If nis infinite and n <k, then i, ~ 0 by the Criterion for lotas. If

n €N, theni, ~ 0 by assumption. This completes our proof. 1
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Here is another useful fact. Each decreasing sequence, over N, of positive
megas is bounded below by a positive mega. This is analogous to Corollary 2.7.8.

7.12. LEMMA. Let (k) be a decreasing sequence, over N, of positive megas.
Then there is a positive mega S such that Q <, for eachn €N.

Proof. Since "R is sequentially comprehensive, there is an internal sequence
(s,,) such thats, =k, for eachn €N. Let (u,) be the internal sequence ob-
tained from (s,,) by replacing each of its zero terms (if any) by 1. Let (¢,) be
the internal sequence such that for each n € *N,

t, = 1/min{lu;], ..., {u,| }.

Foreachn €N, t, = 1/k,; so t, = 0. By the Fifth Principle of Permanence,
there is an infinite natural number k such that#, =~ 0 foreachn <«k,n € N.
In particular, 7, = 0; ie.,,

1/min{lu,l, ..., lu, 1} =0.
By the Criterion for Iotas there is an infinite natural number v such that

Hmin{luyl, .., lu, |} <p¥,
thus
p~¥ <min{luy), ..., 14, }.

Therefore p~% < |u, | foreachn<«k,n € *N;in particular, g~ <|u, | for
each n € N. But = p~? is a positive mega. This completes our proof. 1

(Of course, u,, =k, for each n EN.)

The set of natural numbers included in My is of particular importance;in a
sense, this set acts as the natural number set for °®. Let

PN="NNMgy;
SO
PN =*N— {x |k isa mega}.

Our next principle of permanence is analogous to the First Principle of
Permanence 2.7.2.

7.13. SIXTH PRINCIPLE OF PERMANENCE. Let A be an internal subset
of *N such that PN C A. Then there is a positive mega S such that x € A for
eachxk <, Kk €*N.
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Proof. Either A = *N or there is an infinite natural number which is not a
member of A. In the former case there is nothing to prove. In the latter case
*N — A4 is a nonempty, internal subset of *N. Thus *N — 4 has a smallest
member, which must be infinite and positive, say §2. Therefore, k €A if
k<Qandk €N.O

It is useful to formulate this principle of permanence as follows.

7.14. LEMMA. Let g € °N, and let A be an internal subset of *N such that
{mePN|im>q} CA.
Then there is a positive mega S1 such that k € A for each positive mega k,
k<.
Proof. Let
B=AU{ne’N|n<gql.

Notice that B is an internal subset of “N; moreover, N C B. By the Sixth
Principle of Permanence, there is a positive mega §2 such that k € B for each
k <,k €*N.Butno mega is a member of {n €PN | n<q}. Therefore

k € A for each positive megak, k < 2.



CHAPTER 4

FUNCTIONS IN *&

1. The function concept

Fundamentally, by a function in a field F we mean any map of a subset of
F into F. For the field R, therefore, each map of a subset of R into PR is a
function in this field. For example, the identity map {(y, 7)Yy EPR}is a
function in #R; any constant map, e.g. {(y, 0) | ¥ € #R}, where 0 is the addi-
tive identity of AR, is a function in °&; the map {(y, v2)|y EPR}, where
v2 = -4, is a function in P&.

Recall that each function in & (which we call a standard function) extends
to a function in *(R; indeed, the process by which & is extended to *R auto-
matically extends each standard function, say f, to a unique function in R,
called *f.

There is a natural way of extending certain standard functions to functions
in #R. Let f be a standard function with domain R such that *f has the property

(1.1) Vxy [x =y = f(x) = F(»)],

where the quantifiers refer to M. This property of *f allows us to associate a
unique member of PR with each member of #R. Namely, with each ¥ € R we
associate ["f(x)] provided x € . By assumption, ['f(»)] = ['f(x)] ify €.
This defines a function in #R which we denote by Pf (read the extension of f
to PR). In short, for each v EPR,

°’f(n) = Cr(x),
where x € . This definition is acceptable because [*f(x)] = [*f(y)] for all
x,y €.
Here are some examples.

1.2. EXAMPLE, Let f be the squaring function in &;i.e.,

f={(t,t?)|t€R}.
Then
f={(tt2)|t€"R}.

100
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First we must show that *f satisfies (1.1). Let x, y €M, and let x =~ y; then
y=x + i for some iota i. Thus

) = @) =(x+i)2—x2=2xi+i2=0

since 2xi =~ 0 (by Lemma 3.7.3). Therefore we can extend f to °f, the function
in PR such that for each y € PR,

°f(p) = [f(0)] = x2] =42,
provided that x € . Thus
°f ={(v,7*) 1Y€ R}.

1.3. EXAMPLE. The standard function sin (i.e., {(z, sin¢) | ER}) extends to
the function *sin in *R. We shall show that *sin satisfies (1.1). Let x,y EM,,
and let x & y; then y = x + i for some iota i. Thus

*sin(y) — "sin(x) = 2 *sin(3)* "cos(x + %l') =0

since ="sin(%i) ~ 0 and [*cos(x +%i)| < 1. Therefore the standard function sin
extends to the function #sin defined as follows. For each ¥y €E°R,

Psin(y) = [sin(x)],

where x € 7.

Of course, some standard functions cannot be extended to #® in this simple
way, because (1.1) fails.

1.4. EXAMPLE. Let f be the standard function such that for each t €R,

(1 >0,
f(’)‘{o if £ <0.

Then for each t € *R,

e [1 ife>0,
f(’)‘[o ifr<0.

We shall show that *f does not satisfy (1.1). Let i be any positive iota; then
i—i € 0. But *f(i) = 1 and “f(—i) = 0. Therefore *f does not satisfy (1.1); so
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Af does not exist. On the other hand,
{(v, DIYEPR and y> 0} U {(v,0)| Yy ER and vy < 0}

is a function in R which we may regard, in a sense, as the extension of f to °&.
Our point is that this function is not yielded by our definition of ff.

We shall say that f satisfies (1.1) in case 'f satisfies (1.1).

Here is a sufficient condition for (1.1).

1.5. LEMMA. 4 standard function f whose domain is an open interval (a, b)
satisfies (1.1) if f meets a Lipschitz condition in each closed subinterval of

(a, b).

Proof. f meets a Lipschitz condition in {a’, b'], a subinterval of (a, b), provided
that there is a standard number k (which depends ona’ and ') such that

(1.6) Vxy [1F(») —f) I <kly—xI],

where the quantifiers refer to the closed interval [a’, b']. Since (1.6) is true
for R, it is also true for "® when interpreted in *R. Let x,y € *(a, b), and let
x ~ y; then for some a',b' € (a, b), x,y € *[a’, b']. From (1.6),

f() —"f(x)| <k|y—x|~0

since k is standard and y — x is an jota. So *f(x) & *f(»). This completes
our proof. O

We mention that the hypothesis of Lemma 1.5 is met by a standard func-
tion fif ' is continuous on the open interval (a, b). In this case f' is con-
tinuous on each closed subinterval [a’, b'] of (a, b); so ' has a maximum
value on [a', b], which can serve as the k of (1.6), in view of the Mean Value
Theorem.

Next, we present a necessary condition for (1.1). First we establish the
following fact.

1.7. LEMMA. Let f be a standard function, and let a € dom f. Then f'is con-
tinuous at a if

Vx [x =a - f(x) = f(a)].

Proof. Assume that f is not continuous at a. Then there is a standard positive €
such that

(1.8) Vo 3x[Ix—al<d Aif(x)—f(a)| = €]
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is true for ®. Therefore, (1.8) is true for "R when interpreted in *®. In par-
ticular, corresponding to each n € N there is an x, € *R such that

(1.9) Ix, —al <p", 1f(x,)—f@)|>e..

Since R is sequentially comprehensive, there is an internal sequence (y,,),
n €N, such that y, = x,, for eachn EN. Now

A={n€N|ly, —al<p" Alf(y,)—f(a)|>e}

is an internal subset of *N; moreover, from (1.9), N C A. By the First Principle
of Permanence 2.7.2, A has an infinite member, say ». Thus

ly, —al<p?, lfr,) —f@|>e.

Thus y, =~ a, yet f(y,) # f(a) since € is standard and positive. We conclude
that *f does not satisfy (1.1). This establishes our lemma. [

1.10. COROLLARY. Each standard function that satisfies (1.1) is continuous.

We have established that our procedure for extending standard functions
to P& applies only to certain continuous functions. If a standard function f is
not continuous on its domain, then f does not satisfy (1.1).

We emphasize that not every continuous function satisfies (1.1); here is an
example.

1.11. EXAMPLE. Let f be the standard function such that for each t €(—1, 1),

_| —lInlt] ift#0
t = 3
1@ 0 ift=0.

Now it is well known that f is continuous on (—1, 1); we shall show that f
does not satisfy (1.1). Let « be an infinite natural number such that xp < 1;
50 p* is an iota. If fsatisfies (1.1), in particular f(p¥) = f(0), i.e., f(p¥) = 0.
If f(p¥) is an iota, so is f(p*)/p2 (by our Criterion for Iotas). But

T B
p2 p2lnp* kpllnp plnp’
which is infinite. So f(p¥)/p2 is not an iota; thus f(pX) is not an iota. In view
of Lemma 1.5, and the comment following that lemma, we see that 0 ¢ domf";
this is easy to show directly. Continuing our example, let r € (—1, 1), where

t # 0, and let i be any iota; we shall prove that
(1.12) e+ =f(r).
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Now

' -1 1
fe+ D= fO= v i

=lnIt+i|—1nIt|
Inlt+ilIn|t]
i
Telnlr+illnjz]

by the Mean Value Theorem, where c is between ¢ and ¢ + i. Since ¢ is not an
iota, 1/c is not a mega, so i/c =~ 0. Moreover, each of In || and In |z + /| isin
My — M, (since t is a nonzero standard number). We conclude that

f(t+ D=~ f(2).

2. More functions

In Section 1 we showed how any standard function f that satisfies (1.1),
yields a unique function #f in #Q. Here we point out that our construction
applies equally well to any internal function in *R that satisfies condition (1.1).

Let f be an internal function in "R (not necessarily rooted in a standard
function) such that

@1 Vxy [x =~y =>f(x) = f(¥)],

where the quantifiers refer to My N dom . This property of f allows us to
define a function in #R, denoted by #f, as follows. Let x €My N dom f, and
let v = [x]; then we say that ¥ € dom f and define

(2.2 ’r(n = [f ()]
We now present some examples.
2.3. EXAMPLE., Let f be the internal function in *R such that for each t € 'R,
f(t) =sinke,
where k € M, (so k is not a mega). Take x,y €M so thaty —x =i~ 0; then
f(y)—f(x) =sinky — sinkx
=2 sin%x(y —Xx) cos-;-x(y + x)
=2 sin-;-m' cosk(x + %i)

~(
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since sin%xz' 2 0 (note that %Kf 2 0) and [cosk(x + %i)l < 1. Thus f satisfies
(2.1); so our procedure yields a function ?f in °®, where °f(y) = [sinkx],

x €. If k is amega (ie., k €M), then (2.1) is not satlsﬁed by f. We can
choose x and y so that y — x = 1/k, therefore sin5 m =siny 410 and

cos 3 K(y +x) = cos(kx + 2) is not an iota for approprlate x (e g., x=0).

2.4. EXAMPLE. Let x € My, k > 0. Then & is a Dirac delta function, where
8(¢) = Vi /mexp(—«12)

for each t € *R. Notice that for each t € *R,

8'(t) = — 2kt Vk[mexp(—kr2) = —2kt 5(1).

Take x,y € M, where y —x = i ~ 0. By the Mean Value Theorem, for some ¢
between x and y

8(y)— 8(x) =(y —x)8'(c) = —2kci §(c).
Clearly 2kci = 0. If ¢ 4 0, then 8(c) =~ 0; so 2kci 8(c) = 0. If ¢ ~ 0, then
0 < exp(—kc2) < 1, and it follows that 8(c) EMy; so —2kcid(c) ~ 0. We
conclude that 8(y) — 8(x) = 0; so § satisfies (2.1). This means that § yields a
unique function in °R, denoted by P8, where #5(y) = [8(x)] for each y ER,
where x € 7.

Our next example shows that for a function in PR, say °f, the function f
involved is not necessarily unique.

2.5. EXAMPLE. Let i be any positive iota, and let f be the internal function
such that

i >0,
f(’)={0 ifr<0.

Clearly f satisfies (2.1); so f yields ?f, where for each y €PR and x €,
ff(v) = [f(x)]; thus

[i] ify>0,
1 )—{ ify<0,

But [i/] = 0, so () = 0 for each y € °R. Of course, the internal function
{(z, 0) |t € "R} also satisfies (2.1), and yields {(y, 0)| y €EPR} as well.
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Here is an internal function to which our procedure for obtaining a function
in AR does not apply.

2.6. EXAMPLE. Let f be the internal function such that

p ift>0,
f0={o ir<o.

Let i be any positive iota; then f(i) # f(0), so f does not satisfy (2.1). There-
fore, f does not yield a function in *&.

The following lemmas help us decide whether a given internal function
satisfies (2.1).

2.7. LEMMA. Let f and g be internal functions that satisfy (2.1). Then f + g
and f — g satisfy (2.1). Moreover, f+ g satisfies (2.1) provided that
f(x).g(x) € My whenever x € M.

Proof. We are given that
Vxy x=y > (f(x)=f(y) A g(x) =g,
where the quantifiers refer to My N domf N domg. So
fE)—f(»)=~0,  gx)—gy)=0.
The sum, or difference, of two iotas is an iota; thus

) —fO) 2 (g(x) — (] =0,

f(x) X g(x) =~ f(y) g(y).
So both f + g and f — g satisfy (2.1). Next, suppose as well that f(x),g(x) € M,
whenever x € M. Then

Fx)glx)— () g(y)=f(x) [g(x) — g+ [f(x) —f ()]

~0
since the product of an iota and a member of M) is an iota. Thus
f(x) g(x) = f(y) g(»); so f * g satisfies (2.1). O

ie.,

2.8. LEMMA. Let f and g be internal functions that satisfy (2.1) such that no
value of g is an iota and f(x) € M if x € M,y. Then f]g satisfies (2.1).



CH. 4, §3] CONTINUITY 107

Proof. Let h = 1/g; then 4 satisfies (2.1) since
_ -1 1 _gy)—gl)
M) RO = T e 0 T g O

if g(x) ~ g(y). Moreover, h(x) € M, if x € M; thus, by Lemma 2.7, - &
satisfies (2.1), i.e., f/g satisfies (2.1). O

2.9. LEMMA. Let fand g be internal functions that satisfy (2.1) and such that
g(x) EM,, if x € M,y. Then the composite function f ° g satisfies (2.1).

Proof. Let x =y, where x,y € My N domfeg. Then g(x) = g(y); thus
fg(x) =~ f(g(y),ie.,

[fogl(x) = [fogl(¥).

3. Continuity

We shall base our concept of continuity in the nonarchimedean field R, on
the metric induced by the nonarchimedean valuation v defined in Section 3.3
(for the induced metric, see Section 3.4). The idea is that in R, a function f'is
continuous at y, where y € domf, if each sequence (f(7,)) converges to f(7),
where (7,,) is a sequence such that:

(1) (v,) converges to v;
(2) 7, €domf foreachn €N.
This sort of continuity is called sequential continuity (for short, seg-continuity).

3.1. DEFINITION. A function f is sequentially continuous at vy, vy € domf,
provided that lim(f(y,)) = f(v) for each sequence (7,,) such that:

(@) lim(r,) = 7;

(ii) v, € domf for eachn €N.

Before illustrating sequential continuity, recall that for each sequence (a,,),
and for each a« €°R,

lim(a,) =a iff lim(d(a,, a))=0

iff lim(la,—al,)=0,
where |y|, = ¢ ™ for each y € “R, and v([x]) = 0(logplxl). For example,
| [p]1, = e~vEleD) = 1/e.
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Recall Theorem 3.5.13. If lim(a,) = a, where a # 0, then
.2 jVm[m>j->la,l,=lal,], jmeEN.

We shall use these facts in our examples of sequential continuity, which
follow.

3.3. EXAMPLE. Let f be the function such that f(y) = 1/y for each y # 0. We
shall show that f is seq-continuous at [p]. Let (y,) be any sequence such that
lim(y,)) = [p] and v, # O for each n € N. We must show that lim(1/y,) = [1/s];
ie.,

(3.9 VedgVm[m>q-|1/y,— [1/p]l,<e€], €€ER,e>0,q,mEN.
But
o] —
LI U []—7'2 since PR is a field
Tm [p]u ol Ym
[Ym — (o]l
= by properties of see Section 1.5).
ol Yl PP € )

Now | [p]l, = 1/e. Also, lim(y,) = [p];so by (3.2),
3jVm[m>j->ly,l,=1/e], jmeEN.
Therefore, form >,

(3.5) [1ym— [1p], = €2 17, — [0,

But lim(v,,) = [p],so lim(|y, — [p]l,) = 0. We conclude from (3.5) that
(3.4) is correct, i.e., lim(1/7,)) = [1/p]. This proves that f is sequentially con-
tinuous at [p].

Continuing this example, let us show that f is seq-continuous at y provided
that 5 # 0. Let (7,) be any sequence such that lim(y,,) =y and v,, # O for
each n € V. By (3.2) there is a standard natural number j such that |y,,|, = 7|
for each m >j. We shall show that lim(1/v,) = 1/y. Now, form >j

O Y S A P e e A
"’7,,, v, 1l mly i Ity
Since lim(|y, —vl,) = 0, we conclude from (3.6) that lim(|1/y,— 1/yl,) =0.

Thus lim(1/v,) = 1/y. This proves that f is seq-continuous at y; so f is seq-
continuous at each member of its domain.

v

(3.6)
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3.7. EXAMPLE. Let f be the function such that £(y) = y2 for each v € °R.
We shall show that f is seq-continuous at each member of its domain. Let
o €°R, and let (a,,) be any sequence such that lim(e,) = a. We wish to show
that lim(aﬁ) = o?. First assume that o # [0]. From (3.2), la,,|, = lal, if m
is sufficiently large; so

lay, + al, <max{|a,,l,, lal,}=lal,.
Thus

Ia,zn - azlv = |(a,,, — @) (@, + )|,  (since PR is a field)

=la,, —al,la, +al, (by(4) of Section 1.5)

<lal,la,, —al,.

By assumption, lim(|a, —a|,) = 0; we conclude that lim(Ia% - azlv) =0,
thus lim(a%) = o?. This proves that f is seq-continuous at &. Next, assume
that ¢ = [0]. Then lim(e,,) = [0]; so lim(| ;| ,) = O. But Iaﬁlv = layl, la,l,:
s0

lim(lagl,) = (lim(le,],)? = 0.

Thus f is seq-continuous at [0].
3.8. EXAMPLE., Let f be the function such that

_ o1 ify=o,
FM=110] ify<o.

We shall show that f is not seq-continuous at [0]. Notice that
tim(|[~p]",) = lim(e~") = 0.
The corresponding sequence of values of f is

(f([=p1™)=(l0], [11, [OL, [1], ...),

which does not converge to f([0]) = [1]; indeed, this sequence does not con-
verge. We conclude that f is not seq-continuous at [0]. Continuing this
example, let us show that f is seq-continuous at any other member of R,

say 7. Take y> [0] and let (v,,) be a sequence such that lim(y,) = 7. We
claim that

3.9) 3qVm[m>q->v,>[0]], qmeEN.

If not, corresponding to each standard natural number g there is a standard
natural number m, m > q, such that v,, <[0]. So |v,, — /=1, thus
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1% — 7!, 2 17], by Lemma 3.4.5. But ||, is standard and positive; therefore
lim(|vy,, —71,) # 0, so lim(y,) # 7. This contradiction verifies (3.9). Thus,
form>gq, f(v,,) = [1] = f(7). A similar argument works for y < [0]. We
conclude that f is seq-continuous at vy provided that y # [0].

4. S-continuity

In view of Lemma 2.10.9, the notion of S-continuity in *® is meaningful in
the context of PR provided that we interpret absolute value as | | .
Let us be quite precise.

4.1. DEFINITION OF S-CONTINUITY. A function f is S-continuous at a,
a € domf, if

(4.2) Ve3sVy [ly—al, <8 > 1f(M—f(a)l, <e],

where the first two quantifiers refer to positive standard numbers, and the

last quantifier refers to domf.

We shall show that each function f is S-continuous at a iff f is seq-
continuous at a. First we present some examples.

4.3. EXAMPLE. The absolute value function | | is S-continuous at each
a € PR. Here

vy ify=0,

=1 ify<o.

In fact, we claim that

(4.4) VeVy [ly—al, <e=>|lyl—lall, <€l

Notice that |y + a| < {y — «| if @ and y have opposite signs; in this case,
Hyl—lell=ly+al <|y—al.

Thus, by Lemma 3.4.5,
Hyl—lall, <ly—al, <€

by assumption. If a and y have the same sign, then

Hyl—lall=ly—al
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so by (2), Section 1.5,
Hyl=lall, =ly—al,<e

by assumption. This verfies (4.4). So | | is S-continuous at each member of °R.
4.5. EXAMPLE. Let f be the function such that for each vy €°R,

_ el ify>[0],
™M=\i0] ify<iol.

We claim that f is not S-continuous at [0]. To see this, in (4.2) take € = 1/(2e).
Corresponding to each positive standard &, there is a standard natural number
m such that

I[o]m|, =em <5
(since lim(e=") = 0). For each choice of 8, in (4.2), take y = [p]™. Then
l7l, <8, but

LfM1, = 1lpll, = 1/e>e.

So (4.2) is not satisfied; i.e., f is not S-continuous at [0].

Next we shall show that fis S-continuous at « if @ # [0]. Take > [0].
Choose € > 01in (4.2), take § = |al,, and let 7y be such that [y —a}, <8&.By
Lemma 3.4.7,y > [0]. So

() —f(@, =1lp] — [o]l, = I[0]], = 0 <e.

Thus (4.2) is satisfied; i.e., f is S-continuous at . Finally take a < [0]. Choose
€> 0in(4.2), take 8 = |al,, and let ¥ be such that |y —al, <8. By the
Corollary 3.4.8,y < [0]. So

(7)) — f(@1, =1[0] - [0]I, =1[0]], = 0<e.

Thus (4.2) is satisfied; i.e., f is S-continuous at .

We shall now establish the connection between S-continuity and seq-
continuity.

4.6. THEOREM. Let f be any function in PR, and let « € domf. Then fis
S-continuous at o iff f is seq-continuous at a.
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Proof. (i) Assume that fis S-continuous at a. Let (a,,) be any sequence such
that lim(a,,) = @ and a,, € dom f for each n €N. Then lim(la, —a],) = 0, s0
4.7 Ve3qVm[m>q-la, —al,<e],

where the first quantifier refers to positive standard numbers, and the other
quantifiers refer to standard natural numbers. We shall show that

lim(f(a,)) = f(®), i.e. im(1f(a,) — f(a)|,) = 0, namely
(4.8) Ye3qVm[m>q~>|f(ay,) — f(@)],<e],

where the quantifiers have the same designation as in (4.7). By assumption,
fis S-continuous at «, i.e.,

(4.9) Ve3sVy[ly—al, <8 >{f() —f(®)],<e].
Fix e positive and standard. From (4.9), there is a positive standard § such that
410)  Vy[ly—al,<8-1f() @], <el.
From (4.7) with € = §, there is a standard natural number q such that
4.11) Ym[m>q- o, —al,<8].
So, from (4.11) and (4.10),
Vm[m>q-1f(ay,)—f(a)],<e].

This establishes (4.8), i.e., lim(f(a,)) = f(a); so f is seq-continuous at a.
(ii) Assume that f is not S-continuous at a. Then there is a positive
standard number € such that

(412)  VY83y[ly—al,<8Alf(N)-—f(&)],>e].

We shall show that f is not seq-continuous at a. In (4.12) take 8 = 3 ; then
for some ¥; € dom f,

I —al, <3, If) =@, >e
In (4.12) take & = (3)2; then for some v, € domf,
v, —al, <G, f(r)— (@], >e
In (4.12) take § = (3)3; then for some 73 € domf,
l3—al, < @3 If(r)—f@],>e
More generally, take § = ()", where n € N; then for some v,, € domf,
l, —al, <@)",  1f(r) —f@)],>e.
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In this way, (4.12) yields a sequence (7,,) such that lim(y,) = a, v, € domf
for eachn €N, and | f(y,) — f(®)|, = € for each n EN. Thus (f(v,,)) does
not converge to f(a). We conclude that fis not seq-continuous at a. This
completes our proof of the theorem. O

What about Q-continuity in PR? Well, the obvious way of formulating
Q-continuity in #® yields a trivial concept. Let us demonstrate this point.

4.13. DEFINITION OF Q-CONTINUITY. A function f is Q-continuous at a,
a € domf, if

(4.14) Ve 38 Vy [ly —al, <8 > 1f(7) —f(@)], <€,

where the first two quantifiers refer to positive real numbers (i.e., members
of *R) and the last quantifier refers to domf.

Unfortunately, each function fin #® for which a € dom f, satisfies (4.14).
To see this, fix € € *R, € > 0, and choose & so that § > 0 and & =~ 0 (e.g.,
take § = p). Notice that for each y € R,

ly—al,<éd—y=a
(since |Bl,, is standard and positive iff § # [0]). But if ¥ = o, then
1f(n) = f(@1, = 0]], = 0<e,

so (4.14) is satisfied. Thus fis Q-continuous at « provided that « € domf.
For this reason, we shall concentrate on S-continuity in °&, i.e., on
seqg-continuity.

5. Functions f and continuity

Let f be any standard function which satisfies (1.1); so f yields °f, a func-
tion in R. In this section we shall discuss the continuity of °f.
First, we introduce some ideas and terminology.

5.1. DEFINITION. Let o, € PR; we say that a is infinitely close to f (in
symbols, o =~ ff) if a > b fof eacha € aand b €.

Since any two members of « differ by an iota, and any two members of §
differ by an iota, it is clear that

a~f iff Jab[la€EaAbEPAa=Db].
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Here is a fact about convergence in °&.

5.2. LEMMA. Let lim(y,) = 7. Then
gVm[m>q >y, =7].

Proof. Assume that lim(y,,) = but
Ygam[m>qAny, #7].

Then v,,, — 7 contains no infinitesimals; so x € v, — v iff there is a positive
standard number A such that |x| > 4. Thus

1Y — 71, = exp{—0(log, |x1)} > exp{—O(log, 1) }.

But £ is positive and standard, so log, & = 0; thus O(log, #) = 0. So
|7, — 7|, = 1. This proves that

Ygam[m>qAly,—vl,=1];
therefore lim([vy,, —|,) # 0. This contradiction establishes the lemma. O
Given an open interval (a, b) in &, we introduce °(g, b) a subset of PR
defined as follows.
5.3. DEFINITION OF #(a, b). For each y €E°R,
(5.4) YEPa,b) iff Ft[t€ERAa<t<bAay==|[t]].

Remember that we identify [¢] with ¢ in case # € R; so we sometimes write
(5.4) more simply as

YEP@,b) iff Jt[tERAa<t<bAvy=~t].
Similarly, we can regard the open interval
(a,b)={t€R|a<t<b}
as a subset of R, namely
{[t]11t€R anda <t <b}.

In this sense, P(a, b} is a superset of (a, b}. Moreover, if t €E{a, b),sot ER,
then [t + €] € #(a, b) for each infinitesimal e.
Here is a simple way of characterizing °(a, b).

5.5. LEMMA. Let (a, b) be an open interval in &. Then v € P(a, b} iff v C *(a, b).
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Proof. (i) Assume that y € (a, b). Then v ~ [t] for some t €R such that
a<t<b.Thusy = [x], where x ~¢ and x € *R. So y C (a, b).

(ii) Assume thaty C*(g, b). Let vy = [x], where x € *R. By the Fundamen-
tal Theorem about Finite Numbers 2.1.7, there is a standard number ¢ such
that x ~¢. Sincea <x <b and a,b ER, we see that e <t < b. By construc-
tion, v = [¢]; so y € A(a, b). This completes our proof of the lemma. OJ

Notice that the converse of Lemma 5.2 is false. For example, consider the
sequence (v,,), where v, = v + [p] for each n EN. Here Vn [y, ~ 7], yet
lim(y,) #v.

We are now ready for a continuity result.

5.6. THEOREM. Let f be a standard function, whose domain includes (a, b),
such that ' is continuous on (a, b). Then °f is seq-continuous on °(a, b).

Proof. In view of the comment that follows Lemma 1.5, f satisfies (1.1); so
the domain of °f includes (e, b). To show that °f is seq-continuous on *(a, b),
let v € /(a, b), and let (7,,) be a sequence such that lim(y,) =, where

¥, € dom °f for each n €N. By Lemma 5.2, there is a standard natural number
q such thaty,, == for eachm > gq. Let X, €y, foreachn €N,andlet x €.
Then x,, =~ x for each m > q. Since vy € °(a, b), there is a standard number ¢
such that g <t <b and y =~ ¢. Thus x ~ ¢ and x,,, =~ foreachm >q. It
follows that there are standard numbers a’ and b’ such that e <a' <t <b'<b
and x,, € [a', '] for each m > q. By assumption, f' is continuous on the
closed interval [a’, 5'], so | f'| has a maximum value on [d’, b'], say B (B €R);
ie., |f'(s)!<Bforeachs€ [a', b'](s €R). Thus | f'(¢£)| < B for each

t €*[a’, b'] (t €'R). By the Mean Value Theorem for *®, where m > g,

[fCep) —F) = 1%, — x| 1 f'(t)) | < Blxp, — x|
for some ¢,, between x,,, and x. Thus
Pf (V) = SO <Blvpy, — 7l
By Lemma 3.4.5,
(5.7 Pf ) —PF, <lv— %1, ifm>gq,
since |[B]{, = 1 if B> 0 (if B = 0, then |[B][, = 0). By assumption,
lim(|y,, —vI,) = 0; it follows from (5.7) that
im(1°f (v,) —°f(M1,) =0,

so lim(Pf(7,,)) = °f (7). So °f is seq-continuous at y. We conclude that °fis
seq-continuous on (a, b). O
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We now turn to internal functions.

5.8. THEOREM. Let f be an internal function such that f' is continuous on
an open interval *(a, b) with standard endpoints a and b, and such that the
range of f' is a subset of M,y. Then f is seq-continuous on °(a, b).

Proof. First we show that f satisfies (2.1) on *(a, b). Let x = y, where
*
x,y € (a, b); then

1£G) —fO) I =1x=ylIf (DI<Blx—yl,

where B is the maximum value of |f'| on the closed interval with endpoints

x and y (i.e., B =|f'(s)| for some s between x and y). But B |x —y| =~ O since
x—y =~ 0and B €M, (see Lemma 3.7.3). This proves that the domain of °f
includes P(a, b). To show that #f is seq-continuous on °(a, b), let v € P(a, b),
and let (y,,) be a sequence such that lim(y,) = v, where v,, € dom °f for each
n €N. By Lemma 5.2, there is a standard natural number g such that y,, ~ ¥
for eachm > q. Letx, €, foreachn €N, and let x € y. Then x,,, ~x for
each m > q. There are standard numbers ' and b’ such that e <a' <x<b' <b
and x,,, € [a', b'] for each m > q. Since ' is continuous on *[a’, b'], it follows
that*l f'| has a maximum value on *[a, b'], say C. By the Mean Value Theorem
for 'R,

|f () = £ = Ixpy — x| 1£'(t)]

<Clx,, — x|

for some ¢, between x,,, and x. Thus

1f () = AN S Clyp =71
So, by Lemma 3.4.5,
(5.9) 1F(Ym) = 2F D < UHCH , 1Ym — Y-
But |[C]|, < e/ for some j €N, since C € M,. Moreover, lim(ly,, —v!,) =0
by assumption; so, from (5.9),

im(I1°f(v,) —°f(M1,) = 0,

ie., im(°f(y,)) = °f (7). Thus °f is seq-continuous at y. We conclude that °f
is seq-continuous on #(a, b). This completes our proof of the theorem. 0
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6. Differentiation

Let f be any function in ’R. The derivative of f, which we denote by f, is
defined in terms of the metric induced by the nonarchimedean valuation v,
as follows. We say that y € domf’ and f'(y) = & provided that

(f(*r,,) —f(*r))
mf—— =«
Yn—Y
for any sequence (,) such that lim(y,) = v, v, € domf, and v,, # v for
eachn €N,

6.1. EXAMPLE. Let f be the function such that f(y) = y2 for each y €°R.
Let (7,) be any sequence such that lim(y,) = v, where v, # v for each n EN.
Then

lm(&ﬁ) = lim (‘73 __7‘:) =lim(y, +v) =27y

since lim(|7y, — v1,) = 0 by assumption. Thusy € domf" and f'(y) = 2y
for each y €PR.

‘n

6.2. THEOREM. Let f be a standard function such that ' is continuous on an
open interval (a, b). Then °f is differentiable on P(a, b), and (°f) = °(f").

Proof. As we have seen earlier, dom °f includes #(a, b). Let v € (g, b), and let
(7,) be a sequence such that lim(y,) =, 7, € domf and v, # ¥ for each
nEN. Letx, €7, foreachn €N, and let x € 7. By the Mean Value Theorem
for "R, corresponding to each n € N there is a number t, between x,, and x
such that

f(xn) '_‘f(X) = (xn - x)f'(tn)-
Let t, € a,, for each n €N, where a,, € °R. Then for each n EN,

o) =1 _
B =201 (a,).
Thus

0 —p
m(ﬁy)_—f@) = i) (a)) = [°(F )

since #(f") is seq-continuous at v, by Theorem 5.6, and lim(e,) = v by
Lemma 3.4.9. We conclude that y € dom (°f)" and (°f)'(v) = [P(f)](7) for
each v €°(a, b). Thus (°f)' = P(f') on P(a, b). This completes our proof of the
theorem. O



CHAPTER 5

EULER-MACLAURIN EXPANSIONS

1. Introduction

In this chapter we shall approach asymptotic expansions in an informal
manner in order to motivate the intuitive idea; in Chapter 6 we shall present
the formal concept of asymptotic expansions.

It is certainly true that a convergent series can be used to approximate its
sum to any required accuracy; in certain cases, however, this involves sum-
ming so many terms of the series that this technique becomes impractical. We
seek a practical formula (from a computing viewpoint) that yields an approxi-
mation to a given quantity (e.g., a definite integral) with only a few computa-
tions; even though the remainder term of the resulting formula cannot be
made less than any given positive number by the usual device of increasing
the number of terms summed.

Surprisingly, a divergent series can yield a practical formula for approxi-
mating a given quantity. Here is an example.

1.1. EXAMPLE. The incomplete factorial function ei (see Jeffreys and
Jeffreys [1956], p.470) is defined for ¢ > 0 as follows:

7 a—x
ei(t)=fex dx.
t

This function is closely related to the exponential integral function E;; indeed,
foreach t > 0,

() = at 3 e
E(D=e f o dx
t
=elei(t).
(see Bellman [1964]). We seek a method of evaluating the incomplete fac-

118
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torial function ei. The idea is to construct a divergent series such that the sum
of the first few terms of the series approximates ei(¢). Our method is simple
— we shall integrate the given integral by parts, and repeat this procedure.
Now, for eachn €N,

o0 oo oo

e X e ! e *
on +1=_‘_nf +1°
n n n
;ox t ; ox

(Notice that we suppress dx in an integral if the independent variable of the
integrand, here x, can be determined without this aid.) So

oo
e—x _ e-,-—x

xn xn

t

oo

—X
ei(t) =— — e—2~
;X
11 ;e
=l - +
e K t2:| 2f 3
! —x
=t l__l__;,&jl_yf ¢
2 g3 x4
(1 1 (n 1) e
—e—t1 - n—1 npt
e 7 t2+ 4D :|+( 1) ntf ——t
Denoting the last term on the right by “R”, we point out that
_nte! 12 ne!
(1.2) |R|<———f S

For a fixed ¢, the product on the right is minimized by taking n to be the
integral part of ¢. For example, let us approximate ei(5); accordingly, we take
n = 5;i.e.,we compute the sum of the first five terms of the divergent series

So
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Here
—5
IRI< 5! ‘;_6 = ;24 X .006 7 = .000052.

Since the remainder term, in this case, is negative, we conclude that

ei(5) = .001 1... to four decimal places. The correct value, to five decimal
places, is .001 15. Notice that our approximation to ei(5) is not improved by
taking more terms of the divergent series =5 Z, -, (—1)? n!/57+1; indeed,
the sum of the first seven terms of this series is

e‘s("}_?ls‘*'%? 625 Grhg 3325 - 3325 1?225) =6.7379X.17562X 1073

=.00118.

This is typical of asymptotic expansions; there is a natural number, say q,
such that summing terms of the expansion up to the gth term improves the
approximation, whereas including terms beyond the gth term worsens the
approximation.

Another typical feature of asymptotic expansions is that the accuracy of
an approximation depends on the size of the argument ¢. For example, we
can compute ei(10) with an error less than 1.7 X 10~2 by summing the first
ten terms of the expansion given above; we find that ei(10) =.00000416.
Incidentally, now that we know the value of ei(10) to eight decimal places,
we can compute ei(z), where ¢ is close to 10, by other methods; we rely on the
fact that

10
Sren s e *
el(z)—e1(10)+tf —

For example, using the quadrature formula: for some ¢ € (@ — h,a + h),

a+h
[ r=3hlf@=h) +f@+m)] + $hf(@) + &R D) ~ gk £6)(c)

a—h

(see Lightstone [1966]), we find that

10 _,
(]
f == .000001 02,

So
ei(9.8) = .000004 16 + .000 001 02 = .000 005 18.

In this way we can build up a table of values of the function ei.
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Turning to the exponential integral function E;, we have that for each
n €N and for each t >0,

.11 n!
(D=7 — —+ .+ (B
El(t) t 12 ( 1) tn+1

From (1.2), the error in this approximation is R, where

(n+1)!

IRI<
tn+2

This bound on the error is minimized by taking n so that n + 1 = [¢], the
integral part of .

2. The Euler—Maclaurin Formula

The Euler—Maclaurin Formula 2.7 is a fertile source of asymptotic
expansions; we shall illustrate this fact in Section 3. The purpose of this
section is to derive this formula. We shall follow the method of Jeffreys and
Jeffreys [1956].

Let f be a function such that the closed interval [0, 1] is a subset of
domf@r+1} where r €N. Consider the problem of computing folf‘, integrat-
ing by parts we obtain

1 1 1
@D [r=G-dr| - [ =@+ - [=Df
0 0 0

We wish to continue integrating by parts. This operation is expedited by
introducing functions Py, P3, Py, ..., each with domain including [0, 1] and
such that

(a) Py=x—3;

(b) P,(0)=0foreachn>1;

(c) P,,, =b, + P,, where b, is chosen so that P,(1) = O for eachn > 1.
The functions P; and numbers b;, i > 1, are generated one after the other by
(a), (b} and (c). For example, Py = 3x2 — 3x, P; = §x3 — 3x2 + §3 x, and
b, =13.

2 Our immediate goal, however, is to derive the quadrature formula (2.5).
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To this end, let n > 1; then
1 1
[Pf® = [y =51 ® by ()
0 0

1
= —n! 1 1
__bnf(n )IO +Pn+lf(n)|0 - an+lf(n+ )
0

1
—1il
=—bnf(n l)|0— an+lf(n+l)-
Thus 0

] 1 ] 1
! 1} 1} 1} l " 1
2 [G-9f'= [Byf' =Pyf| ~ [Paf" == [Prf
0 0 0 0
;)
= bzf'lo + fP3 e by the preceding result
0
1 1 1 }
=b2f'|0—b3f"|0 + ..t (—1)'b,f<r—l>|0 +(=1)” fP,+1f<'+
0

We want to prove that b; = 0if i is odd, i > 2. To this purpose, let ¢y, ¢}, c5, ...
and Qg, @, @5, -.. be numbers and functions such that for eacha €R,

(2.3) ”—1 2a—Eca,
a(e?*—1) i
24 ade”— - 2740,
(2.4) ed—1 N a0,
Differentiating (2.4),
ax 2
Ea’Q'—a e - anlQ +
e?—~1 N e?—1
= Ea“’lQi"r Eciai+1_%a2 by (2)
N N
ie.,

%}aiQ’.’= %)aHl(Q’_ +e¢;)—La2.

Thus, foreachi> 1, Qj,, = Q; +¢;.
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From (2.4), for eacha €R,
2 3 2,2 3,3
a a asx¢ a’x
(a +? +'3—!" + )(QO +an +a2Q2 + ) =a(ax +T +T + ),

500y =0, Q; =x,and @, =3%2 —3x.
Evaluating (2.4) at O yields

2221 Q,(0) = 0;
< 0:(0)
50 Q;(0) = 0 for each i € N. Evaluating (2.4) at 1 yields
Ea"Q,-( )=a;
N
s0Q;(1)=0if i# 1,and Q,(1) = 1. We conclude that Q; = P; and ¢; = b;
for each i > 1. This means that (2.3) characterizes the b’s and (2.4) character-

izes the P’s.
We now show that the LHS of (2.3) is an even function of a:

a 1 a 1 ae? 1 1
— —3a= —a=————3za=a+ — 34
e d—1 1—e@ e?—1 e?d—1
a 1
= +3a,
e? —1

which is the LHS of (2.3). Therefore, the RHS of (2.3) is an even function of
a,i.e.,

?ci(—a)" = ; c;al,
S0

2(cya+czad +cad +..) = 0.

We conclude that ¢; = 0 if i is odd; so b; = 0if i is odd. This is an important
observation for our purposes; not only does it allow us to simplify (2.2), but
it helps us deduce an important property of the remainder term R in the

Euler—Maclaurin Formula, as we shall later see. From(2.2), foreachm > 1,

1 n 1
) -yl
f(x—%)f =4 by f2 l)|0+f1’2m+1f(2’"“)-
0 0
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So, from (2.1), we obtain the following
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quadrature formula. For each m 2 1,

1 m 1
(2.5) ff= MO+ (] — ? bzl.f(Zi—l)Ll] - fp2m+l F@m+1),
0 0

It is convenient to switch over to Be
polynomials ¢; which can be defined as

moulli numbers B; and Bernoulli
follows: for eachi €N,

For later reference, we list some of these numbers and polynomials:
_ — 1 =L
By =1, By, =%, By =—35,
B =34 By =—3% By=%
6 a2 8 30 10 — 66>
— _ 691 _1 — _3617.
By =—3730> By =% 316— 510 °
and
d)(] = 03 4)1 =X,
¢y =x2—x, ¢3=x3—3x2+5x,
by =x4—2x3 + x2 ¢s = x5 — x4 + §x3 — ¢x,

¢ = x6— 3x5 + 3x4 — 3x2,
¢g =x8—dx7T + ¥x6—Ix4 4+ Ix2,

¢7 =x7 —2x6 + Ix5 — Jx3 + §x,

09 = x9—3x8 + 6x7 — xS + 23 — fpx.

In terms of Bernoulli numbers and Bernoulli polynomials the quadrature

formula (2.5) can be stated as follows.

r

1 Bi
26) [r=3170) +1 (1) - T2
J =3l

Foreachi €N,

1
f=[fe+i)
0

i+1

J

1

so, foreach n €N,

fr=T
0

1

f £l +1).

n
i=0 0

1 (2!

Foreachr=1,

1)|

1
0

1
. 1
S ooy F LT
0

This observation, together with the quadrature formula (2.6), yields the
Euler—Maclaurin Formula which we now state.
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2.7. EULER-MACLAURIN FORMULA. For each n €N,

n—1 r

ff_ 2[f(0)+ f(m)] + Z; iH— E—EI—f(h—l)l +R,

where

i+

i

We want to show that if, for each r, f27+1) is monotonic on [0, #], and
the values of f(27+2) and £ 27+4) have the same sign throughout [0, n], then
the remainder term R of the Euler—Maclaurin Formula changes sign when r is
increased by one. In this case, then, the error in approximating f6’ f by a finite
number of terms of the Euler—Maclaurin expansion (see (2.11)) is bounded
by the absolute value of the next term of the expansion; i.e.,

B2

(2.8) RI< (2r+2)!

o o [Fr+ () — fCreD ()] .

Thus " n—1 -~
. 2 i

[r=b1@ +3ro+ 2 £y — D2 pi-D[?,

0 i 1 (29! 0

and the error in this approximation is bounded by the RHS of (2.8).

With this goal in mind, we point out that on [0, 1] the zeros of P,, are O

and 1, and the zeros of P, , ; are 0,3 and 1 (see Jeffreys and Jeffreys [1956)).
Therefore the values of P,, have the same sign on the open interval (0, 1), and

the values of P, , ; have the same sign on the open interval (0, 2)
From (¢),

| |
[Pri=b,+ [,
o 0

SO

for eachn > 1. Thus
sgn P,, #sgnb,,,
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where

+  if the values of P; on (0, 3) are all positive,
sgn P; =

—  if the values of P; on (0, 3) are all negative,
and

|
[Prsr =0
0

since b, , 1 = 0. So the values of P,, ., on (0, 3) are positive iff the values of
P,, .1 on(3, 1) are negative.

Let 0 </ < 3; by the Mean Value Theorem there is a number £, 0 <t <A,
such that

P,(h)— P,(0) = h P,(2);
ie., P, (h) = hP.(t).So
sgn P, =sgn P,

for each n > 1. Moreover, from (c) and the fact that b; = 0 if i is odd, we
obtain that

Py, =Py,

for each r > 1. By the Mean Value Theorem,

for some ¢ € (0, #). Thus
sgnP,, =sgnP,, ;.

Since P,,(0) = 0, we can choose & € (0, 3) so that

|P2,(h)| < |b2,|;

thus Py, (k) = by, + P,,(h) has the same sign as b,,, so
sgn Pér+1 = Sganr’ sgn P2r+1 =sgn b2r'

Summarizing,
sgnP,, ., =sgnb,, FsgnP,, =sgnP,, ;.

Thussgn P,, | #sgn P,,_; (as well, sgnb,, # sgn by, »). This proves that
gy, F BN P2,

foreachr> 1.
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To establish our assertion (2.8) we must consider the remainder term R of
the Euler—Maclaurin Formula. First, notice that for each i,
i+1
Pypyy(x =D [FC+D — fQri1Yi +3)]

irl i¥l
= [ Pyic—fCD—fCOG+ ] [Py (x—0)
i i
i+1
_f P2r+l(x_')f(2r+l)_f(2r+l)(’+2) fP2r+l
i
i+1
=f Pyppy(x— D) f2r+D

since
1 1

1
fP2r+l = f(Pér+2 _b27+1) = fPér+2 =P2r+2|:)
0 0 0

Therefore
irl it

S 2mG=0r@ 0= [ 651 (e—0) [FOrD— @D+ D],
H H

Bear in mind that for each r 2 1, the values 0f¢2,+1 on the interval (0, 3)
have the opposite sign to the values of ¢,,,, on (3, 1). Let f2r+1) be mono-
tonic on [0, n]; then for each i the values of f2r+1)— f@r+1)(j + 1) on
(i, i + 3) have the opposite sign to the values off(2’+1)—f(2’+1)(1 +3on
the interval (i + %, i+ 1), or else are zero (but zero values can safely be ig-
nored). Moreover, for each i, and fixed r, the values of f@r+1) — F@r+1)(j + 1)
on (i, i +3) have the same sign. This means that for fixed r, the sign of

i+1
S 2= @D —r@reDG + )]
H
is the same for each i.

Finally, suppose that both £ @7+1) and £(27+3) are increasing on [0, n], or
both functions are decreasing on [0, n]. We claim that in this case the re-
mainder term of the Euler—Maclaurin Formula changes sign when r is in-
creased by one. Let R, be the first remainder term and R, the second re-
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mainder term. The sign of R, is the sign of
i+1
~ [ b x— D [FOrHD — QDG 4 D]
i
the sign of R, is the sign of
i+l

= [ b203x =D [T — fRENG 4 ).

But B0 0341 # sgn ¢,,, 3; also, the values of fF7+1) — fQr+1)(; + 3)on
(i, + }) have the same sign as the values of f27+3) — FQr+3)(; + 1) on
(i,i + 7). We conclude that R, and R, have opposite signs. Thus

fnf=a+Rl, fnf=a+b+R2,
0 0

where R, and R, have opposite signs; so b = R; — R, and the three numbers

b, Ry and —R% have the same sign. It follows that IRl | < |b]|. Of course,

f@r+1) and £(2r+3) are both increasing, or both decreasing, on [0, #] if the

values of f(27+2) and f(27+4) have the same sign on [0, #]. This establishes (2.8).
In the examples of Section 3 we shall be concerned with approximating

definite integrals of the form ['f, where @ €. To apply the Euler—Maclaurin

Formula here, observe again that

n—

f"f=f o+ a),
a 0

which is a direct consequence of the characterization of a definite integral in
terms of a sum. Applying the Euler—Maclaurin Formula to [ ~%f (x + a)
yields for each r,

n—1
(29) ff 3f@)+5f(n)+ Z) £ — Z) o S f@D|T 4R,
where
1 n—l g
Ry 5 aatemamarer

We mention that (2.9) is also known as an Euler—Maclaurin Formula.
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Moreover, if for each r, f©7+1) is monotonic on [a, n], and the values of
f£@r+2) and f@r+4) have the same sign throughout [a, n], then

By, 1o
(2.10) IR| < @r+2) [f@r+D(n) — 2+ D)),

i.e., [R| is bounded by the absolute value of the next term of the expansion.
Let n—1

c=1f@+1fn)+ 21 £0),

and consider the expression
B,;

(29!

which is known as the Euler—Maclaurin expansion of [} f. We express this by
writing

(2.11) -2 2 f(2t—1)|

free- By

or simply

n B
[ree=—5r - f<3>| f<5>|

a

For each r € N, the number

a

1(1'

is called an Euler—Maclaurin approximation to ]! f; as claimed earlier, this
yields

ff‘c‘ B

Of course, the accuracy of this approximation depends upon the remainder
term R of the Euler—Maclaurin Formula (2.9).
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3. Some examples

As we have seen, we can approximate f,' f by the Euler—Maclaurin Formula
(2.9). However, to ensure that (2.10) provides a bound on the remainder term
R, we require that:

(1) for each odd i, f@ is monotonic on [a, n];

(2) the values of £(27+2) and £(27+4) have the same sign throughout [a, n].
In this case, then, we are in the fortunate position that the absolute value of
the error in the Euler—Maclaurin approximation

n—1

G i@+ + 20— 2
a a+1 1

B
(

2i . n
2i—1)
AR

a

is less than the absolute value of the next term of the expansion.
We now illustrate this result.

3.2. EXAMPLE. The function 1/x satisfies conditions (1) and (2) since
(1/x)D = (=1)fi! x—i1

for each i. Thus, fora > 0 and i odd, (1/x)(? is monotonic on [a, n], and the
functions (1/x)(27+2) and (1/x)7+4) are positive on [a, n]. So, by (3.1),

0

1
1.1 1 1,1 1,1y 1p —9010 15 4130 1, __g10
In2= [ =T b g+ (G HT 5 ) FiByx 2|5 +3Byx “|5 +§Bgx|
5

5

69563492 — (52— 1072) + 35(5—4 — 10~%) —55(5-6 — 10-6)

69563492 — 00248775 =.693 147 17.

The next term in our expansion is
1 —8(10 - ;4—8.-
sBgx 8| =108
so we anticipate that our approximation to In 2 is slightly too small, with an

error of about one in the eighth decimal place. In fact,In 2 =.693 147180....
We can compute In 5 to seven decimal places with only a few calculations,
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as follows:
20, 16, 20, 20
ms= [ o= [ o+ [e=2m2+ [
4 4 16 16
- 1,1 1,1 1 1p .—2[20 15 4|20
=1.38629436+ 35 + 35 + (55 +T§+ﬁ)+532x 16+ZB4X 6
=1.60943791.

Notice that

so the error in absolute value is less than 3 X 10—10, We mention that
In5=1.6094379124....

In our next example we use the Euler—Maclaurin approximation (3.1) to
approximate Euler’s constant 7.

3.3. EXAMPLE. For each natural number n,

n—1

n B B B

TP G SFIS S S DA S SR Y. Y| i 1
Inn lnS—Sf;c—lo+2n+6 i+2x 5+4x 5+6x 5
thus

" 2 -4 56

1o e )ﬁ_i 52 574 56,

llm(§i+ln5 Inn ) & = To 4 2 — 50+ 5m = —09667975.
Now

y=lim(1 +3 +..+%—1Inn)

=1+1+i4 4+t —m5+1limG+..+5—Ilnn+1n5)
= 2.28333333 — 1.609 437 91 — .096 679 75
= .57721567.

In fact,y = .57721566409....

To see the importance of Euler’s constant, notice how we use 7y to develop
an improved asymptotic expansion for In¢.
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3.4. EXAMPLE. By the Euler—Maclaurin formula,

n n—1 B B
nn—lnr= [4alp Ly 251,72, om T4 qn
x 2t 2n 4400 2 r 4 t

SO

B
—1nt~—+11m(2——1nn)— —____4___”
2 212 414
thus
B B
(3.5) lnt~2—_——— i R 2
1§02t 2:2 414
For example,
10
DL B B
In10 T Y+ 100241074 +

SO

In10 = 2.928968 25397 — 6272156649 + 15 X 1072 — 35 X 1074 + 52 X 10~6
= 2.301752 589 07 + .000 832 503 97
= 2.3025850930.

In fact, In 10 = 2.302 585092 994....

From (3.5) we easily obtain an asymptotic expansion of thil 1/i, as
follows.

3.6. EXAMPLE. Taking the difference of the asymptotic expansions of In2¢
and In ¢t yielded by (3.5), we obtain
2t

B B
2t —Inrs—t L4 251422 2(———1)+—4(—1———1)+
4 2t t+1 i 2 4[2 t2 4 16[4 t4
2t
B B
1. 31 2 -y - nre-
In2 4t+,+1l 22 4-24
SO
— 4 __
(3.7) E—~ln2———+322 Li2yg, X limay |

4t 2.92 4-24
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To illustrate,
20

2% = .693 147 — .025 + .000625 = .668 772.
11

Infact, 220 1/i= 6687714....

In a moment we shall derive an asymptotic expansion for gn2. To illustrate
the idea we first compute (157)2 + ... + (3%)? to ten decimal places.

3.8. EXAMPLE. By the Euler—Maclaurin formula,
199

. 11 +Zi+32x—3200
160 x2 2-104 8-104 10142 100

200

199
=251 1 0000623542,
101 ;2
So 200
Z 1 . 200 1
2= .000025—.0000623542+ [ —
101 2 o x2
= —.000037354 2+ .005
= 004962645 8.

Here is our computation for %172 and 7.

3.9. EXAMPLE. For each infinite natural number k,

« k—1
1
[L=o005+ 2L
10x2 11 2
—3|x —5{K —7|¥ —9lk 4 —11]%
+Byx lm+B4x 10+36x 10+ng 10 Byyx 10

k—1

~ 005+ 27 -+ B)+ 103+ B, + 10~5
11 2

—Bg-1077—Bg-1079— B, 10711,
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k—1

]

10
2—122—14-
N 2 1 2

1

[ 8]

11
10

~Z) <095+ B, 1073 + B+ 1075 +..
2 (our asymptotic expansion)
=1.549767731166 4 + .095 166 3356818

= 1.644 934 066 848 2

Thus
72 =9.869 604 401 089 2, m=3.141 592 653 589;

in fact, 7 = 3.141 592653 589 ....

Our next example, although it is not an asymptotic expansion, illustrates
the power of the Euler—Maclaurin Formula 2.7.

3.10. EXAMPLE. Let p be any natural number. Then for each natural number n,
fr B
2 :

0

where g isp or p— 1. Thus

n

p+1 r B By (p B p

2P =t "—+—2—(p) P—1+—4( )P—3+...+—‘l( )np—qﬂ
o Terit )" 4 \3)" : :

where g is p or p — 1. For example,
n
205 =1tn +3n5 + Snt — 5n2,
1
n
23i6 = Ln? +3n6 +3n5 —1n3 + 5n.
1

A characteristic feature of an asymptotic expansion, in the case of a quantity
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that involves a parameter, e.g. a function, is that the accuracy of the calcula-
tion depends upon the value of the parameter. In general, the accuracy im-
proves as the parameter takes on its limiting value. For example, the greater ¢
is, the more accurately we can calculate ei(¢) by the asymptotic expansion of
Example 1.1. Here is another example that illustrates this point.

3.11. EXAMPLE. Let s €N, and let p > 1, p €R. Considering ["x P and
applying the method of Example 3.10, we obtain the asymptotic expansion

oo

I-p P B (p By(p+2
3.12 2 ipaSl S +—-( ) ‘P_1+——( ) —p=3
(3.12) i=s+ll p—1 2 2 \1)° 4\ 3)°
B6 p+4
-0 —p—S
+ 6 ( 5 )s +

The RHS of (3.12) generates approximations to its LHS by taking partial sums,
For example,
l—p P pB, -

3.13 2 eSS S
G13) T Y

The error in this approximation, in absolute value, is less than
|B4| (p+ 2) s_p_:,,‘
4 3

By increasing s, we decrease the bound on our error. In this sense, we can
approximate

s %
DiP=2iP+ 2 P
N i=1

i=s+1

as accurately as we wish by choosing s sufficiently large.
Here is a famous asymptotic expansion — Stirling’s formula for InI'(¢ + 1).

3.14. EXAMPLE. Fort >—1 and t €R,

oo

F(t+1)=0fe—xx’=lim(m%(—t+‘ni),

sO n

InT(¢ + 1) = lim(inn! + ¢Inn — Zl) In(t +4))
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and n
(3.15)  DInT(t+1)=lim(inn — 2 ——).
1 t+i

We get a grip on the RHS of (3.15) by applying the Euler—Maclaurin formula
(2.9) to ff*"1/x. This yields:
t+n—1
1 1
2(t+n) * t+n 1

(3.16) 1n(t+n)—1nt**2—lt+

_Béx_2|t+n +£‘1 x_4|t+n

+ 5 2 ; + ...
So
n
)P ST I 1 1
R e T e TR 17
B, t+n  Ba t+n
22 9 Z4 4
+ 2 X | 2 lt + ...,
thus

n
B B B
(3.17) lim(lnn—EJ—,)&]nt-}-l__z__“_ 6
1t 2t 212 414 616

i.e., the RHS of (3.17) is the asymptotic expansion of the derivative of
InT'(¢ + 1). But the asymptotic expansion of an integral can be obtained by
integrating the asymptotic expansion of its integrand term by term; so

) B, B, Bg
(3.18) InT(¢+1)~C+(t+3)Int—t+ + + +
1-2¢ 3.4,3 5'6[5
The constant C is obtained from the relation

(3.19) InT(¢+1)+InT(¢+)=—2tln2+ Inn+InlQ2e+1),

which yields C = % In 271. We have derived Stirling’s formula:
B B
T, S S
1-2¢ 3.413 5.615

(3200 ImP@+1D)~Lm2r+(@+)Int—r+

The error in applying this asymptotic expansion is numerically less than the
first term that is omitted.



CHAPTER 6

ASYMPTOTIC EXPANSIONS — THE FORMAL CONCEPT

1. Asymptotic sequences; asymptotic expansions

The approach of this chapter is based on the work of van der Corput who
wrote many papers devoted to asymptotics (e.g. see van der Corput [1955/56]).
The subject, in this form, goes back to Poincaré (see Poincaré {1886]).

In Sections 5.1 and 5.3 we have presented several asymptotic expansions,
which we now summarize:

(1) ei(t)~e"’[l——1—+...+(—l)" ! +]

t t2 tn+l

(2) Ei(D)~ ——i+ D

n+1
t
B
3 Int—2J ll~—L—'y+—— +—+ ..,
1
B By

(4)1n1‘(t+1)+t—(t+§)1m~—1n2n+ LI +
1 2t 3.4[3

—1
2 22

-1
5 E~~1n2 +B 4+
() 4424

r+1 1 4t

+32

and

- l-p ,—p B B +2
_ t t 2(P\ _ 4 (P —p—
2; P - 4= Ping el WA ( ), p—3
(6);+1' p—1 2 2() 3

provided p > 1.
The RHS of each of the above expansions has the form Z g;¢; (), and each
LHS has the form f(¢). Moreover, each expression = a;¢;(f) generates approxi-

137
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mations to f(¢) by forming a partial sum Eg a;¢;(t) of Z a;¢;(1). The absolute
value of the error in this approximation is less than la, , 1 ¢, ,(¢)|, the absolute
value of the next term of X g;¢;.

Examining these expansions, we see that they share the following properties:

(i) For eachn €N, ¢, has no zero in R.

(i) lim_ ¢,,,/®, = 0 for eachn EN.

(iii) For ee;!ch t €domf, 1 () — Zg a;¢;(N <lay 10,4 1(0)], where n EN.

(iv) f— 2 a;0; = o(9,) for eachn EN;i.e, lim_(f— zj a;0p/¢, = 0 for
eachn €N.

To verify (iv), notice that for each n €N,

FO—Z2500:0| | ny 100510 !
0) (D)
by (iii). But
li an+l¢n+l(t) _ . ¢n+1(t) =0
PN ) B S RN N

by (ii). So
)= 2580
im——mM———=
- ¢n(2)

We now present our formal definitions; first we define the concept of an
asymptotic sequence, and then we define the notion of an asymptotic expan-
sion of a function. A sequence of standard functions ¢q, ¢, ¢, ... is said to
be asymptotic provided that:

(a) there is a neighbourhood of e in which no term of the sequence has
a zero;

(b) foreachn €N, ¢, = o(¢,);ie., lim_ ¢,, /¢, =0 foreachn EN.

Notice that (b) can be expressed as follows: ¢,,, ;(k)/$,(k) = 0 for each
n € N and for each positive, infinite k.

For example, the sequence (x ) and (e —#*) are asymptotic. More generally,
let (¥;) be a strictly increasing sequence of standard numbers; then (x—%) and
(e71) are asymptotic sequences.

Turning to our second concept, let (¢;) be any asymptotic sequence, let
(a;) be a sequence of standard numbers, and let f be a standard function whose
domain contains a neighbourhood of eo. Then the formal expression X ¢;9;,
which is also denoted by writingaydy + a9, +ay¢, + ..., is called an
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asymptotic expansion for f provided that for each n €N,

n
f_ %;al(p] = 0(¢n)a
ie.,

lzn(f_ ZO> a,-¢,-)/¢n =0.

In this case, we write f~ Z a;¢; or f~agdy + a9, + a0, + ...

At the beginning of this section we have presented asymptotic expansions
for thifunctions ei, E;, Int — Etl Vi, nP@E+ D) +t—(r +%)1n t, Z,fnl/i,
and Z,,, i P, wherep> 1.

When we assert that f ~ Z a;¢;, we imply not only that f — 28 a;¢; = o(¢,),
but also that f is a function, (g;) is a sequence of standard numbers, and (¢;)
is an asymptotic sequence.

Here are a few facts about asymptotic expansions. First we show that the
coefficients a; are determined by f, once the asymptotic sequence (¢;) is given.

1.1. LEMMA. Let f ~ Z a;¢;. Then ag = lim_ f/¢y and

-1
CfZ0 e
a":lgn‘T«

for each n> 0.

Proof. By assumption, for eachn €N,
=209 _ 0

®n )
Taking n = 0in (1.2) yields

(1.2) lim

tim 2% _
o0 ¢O ’
ie. lim_f/¢q = ag. For n> 0 we obtain from (1.2),
—1
f—35  a;¢;—an0
lim 0 i¥i nen _ 0,
o ¢"
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thus
1
. f- 28 ai¢t’
lim ——————=a,,.
o by

This completes our proof. O

We have not proven that each function f has a unique asymptotic expansion;
merely that there is at most one asymptotic expansion for f of the form
Za;¢;, where the asymptotic sequence (¢;) is fixed in advance. To illustrate
this point, notice that the function 1/(x2 — 1) has several asymptotic expan-
sions; e.g.

L a2, L a2t

x2—1 x2—

However, these asymptotic expansions reduce to the same asymptotic power
series (see Section 6.2), and for this reason may be regarded as essentially the
same. To better illustrate our point that a function may possess two asymp-
totic expansions, consider the function In (1 + 1/x). Let ¢ be any positive
standard integer; from (5.3.5),

B B
1n(1+l)~l(l+L)+ 2( L 1)+—4( L —i)+...,
v/ 2\t t+1 @+02 2] 4\t

and by Example 2.8,

In (1 +%)~r—1—%r—2 +33— .

Moreover, several functions can have the same asymptotic expansion. Let
g~ Z 0¢;, and let f~ Z a;¢,. Then for eachn €N,

_ fre—Zoat;  f—Zoa g
lim = lim m -~
- %, - 90, -8,

by assumption. So f+ g ~ Za;¢;; thus Z a;¢; is an asymptotic expansion for
both f and f + g. Let us illustrate this point; now,

~ 23 (—1)i i1 e ~ 25 0x—1-1,

1+x
So

—X ~ i —l_
————H_ +e 2( Dix



CH. 6, §1] ASYMPTOTIC SEQUENCES; ASYMPTOTIC EXPANSIONS 141

Thus Z (—1)?x——1 is an asymptotic expansion for both 1/(1+x) and
1/(1+x)+e>.

Next we present a necessary and sufficient condition that a given expression
Z a;¢; (which is also called an asymptotic series) be an asymptotic expansion
for a given function f.

1.3. CRIIERION FOR ASYMPTOTIC EXPANSIONS. f~ Z a;¢; iff
(f— 28 a;$;)1¢,, is bounded on some neighbourhood of > whenever n > 0.

Proof. It may be helpful to spell out our criterion: corresponding to each
positive standard natural number n there are standard numbers B and g such
that for each standard number s > g,

£) — 25 a;4(s)
(1.4) ,¢n(s) <B.

There are two parts to our proof.
(i) Assume thatf~ Za;¢;. By Lemma 1.1, for eachn> 0,

—1
=2y a4t
gy

In particular, then, (f— 28—1 a;¢;)/$,, is bounded in some neighbourhood of

by 1+ |a, . This establishes (1.4).
(i) Assume (1.4). Foreachn€WN,

f—Z0a;9; _ (f— g “i¢i> On+1

(1.5) S 5

Sn+1
Notice that lim_ ¢, ; /¢, = 0 since (¢;) is an asymptotic sequence; also, the

first factor on the RHS of (1.5) is bounded in some neighbourhood of e by
assumption. So, for eachn €N,

_ [ Zoae;
lim———=0.
oo ¢n

Thus f ~ = a;¢;. This completes our proof. []
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Asymptotic expansions can be added; i.e., if f~ Za;¢; and g ~ Z b;¢;, then

Also, if f~ Z a;¢; and ¢ €R, then

Cf~ 2z ca,-d)i .
Generally, we cannot multiply asymptotic expansions; however, we can multi-
ply asymptotic expansions of the form Ea,-x_i , and we can divide asymptotic
expansions of this form provided that the first coefficient of the denominator
is nonzero. By this we mean the following. Let f~ Zg;x!, and let
g~ Zb;xi; then

frg~Zex
where, for each i,

Cl' = aob, + alb,_l + ...+ aibo.
Also, ifay # 0, then

}.—“" Zd,-x_i,
where the coefficients d; are computed by applying Lemma 1.1; so
1 1
do=lim<-=—,
0 oo f ao
1 2
d, = hmx(——d ) =——),
1 f 0 a2
d a?—aqa
d, = lim x2 (1—(10 ——1) =1 02
o f x aa

and so on. More simply, if i > 0 then

d =_a1di__1 + ... +ald0

]

29

Let ¢ be a function that has no zeros in some neighbourhood of oo,
Clearly, (¥ ¢;) is an asymptotic sequence iff (¢;) is an asymptotic sequence.
Moreover,

1

) ‘lj¢n L ¢n
SOf~ Eal‘ll'¢l lfff/‘l/ ~Eai¢i'

R A L R [l e L
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The proof of our next lemma utilizes our Criterion 1.3.

1.6. LEMMA. Let f be a continuous function such that f ~ 3 a,-x_i and
domf=R. Then [;"(f —ay — a, [x) converges provided that t > 0.

Proof. By our Criterion, with n = 1, x2 (f—ay—a;/x)isbounded on a
neighbourhood of e, Therefore, there are standard numbers B and g such that

(1.7 Vs [s>q~>|f(s) —ay —ay/s| <B/s?].

Moreover,

The first integral on the RHS converges since its integrand is continuous on
the open interval (¢, ). The improper integral on the RHS converges by the
Comparison Test for improper integrals; indeed, (1.7) asserts that its integrand
is bounded by B/x2, and of course f[;’B/x2 converges. 0]

Later we shall require the following corollary.

1.9. COROLLARY. Let f~ Za;x7, let f be continuous on R, and let [{"f
converge for some t > 0. Then ag=a; =0.

Proof. If the improper integrals f;°f and f;"(f+¢) both converge, then [;"g

converges. But f;”f converges by assumption, and f;°(f — ay — @,/x) converges

by Lemma 1.6; so f;"(aj +a, /x) converges. It follows thatay =a; = 0.0
The following fact is useful.

1.10. LEMMA. 0 ~ 2 q;¢; iff each a; = 0.

Proof. Cleaily, 0 ~ Z 0¢;. Next assume that 0 ~ Za;¢;; we shall show that
a; = 0 for each i € N. By Lemma 1.1,

ag = 11mi 0,

agdg
al—ITTl——hflq)—Ol—O
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agdg +a, ¢
oo 73 w $
and in general,
n
> a.¢.
a,,1=lim 0 L= lim 0 =0,

o Bpy o Ppi1

provided that a; = 0 for each i <n. We conclude by mathematical induction
that; = 0 foreachi €N. O

2. Asymptotic power series

Five of the six asymptotic expansions which were developed in Sections
5.1 and 5.3, and listed in Section 1, have the form Ea,-x_i, where some of the
coefficients may be zero; only the expansion of the incomplete factorial
function ei does not have this form. Expressions that have the form Eal-x_i ,
where a; € R for each i €N, are called asymptotic power series. In Section 6.1
we have mentioned some basic properties of asymptotic power series. Here we
shall prove that asymptotic expansions of this special kind can be integrated
and differentiated.

2.1.LEMMA.Let f~ X aix_i, let f be continuous on R, and let F be the
function such that

F(t)=fw(f—~a0—fx—l) fort>0.
r

Then

a a a;
Fr24 3 4 4 M2
x o 2x2 (i+ 1) xi+l

Proof. By Lemma 1.6, t € domF if ¢ > 0. We shall use our Criterion for
Asymptotic Expansions 1.3. By this Criterion, each function x"*+1(f— 28 aix_i)
is bounded in a neighbourhood of = for each n €N. It follows that if ¢ is

large enough,
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is bounded, i.e.,
o n
tn [F(t) — f Eaix_i]
P 2

is bounded. But

a a a
R S
t o 2p2 (n—1)n—1

a a a
x”[F—(—2+—3 b — )]
X 2x2 (n—1)xn—1

is bounded in a neighbourhood of e. Thus, by our Criterion,

f (ayx 24 .. +ax )=
t

SO

9i+2
(i+1)xitl
This completes our proof. O

F~23

We have proved that if f —ay — a;/x ~ £ a;,,x~(*+2) then

r a .
22 [ fO—ag—— de~ Libyx @D,
X
where

bi+1x—(i+1) =f 819 — @+ 4y
x

for each i € V. By Corollary 1.9, the LHS of (2.2) simplifies to [ f in case
this improper integral converges. In this sense, we have proved that the asymp-
totic power series expansion of the integral of a function fis obtained from
the asymptotic power series expansion of f by integrating term by term.
Remember, this is based on the assumption that the improper integral of f
converges.

Next we shall prove that the asymptotic power series expansion of the
derivative of a function f (if the expansion exists) is obtained from the asymp-
totic power series expansion of f by differentiating term by term.
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23.LEMMA Lerf~2 a,-x“i, let f' be continuous on R and have an asymp-
totic power series expansion. Then

' ~Z—(+ Da; x~*2,

Proof. Let f' ~ T b;x—1, and let F be the function such that

F(t)= f( —bo——i) for > 0.

X

By Lemma 1.6, t € dom F if t > 0. Now f;"f' converges since
[1=1]7 =ag— 1)
f
(recall that lim_ f = a;). Thus, by Corollary 1.9, by = b; = 0;s0
F)= [ f'=ay—1()
f

foreacht > 0,ie., F=ay— f. By Lemma 2.1,

b b b.
aO—f~—2+—3—+...+L.+
X 2x2 (i + 1) xit!
SO
PSP S R - B
0 x 2x2 (i+1)xi+l

By assumption,
f~ag+ay/x+ .. +alxt+ ...

Therefore
i+2
G
for each i €N, since f has just one asymptotic power series expansion. Thus
' ~2—(i+ Day, x &0

We now utilize the lemmas of this section to derive some asymptotic power
series expansions.
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2.4. EXAMPLE. Let
E=f e—t* dr;
X

it is known that eX+ E has an asymptotic power series expansion, say Ea,-x_i ,
which we shall now derive. Now
(&2 E) =2xes E—1.
Thus, by Lemma 2.3,
2x e E—1~ —alx_2 - 2a2x_3 - 3a3x‘4 — ..
$0

X2 F~ 21—x [1 —alx—2 - 2a2x_3— 3a3x—4 —...].

LS

Thereforea, =0,a,=3,a,=0,a =—15. andin general a =—1na
0 1 2 3 241 n+2 27%p

for each n €N. Thus

Z)a,-x—i=i(1—i+ 3 35 +3.-5-7_‘”)
2x 2x2 (2x2)2 (2x2)3 (2x2)4

—x2 - «Qe
F~E (1—i+ 1-3 _ii.h.)‘
2x 22 (2x2)2 (2x2)3

ie.

In Example 5.1.1, we worked out an asymptotic expansion for the incom-
plete factorial function ei = ¢ (e~*/f) d. Our next example derives this
expansion by applying Lemma 2.3.

2.5. EXAMPLE. Let €* « ei ~ £a;x~¢. Then by Lemma 2.3,

eXeei—x 1 ~—a;x 2 —2a,x73—3a3x"4— .,
so

eXrei~x1—a;x2—2a,x 3 — Bax—4 — ...
Thereforeay=0,a)=1,a) =—a;, a3 = —2a,,and in general a,, | =—na,
for each n € N. Thus

eXeei~x—l—x—2 4+ 2x 3 —3x4 + L+ (DIl EHD 4+

50
ei ~ =X 2 (—1)iil x—G+D),
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2.6. EXAMPLE. Next we shall derive the asymptotic power series expansion
of the function arctan. Since arctan’ = 1/(1 + x2) we begin by observing that

1
+x

(2.7 ~x 2o xd b x6—

2

Now [ 1/(1 + t2) dt converges; so by Lemma 2.1,
f L de~x—l—gx 3 +3x5— .,
J 1+12

thus

arctan ~3m—x—1 +3x73 —1x—5 4 .
Moreover, applying Lemma 2.3 to (2.7) yields the asymptotic power series
expansion of 1/(1 + x2)2 more easily than by squaring the RHS of (2.7).
We obtain

T a2y 2x Y ~—2x 3+ 4x S —6x T+ L,
+x
SO
(—12—)2 ~x =26+ 3x 8 — L+ (DI + DX 20D ¢
I+x

2.8. EXAMPLE. We shall develop the asymptotic power series expansion for
In(1 + 1/x). Now

\___ 1
DIn |i1+xj|— x(1+%)

__
x(1+x)

Notice that

and

~=x"24x 3 —xd

o . B 1
tf x(1+x) ln(1+t)
if t > 0; thus, by Lemma 2.1,

In (1 +)lc)~x_1 —ix 2+ 53— .
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We can use the technique of this section to prove that certain functions do
not possess asymptotic power series expansions.

2.9. EXAMPLE. We shall prove that x—!/? does not have an asymptotic power
series expansion. Assume that x "2 ~ Za;x~!; by Lemma 2.3,
X732~ 2(ax—2 + 2apx3 + 3a3x—4 + ).

But the product of two asymptotic power series expansions is the asymptotic
power series expansion of the product of the functions involved; so

x~2~2a0a;x~2 + 2(agay +ad)x"3 + ...

Clearly x~2 ~ x™2; 50 2aga; =1, thus gy # 0. By Lemma 1.1,

2y =limx—2 =0.

oo

This contradiction proves that x—'2 has no asymptotic power series expansion.

2.10. EXAMPLE. We shall determine asymptotic expansions of solutions of
the differential equation

(2.11) %f"+xf'+f=0.

Let f~ 2 ¢;x°~{, where cj # 0. Then

xf' ~Z(o—i)c;x®,

3c1—f" ~Z(o—i)(o—i—1)¢gxo—i3,
Thus
(2.12) 0~Z(o—i+1)exo i+ Z(0—i)(o—i—1)cxoi73.
But 0 ~ X g;x™ "1 iff each a; = 0; thus, from (2.12), (0 + 1)¢y = 0,500 =—1.
From (2.12),
(2.13) 0~Z —icx 1+ Z(i+ 1)+ 2ex 4
therefore, for each i,
G+ DE+2e;=(+3)ciy3,
SO

_(+DE+2
3T ¥z D
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thus
- (3!
(i' 39?2

€3; Co» €3i41=03;42=0

for each i. We conclude that
FregGr +3x 4+ Rx T+ §Bx-10 4 )
ie.
~5 B3,
TEL

Let f be the solution of (2.11) for which lim_ xf=1,i.e.,cy = 1. Then
feox 1+ 3x 4+ 27 + 38104

For example,
f(10)=.1 + .000067 + .0000002 = .1000672,

which is correct as far as it goes.

The theory of this chapter extends to functions of a complex variable. In
the complex plane, z can approach o along many paths; whereas in the real
plane essentially just one path, the positive x-axis, is available. It turns out
that an asymptotic expansion of an analytic function is usually not valid over
all paths that approach oo, but is valid if the paths are restricted to a certain
sector of the complex plane, a sector which depends on the function involved.
For this reason, we normally speak of an asymptotic expansion over a sector,
and define this concept relative to a given sector. So we define f~ Z g;¢;,
where (¢,) is an asymptotic sequence, provided that for each # €4 and for
each e > 0 there is a real number B such that

|f(z) — 2 a;9;1
16,(2)1

(2.14) €

whenever |z| > B and arg z is in the interval that characterizes the given sector
of the complex plane. In short, (2.14) must hold for each member of the
sector, say z, such that |z] > B. We say that (2.14) holds uniformly over the
sector involved.

Generally, our results about asymptotic expansions of a function of a real
variable carry over to functions of a complex variable with only minor quali-
fications. In particular, the uniqueness of the coefficients of an asymptotic
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expansion of f, relative to a given asymptotic sequence, is valid only over a
sector of the complex plane. An analytic function may have different asymp-
totic expansions, each involving the same asymptotic sequence, over different
sectors of the complex plane; this is known as Stokes’ phenomenon.

On the other hand, if an analytic function f possesses an asymptotic power
series expansion £ a,-z—i that is valid without any restriction on arg z, then
f@@)=Zy a;z— ! if |z| is large enough (compare Copson [1965}).

2.15. LEMMA. Let f be analytic in a neighbourhood of ° .except possibly at
z =00, qnd let f ~ Z a;z~" with no restriction on arg z. Then there is a real
number q such that f(z) = Zg a;z " if 121 >q.

Proof. By assumption, lim__ f = a;; so f is bounded in a neighbourhood of o0
with oo deleted; i.e., there are real numbers B and g such that [ f(z)| <B if

|z| > q; also, we can assume that f is analytic in this neighbourhood of°°
except possibly at z =ee, Thus f has a Laurent series expansion, say E bz,
which is valid for |z]| > g;i.e., f(z) = E bz if (2] >q. Moreover, for each

n>0,
_ 1 rf
by —21rifzn+1’
v

where 7 is any circle with radius # > g and center at the origin. Clearly,

1 B B
|bn|<§;;+—l 21rr—;.

Since we are free to assign any value to r, subject only to the restrictionr > q,
it follows that b, = 0 if n > 0. Therefore

f(z) = ZO) b,z " iflz|>q.

By Lemma 1.1,

1 =h°l;nZ(f‘ao)=b_1,

ay = lioronzz(f—ao —ayz7)=b_,,
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and in general

n

n
@yyq = limz"*1 (f‘ ? aiz_i) = H:flz"“(f_ ? b~iz—i) =b_(ns1y-

So f(z)=Zga;z7 if |z|>¢q.0

2.16. EXAMPLE. We shall determine asymptotic expansions of solutions of
the differential equation

17 "+ (1——1—)f= 0.
x2

We anticipate that fis a product of the form e?* g; substituting e?* g for f in
(2.17) yields

(2.18) g +2ag +(a2 +1 ——12-)g= 0.
X

The idea is to choose a so that we can solve (2.18) asymptotically for the
unknown function g. To this purpose, letg ~ Z cjx"_i , where cg # 0. Now

g~ (o—j)exi,

g’ ~Z(6—P(o—j—DexoI=L
50 (2.18) yields
(2.19) 0~ (a2 +1) 2 x4+ 2aZ(a—)¢jxo/~1

+Z[(6—pN(e—ji—1)— l]cl-xo_f‘z.

Therefore (a2 + 1) ¢y = 0,50 a2 + 1= 0, a =+/—1 =i. From (2.19),
(2200 0~20Z(0—)ex® "1+ Z[(a—)(0o—j— 1) —1]¢;x°T72,
so acy = 0, thus 0 = 0. We obtain
(2.21) 0~—20Zjx "1+ Z[jG+ 1) —1]ex 2
Therefore

2(j+ Dejyy = [iG+ 1D — 1] ¢
for eachj; thus

1724+ 1)

foreachj,andg~Z c/x—/ . We have found asymptotic expansions of solu-
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tions of (2.18) in terms of the parameter ¢). Returning to the differential
equation (2.17), we conclude that e~ f~ X ¢;x—/, where

24—
TG+ 9
for eachj;i.e.,
e X f~co (1+zix 1 +3x 2 —gix— 3 —gox4 + ).

We draw attention to the fact that by identifying ¢t with 1/x, we can
associate with each asymptotic power series a,-x_i a field element of the
nonarchimedean field £, namely = a;# (see Section 1.7). Identifying ¢ with
1/x is justified on the grounds that in asymptotics we are concerned with
evaluating the functions x? at infinitely large values of x, whereas the symbol ¢
in the expression Ea,-ti represents an infinitesimal. Moreover, the homo-
morphism & introduced in Section 3.6 identifies the field element Ty a; [p]?
of the nonarchimedean field PR with 2 a;t* € L. So, via ®, we can regard
the asymptotic series £ a;x~ as an element of #R. In this sense, each asymp-
totic power series may be regarded as a field element of both nonarchimedean
fields £ and PR.

3. Nonstandard criterion for asymptotic expansions

Here we shall restrict ourselves to asymptotic sequences of the form (x™ %),
where the standard sequence (¥;) is strictly increasing and lim(y;) = ==; i.e.:

(1) v, <w,,, foreachn €EN;

(2) VB3gY¥m|m>q—->v,>B],BER andq,mEN.

These conditions on (v;) ensure that the corresponding sequence of standard
functions (x ™ f) is asymptotic (see Section 1).

Our purpose is to develop a criterion in terms of concepts of nonstandard
analysis, which will allow us to decide whether an asymptotic sequence (x™ "),
where (v;) meets the above conditions, yields an asymptotic expansion for a
specified function f.

The following criterion for the limit of a function at 0 is analogous to the
nonstandard criterion for the limit of a sequence (see Section 2.8).

3.1.LEMMA. Let f€E Fand L €R; then lim_ f= L iff f(k) >~ L for each
infinite and positive K.
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Proof. (i) Assume lim_ f= L. Choose h> 0, h €R. By assumption, there is
a positive standard number g such that

Ve[t>qg->1f()—L|I<h], t€ER,

is true for &; therefore this statement is true for "® when interpreted in *R.
But g € R; so each positive infinite number is greater than g. Thus

Vk [k infinite and positive = | f(k) — L | < h]

is true for "R. Here & is any positive standard number; so f(k) ~ L whenever
k is infinite and positive.
(ii) Assume that f(x) =~ L for each positive infinite k. Then

Vk[k>w->f(K)=~L] k€'R

is true for "R, since w is positive and infinite. So
gVt [t>q->f(t)~L] q,t€’R

is true for *R. Thus, for each positive standard 4,
gVt [t>q->1f)—LI<h] q,t€'R

is true for "R, so is true for ® when interpreted in &. Here A is any positive
standard number; so

Vh3gVt[t>q~>1f()—L\<h] h>0,qtER

is true for &; i.e.,lim _ f = L. This completes our proof. 1

In a moment we shall use Lemma 3.1 to obtain our Nonstandard Criterion
for Asymptotic Expansions. First we express our criterion in the language of &.

3.2. CRITERION FOR ASYMPTOTIC EXPANSIONS. f ~ Za;x™ ”i iff corre-
sponding to each standard number t there is a standard natural number q
such that for eachn>q, n €N,

(3.3) lim x! ( f— ZOD a,-x_"i) =0.

Proof. (i) Assume that f~ Za,x™ "i. Let t ER, and choose g so that Vg >t.
By assumption,

q
lim x”q (f— > a,-x_"i) =0.
b 0
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But r < Vg 80
q
(34)  limx! (f— Ea,-x_”f') =0
o 0
Thus, foreachn>¢q, n €N,

n n
lim x? (f— ? a,-x_”i) = lim x? (— ?1 a,-x—”") by (3.4)
oo oo q

n

=— lim E a,-x’_"" =0,
o g+1

since t < Vgt oo £ <y This establishes (3.3).
(ii) Assume that the criterion (3.3) is satisfied. Let n € N; we must show that

n
lim x¥n (f— 2 a,-x_"") =0.
o 0
From (3.3), with f =»,, we obtain
m
(3.5) 3gVm [m>q— limx’n (f—za,-x_”i)=0] (g,mEN).
v 0
Take m greater than both g and »n; then
n
lim x"n (f— 2 a,-x_"")
os 0
m
=limx"n (f— ? apx Pl a,  x Pntl4 L+ amx—”"')

m
= limx"n (f— ? a,-x_”") +lim x¥n (a,,  x Yt + L +a,,x Vm)
=limx"n (g, x "n+1 + . +a,x"'m) by (3.5)

=0
since v; > v, if i > n. This proves that f~ Za;x™ . O
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We now express this criterion in terms of Nonstandard Analysis.

3.6. NONSTANDARD CRITERION FOR ASYMPTOTIC EXPANSIONS.
[~ Za;x Liff corresponding to each standard number t there is a standard
natural number q such that for each n > q, n € N, and for each infinite posi-
tive number k.,

(3.7) Kkt (f(x) - ZZ: a,-x_"") ~ Q.

Proof. Apply Lemma 3.1 to the preceding criterion. O

In symbols, our criterion for f ~ Za;x™ "1 is

n
(3.8) VtAqVnk[n>qg—>k! [f(k)— Eaix_""] ~0] (tE€R, q,nEN,
0

Kk positive and infinite).

Loosely put, if we take enough terms of Za;x™¥1, where k is positive and
infinite, the resulting partial sum EO a; K “Vijss0 close to f(«k) that multiplying
the difference by the infinite number k! yields an infinitesimal.

One advantage of our criterion is that it is suitable for all asymptotic
sequences (x~ “#), of the sort considered, simultaneously.

We can formulate our criterion in a slightly different manner, as follows.

3.9. ALTERNATIVE FORMULATION OF CRITERION. f ~ Z a;x™ "1 iff

corresponding to each standard number t there is a standard natural number q
such that for each n> q, n €N, and for each positive infinitesimal e,

<¢€.

(3.10) 7(1fe)— ZO) a;e¥i

Proof. (i) Let f~ Za;x~"i. By our criterion, corresponding to each t €R
there is a ¢ €N such that for each n > g, n €N, and for each positive in-
finite K,

Kt (f(x) - ZZ: a,-x_”") ~(,
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SO
n
k! f(K)-?a,-K_”i <1,
thus
n
(3.11) }f(l/e)—zaie”i <e,
0

where € = 1/k is a positive infinitesimal. Since there is a one—one correspon-
dence between positive infinite numbers and positive infinitesimals, this
establishes the necessity of our alternative formulation.

(if) Suppose that the criterion (3.10) is satisfied. Using r + 1 in place of ¢,
there is a standard natural number g such that for each n > ¢ and for each
positive infinitesimal €,

<6’+1,

‘f(l/e)— ?aie”i

s0 f
kI (k) — ?a,«_”i <E,
where k = 1/e. Thus
n
k| (k) — ? a;k V| ~0.

We conclude that f~ Z a;x™”i by our Nonstandard Criterion for Asymptotic
Expansions. [

We now introduce a family of maps of ‘R — {0} into *R, one for each
positive infinite number k. Thuslet ¥, be the map of 'R — {0} into "R for
which V, (a) = log, |a| whenever @ # 0, where € = 1/k. Now for each a # 0,

In |a|
log, lal =72~
thus log, is monotonically decreasing, since In € is negative and the function In
is monotonically increasing.
Therefore, if

<el!

(3.12) fl) — ? a;e”i
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and the LHS of (3.12) is not zero, then

log, >log, €l

fk)— ZO> aifui
ie.,

(3.13) V. (f(x)—Z:)a,-e"")>t.

Applying our Criterion 3.9, this yields:

3.14. LEMMA. f~ Za;x""i, provided that corresponding to each standard
number t there is a standard natural number q such that for escchn >q, n€N,
and for each positive infinite K,

n

v, (f(x) ~ 2 a,-K_”") >1.

0

To obtain the converse of this lemma we want each map V, to associate e
with 0, where we regarg oo gs greater than each standard number; this makes
(3.13) true if f(k) = £ a;x™"i. Extending our maps ¥, in this way yields:

3.15. CRITERION. f ~ Z a;x™ "I iff corresponding to each standard number t
there is a standard natural number q such that for each n > q, n €N, and for
each positive infinite «,

V. (f(x) - Z:) al-x_”") >t

Notice that if ¥V ( f(k)) is positive and infinite, then log_ | f(k)| > m for
eachm €EN;ie., | f(k)| <e™ for each m €N. Therefore

>

,f(K) - é 0k~
0

for each n,m € N, where (x™¥¥) is any asymptotic sequence. Applying
Criterion 3.9, we conclude that f~ Z 0x Yi. Conversely, if f~ Z 0x™ ",
then by Criterion 3.15, V,(f(x)) >t whenever ¢ €R and « is positive and
infinite; i.e., ¥, (f(k)) is positive and infinite in this case. This establishes our
next lemma.
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3.16. LEMMA. f ~ Z 0x™ "L iff V, (f(x)) is positive and infinite whenever k is
positive and infinite.

Denoting any asymptotic expansion of the form X 0x™ i by “0”, our
result can be put as follows: f~ 0iff f(k) = 0 with respect to 1/k, whenever
Kk is positive and infinite.

It is natural to regard functions f and g as equivalent, i.e., equal from the
viewpoint of asymptotic expansions, if they possess a common asymptotic
expansion; in this case, we write f = g. For example, (1 + x)~! and
(14 x)~! + e~ have a common asymptotic expansion, namely T (—1){x—~1,
so(1+x)~"1=(1+x)~1+e*. Clearly = is an equivalence relation on the
set of functions that possess asymptotic expansions.

Summarizing, f = g iff

(a) f—g ~ 0 (here O denotes T 0x™ ¥i);

(b) both fand g possess an asymptotic expansion.

There is, however, a great deal to be gained by dropping the second require-
ment, i.e., that both f and g possess asymptotic expansions. Accordingly, we
now extend the notion of equivalent functions as follows.

3.17. DEFINITION. f=gif f—g~ 0.

In view of Lemma 3.16 we can characterize our extended equivalence rela-
tion as follows.

3.18. CRITERION FOR EQUIVALENT FUNCTIONS. f=giff f(k) —g(k)
is an iota with respect to 1/k for each positive infinite k.

We have just seen that f(k) is an iota, with respect to 1/k, if ¥V (f(x)) is
positive and infinite. Similarly, if ¥, (f(«)) is negative and infinite, it is easy
to see that f(k) is a mega with respect to k. Finally, if ¥, (f(«)) is finite, then
f(x) €My (where p = 1/k); so there is a standard natural number n such that
pn+l < If(K)I <ph,

We want to extend each map ¥, to a valuation v, on the field R, where
p = 1/k. Since %(log, la|) = O(log, |4]) if a — b €M, define for each
[¢] €E°R, [a] #M,

v ([a]) =V (a) = 0(logp lal),

and define v, ([0]) = o=. We point out that each v, is a nonarchimedean valua-
tion on ?& (p = 1/x).
It is convenient to write v, () in place of v ([a]);i.e., we wish to apply v,
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to a member of a coset, say a, rather than the coset [a]. So we define for each
2€R, v (@) =v, ([a]);ie.,

_ 0(log lal) ifa€ [0],
V(@) = ? ifa€ [0].

In Chapter 7 we shall use these valuations in out study of an important
function space. In that connection, we present the following fact about | |,
where k is any positive infinite number, the associated map of R into R.

3.19. LEMMA. Leta € 'R, a # 0, and let « be positive and infinite. Then

laf, = 0(la|1fin ).

Proof. (i) Assume thata € [0], i.e.,a €M, (where p = 1/k). Then for each
n€EN, la|<p”,solnlal <nlnp;thus

1n|a|<nlnp=
Ink Ink

since In p = —In«k. So, foreachn €N,
In|al _
Hnk) = n
lal exP(lnx )<e

This proves that |a|1/n ®)js an infinitesimal. Therefore
O(Iall/ﬂ“ x)) =0

But |a], = Osincev,(a)=ce.
(ii) Assume thata 65 [0]. Then
In|a| In|a|
= 0 = =
0,(a) = (g, lal) ( nlal) _lnlel o,

where 0. So

—v()—

3

ln K
thus

— e—x(@) _ Inlal _ | _ ,—n /0
IaIUK e Yk exP[lnx 7 e Mal .

We can simplify the expression on the right by applying an elementary fact in
the arithmetic of infinitesimals. Let s and # be numbers such thats ~ 1 and
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st ER; then st = 0t. Here e=7 ~ 1 and e~ " |q|}/In &) € R. Thus
e |g|1/n k) = 0(|g|1/(n k)),

We conclude that lal, = 0(|ag)/n 0y, O

4. Watson’s Lemma

To illustrate our nonstandard methods we now prove a well-known result
concerning asymptotic representations. First we shall need the following
lemmas.

4.1. LEMMA. x¢ < eb* ifa and b are finite and positive.

4.2. COMMENT. This is a statement about functions in a Hardy space and
means that 12 < eb” if ¢ is sufficiently large, t €R.

We shall use Lemma 4.1 to establish our next lemma.

4.3. LEMMA . Let t,m,Z be finite, and let k be positive and infinite. Then
‘f e KZ zim ’<K—t.
VA

Proof. |z|M < exz/2 by Lemma 4.1; so

’ / e—xzzm‘ < f e—kz2 = 2 o—kZP2.
z z *

Of course, our lemma is obvious if # < 0; accordingly, we can assume that
> 0. In this case, by Lemma 4.1, e=2%/2 < x—t; 50 e=Z%/2 <k for each
positive infinite k. Thus

o0

e—KZ zm

<%K"<K". a

z

We can extend this result a little.
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4.4. COROLLARY. Let a be finite. Then

/ f ge Kz m
VA

for each finite t.

<k !

The main concern of this section is Watson’s Lemma, which we now present.

4.5. WATSON’S LEMMA. Let f be a complex function which is analytic in a
neighbourhood of the origin, let m>—1, m €ER, and let Z € R be any positive
finite number within the circle of convergence of Z a,-zi , @ power series
expansion of f about the origin. Let g be the function such that fort ER,

t large and positive, g(t) = fg e~ 12 2™ f where the path of integration is along
the positive real axis. Then

g~Za;,T(m+i+ 1)x—m—i—1

Proof. First, we point out that the given asymptotic expansion of g is ob-
tained from the definition of g by replacing f by Zy a,-zi, replacing Z by oo,
and integrating term by term. Carrying out this prescription, for each i €N
let g; be the function such that

gi(t) = [ etz zmH = T(m+i+ 1)jrm+itl,
0
SO
La;g;=Za;T(m+i+ 1)x—m—i=1

which has the required form Z b;x™"i. To prove that g ~ X a;g; we shall apply
our Nonstandard Criterion for Asymptotic Expansions 3.6. Accordingly, let x
be positive and infinite, and consider:

n 7z s0 n
g(K)——Za,—gi(x)=f e—"zsz—f g KZ zM Zaizi
0 0 0 0

oo

=bfne—xzzm [f_ZO)aizi]_f e—KZ zm l:f_zo)aizi:'

VA

n
—fe—"zsza,-zi.
7 0
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Foreachi€WN, let

oo

/“i=f e—KZ gMm+i
Then z

(4.6) g(K)—%;aigi(K)=fe_"z zZm (:f—ZO;aizi]

0

n n
- f eTKE g [f— Eaiz’] -2 a; ;.
7 0 0
Recall that f= ZNa-zi; s0, if n is sufficiently large,

o (r Eaxzr)

m+n+1‘

(4.7)

E alzl——n—l ] <B|zm+n+l|

n+1

where B € R. From (4.6),

n

\g(x) ~2i4;8(0)

<Bfe"‘zz’"+”+1+Bfe_"zz’"+”+1+z>la,-ui|
0
0 Z

<BT(m+n+ 2[km+r+2 4 x=1=3 4 (n+ Dy~ 13
by Corollary 4.4
<BT(m+n+2)[xm+tn+2 4 y—t—2
for each finite ¢. Clearly, given ¢ € R we can choose n so that both

m+n+2>t+2(i.e,n>t—m)and n is large enough to satisfy (4.7).
For any such n,

BU(m+n+2)[xmtn+2 4 ¢ 12 < BT(m+n+2) k172 4 g 1-2 11,

S0

)g(K) - %;aigi(’() <kt

thus .
(500~ D) =

We conclude that g ~ Z 4, g;. This completes our proof. 1
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Taking m = 0 in Watson’s Lemma yields the following. Let g be the function
such that for each t,

z

g(t) = f et f,
0

where f= X a,-zi throughout a neighbourhood of the origin and Z is a finite
number within its circle of convergence. For each i EN, let g; be the function
such that for each ¢,

gi(f)=f e tZZi=T(+ D)/eitl =171
0

—i—

ie., g; = i!x~i1 Thus, by Watson’s Lemma,
) a, a; a;
g~Tilax—i—1="04 L4 4oy
X 52 xi+l

Moreover, let f be an entire function that possesses a Laplace transform

L[f] =lim,_, . g. We claim that £i!a;x 1 is also an asymptotic expansion
of L[f], provided that f is bounded on the positive real axis by some x¥, i.e.,
f=0(x%), where s ER. In this case, for Z sufficiently large, the remainder

term
lfe—xz}f g}fe—xzzs
zZ zZ

by Lemma 4.3, for each t €R, where k is positive infinite. Thus, for each t €R,

<k t,

|(L[f1)(x)—203f!a,-x—f <|(L[f1)(x)—g(x)|+\ g0)~ 2 itau

k12 T2t L

So, for each ¢ € R and each positive infinite k,
n
@M e - Tita1] <o

provided that n is sufficiently large. We conclude that L[f] ~ Zilax—"1.
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5. Other scales

In place of the scale of comparison provided by the asymptotic sequence
involved, which we have used so far, it is also possible under certain circum-
stances to characterize asymptotic expansions in terms of the scale provided
by a second asymptotic sequence.

Let ¢ =(¢;) and ¥ = (¥;) be asymptotic sequences. We shall say that

Za;¢; is asymptotic to f with respect to i/, and write f~\l/ Za;¢;, provided
that for eacht €N,

f— ZO> a;¢; = 0(‘1’;),

if n is sufficiently large; in symbols,

n

VedqVn[n>q-f— %)a,-gb,- = o(y,)].

For example, let ¢ = (x—2%i), where (v;) is strictly increasing and un-
bounded, and let f~ T a;x™ "% Then it is easy to see that f~, Ta,x™ "L
Here is another example of this idea.

5.1. EXAMPLE. Let ¢ = (x{e~*), and let f~ 2 a; e~ By assumption, and
in view of Lemma 3.1,

n
exkn [f(k’) = a; e_"’l ~0
0
for any n € N and for any positive infinite x. Thus, given 1 €N,
n
ekl [f(x) - Ea,-e—"'} ~0
0

for any n>t, n € N, and for any positive infinite k. So

k1 ext [f(x) — Zo> a; e—"'} ~0,
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where n > t and « is positive and infinite; by Lemma 3.1,

f— 28 a;e i
lim——— =0
oo xt e—tx

We conclude that f~,, Za;e .

To bring out some basic techniques, and at the same time to show that our
notion is a true generalization of the concept of an asymptotic expansion, we
now prove the following fact.

5.2. LEMMA. f~, Sa;¢; iff f ~Z a;¢;.

Proof Assume that f ~, X a;¢;. Then for each m €N there is a ¢ €N such that
f— 20 a;6; = o(d,,) 1f n > q. We can assume that »n > m; thus

n
0 m+1

But Z',:, +18;%; = 0(9,,) since ¢ is an asymptotic sequence. Thus
f—ZF a;¢; = o(¢,,) for each m EN; so f~ Za; ;.

Next assume that f ~ Z g;¢;. Then, foreachm €N, f— 20 a;0; = o(¢,,).
Take n > m; theng,, = o(¢m) forj=1,2,3,...50

n

E a;p; = 0(¢m),
m+1

and it follows that

n

m
f‘Eaid’i_ E ai¢[=o(¢m)a
0 m+1

ie,f— 28 a;¢; = o(¢,,) for each n > m. We conclude thatf~¢ Z a;¢;. This
completes our proof. [J

We say that f < g provided that there is a neighbourhood of =, i.e., a
semi-infinite interval (see Section 1.6), say N_, such that f(r) <g(¢) for each
t EN_ . We define the relation > similarly; i.e., f> g provided there is a
neighbourhood of =, say V_, such that f(r) > g(t) for each t EN_. We shall
use < in the obvious way; i.e., f<g iff f(f) <g(¢) for eacht EN_, some
neighbourhood of oo,
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The following idea is useful. We shall say that sequences of functions (¢;)
and (y;) are comparable provided that the absolute value of each term of
either sequence is greater than the absolute value of some term of the other
sequence; in symbols,

Vi dj i1 >1y,1], Vi3if{ty;i>1e;1] (i, EN).

For example, the sequences (e~*) and (x! e—*) are comparable, as are the
sequences (x 1) and (x2¥f), where (v;) is strictly increasing and unbounded.
Our main point is to prove that for the case of comparable sequences, an
asymptotic expansion involving one of the sequences, can be taken with

respect to either scale.

5.3. THEOREM. Let ¢ = (¢;) and ¥ = (;) be comparable asymptotic se-
quences. Then f~, Za;¢; iff [~ Za;¢;.

Proof. In view of Lemma 5.2, it is enough to show that f~ Z a; ¢; iff

[~y Za;0;.
(i) Assume thatf~ Za; ¢, For each ¢t €N we can choose g so that , > Oq-
Take n > q and consider f— 20 a;$;; now

lf_zoai¢il <‘ f—Zoa;0;

n
Eq+1 a;9;
%

'f anl

By assumption, f— Eg a;¢; = o(¢q); moreover, ¢, ; = o(¢q) forj=1,2,3,..
since ¢ is an asymptotic sequence. Thus

f=Zome\
lm(—_% )—0,

sof— Eg a;0; = o(¥,) if n > q. This proves that f~, Za; ¢,

(i) Assume that f~, T a;¢;. We shall show that f— Z{ ¢;¢; = o(¢,) for
each n €N. Choose n EN by assumption, ¢,, > t[/, for some t €N. Now, for
m sufficiently large, f— 20 a;¢; = o(y,);s0 f— EO a;6; = o(¢,). We can
assume that m > n, so

lim(f— 04;9; N E;n+lai¢i) _
¢n ¢n
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and it follows that f— Eg a;¢; = o(¢,). We conclude that f~ Z a;¢;. This
completes our proof. O

6. A generalized criterion for asymptotic expansions

In this section we shall formulate two conditions on an asymptotic sequence
(¢;) which together ensure that f ~ 2 a,¢; iff the following condition is met:

(6.1) Foreacht€R there isaq €N such that foreachn>gq, n €N,
and for each positive infinite k,

Kkt [f(x) - ZZ) a,-¢,-(l<)} =0,

That is, if (¢;) satisfies both conditions, then f ~ Z g;¢; iff
n
Vt3qVnk [n >q-«f [f(x) - 203 a;¢i('<)} = 0] ,

where the domain of the quantifiers is given by (6.1). We have already carried
out a program of this sort; indeed, in Section 6.3 we showed that (6.1) is a
criterion for f ~ 2 a;¢; provided that the asymptotic sequence (¢;) has the
form (x¥1), where (v;) is strictly increasing and lim(y;) = oo,

Our goal, here, is to extend, indeed to characterize, the class of asymptotic
sequences such that (6.1) provides a criterion for asymptotic expansions.

Throughout this section, (¢,) is an asymptotic sequence. As usual, we shall
write f < g, where f and g are functions, provided that for some a €R,

Vi[t>anteER->f(t) <g(D)].

We now exhibit a condition on (¢;) so that f ~ Z a;¢; if both fand Z a;¢;
satisfy (6.1).

6.2. LEMMA. f ~ 2 a0 if
(a) VnIt[x'<l|¢,l],nENand t ER;
(b) Vt3qVnk [n>q~> & [f(k)— Eg a;¢;(k)] ~0], tER, q,n EN,and
K positive and infinite.
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Proof. Choose n € N; by (a) there is a standard number # such that x=7 <|¢,,|.

By (b), with ¢ + 1 for its first placeholder, there is a standard natural number g,
q > n, such that

mel:m>q—>xt+1 |:f(K) —’Z} a,-¢,-(i<)} ~ 0} ,

where the first quantifier refers to NV, and k is positive and infinite. Let
m>gq, mEN, and let k be any positive infinite number. Then

m
‘ fk)— 2 a;0;(k) | <k 171 < I¢7<(K)| ,
$0 ’
f) = Zq a;9;00) _
¢ (k) -
Therefore
tim f— 20 ;9; _
o o

Since (¢;) is asymptotic, lim_ ¢n+]-/¢n =0forj=1,2,3,... Thus

f—=0a:; f—=0 a;0; =" a0,
Oll=1im 0”+lim n+1%i¥i

limo—— 97" 2 70T
- o, - ® - o,
f— =0 a6,
= lim 0 l¢1
oo ¢n
= 0.

This proves that foreachn €N, f— Eg a;$; = o(¢,); we conclude that
f~ Za;¢;. This completes our proof. O

So far we have found one condition on our sequences (¢;) — namely,
condition (a) of Lemma 6.2 — which ensures that f ~ Z a,¢; in case the
function f and the asymptotic series Z a;¢; satisfy our criterion (6.1). We
now present a second condition on (¢;) — namely, condition (ii) of Lemma
6.3 — which ensures that f and Z g;¢; satisfy the criterion (6.1) in case

f~ Ea,qb,.
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6.3. LEMMA. fand X a;¢; satisfy criterion (6.1) if:
@ f~ Ea,'(bi;
(i) Vt3In[l¢,| <x*],tERandnE€N.

Proof. Choose t € R; by (ii), there is a standard natural number g such that
l¢ql < x~t. For this g, by (i),

_f—2lee;
im ——=0.

Therefore
q
lim xt (f_ ZO; a,¢,)= 0
since |, | < x—t. Moreover,

Gg4j = 0(8,) forj=1,2,3,..,
thus
¢q+]. = o(x_t) forj=1,2,3,...

So, form>q, mEN,

m q m
lim x? (f—z; a,-¢,-) = limx! (f— Ea,-qb,-) —lim 2 a;x!;
= 0 o 0 o g+l
q
= limx? (f—— ZO; a,-qbi) since ¢, ; = o(x— 1)

forj=1,2,3..
=0.

Therefore, for each positive infinite «,

o [ 700~ % i) =0

ifm>gq,ie., fand Z a;¢; satisfy criterion (6.1). This completes our proof of
the lemma. O -

We summarize Lemmas 6.2 and 6.3 in the following theorem.
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6.4. THEOREM. Let (¢;) be an asymptotic sequence such that
Vn 3t [x~t <|g,l], Vt3n[lg,l <x?] (nEN, tE€R).
Then [~ Z a;¢; iff

vt BquK[m >q->«! [f(x)'— %l; ai¢l-(l<):| ~ O] ,

where t ER, q,m EN, and k positive and infinite.

Notice that each sequence of the form (x™ %), where (v;) is strictly increas-
ing and lim(v;) = ==, satisfies the two conditions of our theorem.

Let us see if we can simplify this pair of conditions. Now there is no loss in
formulating our Nonstandard Criterion for Asymptotic Expansions 3.6, so that
t € N instead of ¢ €R. This allows us to interpret ¢ as a standard natural num-
ber, instead of a standard real number, in both of our conditions. In turn, this
means that we are comparing the sequence (|¢;|) to the fixed sequence (x9);
indeed, we require that each term of either sequence is greater than some term
of the other sequence. According to the definition of comparable sequences
introduced in Section 5, these sequences are comparable. Using this terminology
we can rephrase Theorem 6.4 as follows.

6.5. THEOREM. Let (¢;) be an asymptotic sequence comparable to (x~H.
Then f~ 2al¢l lff

Vi 3gVmx I:m >q k! [f(x)— %al-cpi(x)} o~ 0} ,

where t ER, q,m €N, « positive and infinite.

We mention that the sum of two asymptotic sequences of the form (x™%%)
is not necessarily of the same form. However, the sum is comparable to (x™*).



CHAFPTER 7

POPKEN SPACE

1. Asymptotically finite functions

The purpose of this chapter is to study the function space discussed by
J. Popken [1953]; much of the basic work in this area was carried out by
van der Corput (see [1954a]) and in due course was refined by Popken.

A standard function f is said to be asymptotically finite provided that:

(1) dom f includes a neighbourhood of e, i.e., an infinite subset of the

form {t ER |t >a} for some a ER;

(2) f=0(x?) for some t ER.
Recall that f = O(x?) iff there is a positive standard number B and a neigh-
bourhood N, of e such that | f(c)| <B¢! foreachc EN_.

The first condition ensures that k € dom *fif k is positive and infinite. The
second condition ensures that f(k) is not a mega with respect tok;i.e.,
f(x) € My where p = 1/k. Therefore, for each positive, infinite k, V, (f(k)) is
not both positive and infinite; indeed, there is a standard integer i such that

0<|f(K)I<pl.
In particular, v, (f(k)) is defined (see Section 6.3); in fact,

_1%log, IF(x))  if f(x) & [O],
V) =)o if f(x) € [0].

In this function space, which we denote by P, we say that functions fand g
are asymptotically equal, and write f == g, if their difference is asymptotic to 0
(Popken writes f ~ g). This is the equivalence relation introduced in Section 6.3.
Recall Criterion 6.3.18: f = g iff for each positive infinite x, f(x) = g(x)
with respect to 1/k (in words, f(x) — g(x) is an iota with respect to 1/k).

For example, each function a x!, where a,t € R, is asymptotically finite. The
sum, difference or product of asymptotically finite functions is also asymp-
totically finite; indeed, asymptotically finite functions form a ring with respect

172
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to addition and multiplication. This ring is commutative and has a unit, the
standard function 1 = {(¢, 1) | t €R}; its zero, i.e., its additive identity, is the
standard function 0= {(z, 0)|t ER}.

We point out that the function space of this section is not identical with
the space of functions which possess asymptotic expansions of the form
T a;x"i. For example, the function In is asSymptotically finite since In = O(x);
let us show that In does not possess an asymptotic expansion of the required
form. Assume that In ~ X g;x™ ¥, where (¥;) is strictly increasing and
lim(p;) = e. By Lemma 6.1.1,

=i vo = o ifV0>0,
% =Hmx™=1g iy <o,

It follows that = 0x Vi is the only possible asymptotic expansion of In; but
this is out of the question (e.g., apply Lemma 6.3.16).
Bear in mind that the objects of our function space are equivalence classes °
of asymptotically finite functions, e.g.,
{f| f=x2 and f is asymptotically finite}.

Our use of the equivalence relation =, i.e., the notion of asymptotically equal
functions, is designed to simplify our presentation by mentioning functions
rather than equivalence classes.

It is helpful to characterize the big O relation in nonstandard terms.

1.1. THEOREM. For each t €R, = O(x!) iff there is a standard number B
such that Vx [|f(k)] <Bk!], k positive and infinite.

Proof. (i) Assume that f= O(x?"), where t €R. Then there are standard
numbers g and B such that

Vx [x >a—|f(x)| <Bx']
is true for &, so is true for "R when interpreted in "R. In particular,

Vi [I f(k)| <Bk']

since k > a for each positive infinite k.
(i) Assume that Vk [1f(k)| <B«k!] is true for *R, where B and ¢ are
standard numbers. Then

Vi [k >w->|f(k)| <Bkf]
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is true for *R; so
JaVx [x >a~>1f(x)| <Bx!]

is true for "R, therefore this statement is true for & when it is interpreted in &;
but this means that f= O(x?). O

Here is a useful corollary to Theorem 1.1.

1.2. COROLLARY. Let t ER, and let f be an asymptotically finite function
such that 3k [| f(k)| = k!*1], k positive and infinite. Then f# O(x?).

Proof. Assume for the moment that f = O(x?). By Theorem 1.1, there is a
standard number B such that Vk [| f(k)| < B «?]. For each positive infinite k,
B! <k!*1; therefore Vk [|f(x)| < k!*1]. This contradicts the hypothesis
that 3« [|f(k)| > k?*1]. We conclude that £ # O(x?). O

Here is a criterion for asymptotically finite functions.

1.3. THEOREM. f is asymptotically finite iff there are standard numbers B
and t such that ¥k [|f(k)| <B«*], k positive and infinite.

Proof. (i) Assume that f is asymptotically finite. Then f = O(x?) for some
t ER; thus, by Theorem 1.1, there is a standard number B such that
Vi [If(x)| <B«'].

(ii) Assume that there are standard numbers B and ¢ such that
Vi [| f(k)| <B«k?]. By Theorem 1.1, f = O(x?). It remains to show that
dom f includes a neighbourhood of <. By assumption, Vk [k € dom f]; so

Vi [k >w—>k €domf]
is true for *R, therefore

JdaVx [x >a~> x €Edomf]
is true for *R, so is true for & when interpreted in ®. We conclude that there
is a standard number, say a, such that {t ER |t >a} is a subset of domf. O

We can refine this criterion a little more.

1.4. CRITERION FOR ASYMPTOTICALLY FINITE FUNCTIONS. fis
asymptotically finite iff there is a standard number t such that
Vi [|f (k)| < k?], k positive and infinite.
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Proof. (i) Assume that f is asymptotically finite. By Theorem 1.3, there are
standard numbers B and ¢ such that Vk [[ f(k)| < B k!]. For each positive
infinite k, Bx! <«k!*! since B> 0. Thus Vk [| f(k)]| < kf+1].

(i) Assume Vk [| (k)| <«?] for some t € R. Then f is asymptotically
finite by Theorem 1.3 (withB =1). O

Interesting function spaces can be obtained from ? by imposing a third
condition on the functions f of the function space. For example, we can
require one of the following:

(a) fhas an asymptotic expansion of the form Za;x™ ", where (v;) is
strictly increasing and lim(v;) = =;

(b) fis continuous;

(c) domf'=domf.

(d) dom £ is a neighbourhood of ° for each n EN.

2. Convergence

There are several ways of characterizing convergence in a function space.
Let (x™7i) be an asymptotic sequence of the sort considered in Section 6.3;
i.e., () is strictly increasing and lim(p;) = . We want to introduce a notion
of convergence under which (20 a; x""") converges to fin case f~ Za;x 1.
Accordingly, we define our basic notion of convergence with one eye on the
Nonstandard Criterion for Asymptotic Expansions 6.3.6.

2.1. DEFINITION OF CONVERGENCE. Let (f,,) be a standard sequence of
asymptotically finite functions, and let f be a standard function. We say that
(f,,) converges to f, in symbols lim( f,,) = f, provided that corresponding to
each standard number ¢ there is a standard natural number g such that for
each n > q, n €N, and for each positive infinite «,

(2.2) k! () = (k)] =0

Here is an example.

2.3. EXAMPLE. We shall show that lim(x—") = 0, the zero function. Let
t €R and let k be positive and infinite; then
ki =N =yt—n ~ 0

provided that n > t, n € N. Therefore lim(x—") = 0.
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First, we shall prove that f is asymptotically finite if lim(f,) = f.

2.4. LEMMA. Let (f,,) be a standard sequence of asymptotically finite func-
tions, and let f be a standard function such that lim(f,,) = f. Then f is asymp-
totically finite.

Proof. By (2.2), with ¢ = 0, there is a standard natural number, say n, such that

VK [f(%) = fn(x) = 0],

so Yk [ f(x) = f,,(k)]. Here £, is asymptotically finite; by our Criterion 1.4,
there is a standard number ¢ such that

Vi [1£, (k)] <k'].
Let k be any positive infinite number; then
flK) = fp(k) + e,

where € ~ 0 and depends on k. Therefore

If() < £, ()1 + |e] by the Triangle Inequality
<k!'+ el
< gitl+1
This proves that

Vi [I (k)] <w1F1];
50, by Criterion 1.4, f is asymptotically finite. [J
We are really dealing with equivalence classes consisting of asymptotically

equal functions. So we must show that the limit of a convergent sequence is
unique up to asymptotic equality.

2.5. LEMMA. Let (f,,) be a standard sequence of asymptotically finite func-
tions, and let f and g be standard functions such that lim(f,) = f and
lim(f,) =g Thenf=g.

Proof. Choose t €R. By (2.2) there are standard natural numbers g, and g,
such that for each positive infinite

K [f(K)=f,(K)] =0 ifn>gq,,

K [g(k) —f(K)] =0 ifn>q,.
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Letg =1+ max {ql, q2}; then for each positive infinite «,
KL —f,(0] =0, «! [g() — £, (k)] =O.

The difference of two infinitesimals is an infinitesimal; so
k' [f(k) —g(x)] =0,

and it follows that for each positive infinite x,

(2.6) If(k) —g()| <kt =pf,

where p = 1/k. But (2.6) is true for each t € R; thus, for each n EN, from (2.6),
1f(k) —g(k) | <p",

i.e., f(k) —g(x) is an iota with respect to 1/, for each positive infinite k. So,
by Criterion 6.3.18, f = g. This completes our proof. O0

In this connection we mention that if lim(f,,) = fand g = f, then
lim(f,) = g. To see this, choose t €ER. By (2.2), there is a standard natural
number g such that for each n > g, n € N, and for each positive infinite «,

k! [f(k) = (k)] ~0.
Also, for each positive infinite k, f(k) =~ g(k) with respect to 1/x. So
k' 1g(k) —f(k)| <k'pMm=pm=t (p=1/k),
where m > t, m € N. Thus, for each positive infinite ,
k' [g(k) —f(k)] 0.
Therefore, forn>q, nE€EN,
k' [g(k) = ()] = k¥ [g(k) = f(1)] + k! [f(&) — £,(1)] ~ O

since the sum of two infinitesimals is an infinitesimal. We conclude, by (2.2),
that lim(f,,) =g.

Similarly, we must show that two sequences converge to the same function
if corresponding terms of the sequences are asymptotically equal.

2.7. LEMMA. Let (f,) and (g,) be standard sequences of asymptotically
finite functions such that lim(f,)) = f and f; = g; for each i EN. Then
lim(g,) = f.
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Proof. We are given that f;(k) =~ g;(k), with respect to 1/k, for each positive
infinite k and for each i EN. Fix ¢t € R; by assumption, there is a standard
natural number g such that for each n>q, n €N, and for each positive
infinite «,

(2.8) k! () = f(K)] = 0.
Also, from the comment that begins this proof,
(2.9) [ (k) — gn(k)| <k™"M,

where m > ¢, m € N. We are now ready to show that lim(g,,) = f. For each
n>q, n €N, and for each positive infinite k,

kE [F(6) = gn(K)] = & [f(6) = £, ()] + KT [ £,(x) — £, ()]

= k! [f(k) — g,(k)]
by (2.8). But

K1 (k) — ()] < ki

by (2.9), and k! ™ is an infinitesimal, so k! [ £, (k) — g,(x)] = 0. Thus, for
eachn >¢q, n €N, and for each positive infinite «,

k! [f(k) —gu(x)] ~0.
We conclude that lim(g,,) = f.

The following fact follows from the Definition of Convergence 2.1.
2.10. LEMMA. lim(f,,) = f iff lim(f,, — f ) = O, the zero function.

We now consider the comment at the beginning of this section which
motivated our definition of convergence. In the following theorem, (»;) is a
strictly increasing sequence of standard numbers such that lim(;) = o°.

2.11. THEOREM. f ~ £ a;x i iff lim(Ey 4;x 1) = f.

Proof . Letf, = Eg a;x" Vi for each n EN.
(i) Assume that f~ Za;x™ "i. By our Nonstandard Criterion for Asymp-
totic Expansions 6.3.6,

Vt3qVnk[n>q >k’ [f(k) —f, (k)] 0] (tER,q,nEN,
K positive and infinite),

SO lim(fn) =f ie., lim(Eg aix_”i) =f.
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(i) Assume that lim( f,,) = f. By our Definition of Convergence 2.1,

n
Vt3gVnk [n>q—>x’ [f(x)-—z a,-x-”"] =~ ] (t€ER,q,nEN,
0 K positive and infinite),

50, by (6.3.7), f ~ Za;x"i. This completes our proof. O

In Section 3 we shall present a method of characterizing convergence which
involves the valuations v, on ”R introduced in Section 6.3, one valuation for
each positive infinite k. To prepare the way, we present the following fact.
2.12. LEMMA. Let lim(f,,) = O, where each f,, is asymptotically finite. Then

Vt3gqVnk[n>q~ |fn(r<)|vK <e!] (t€R,q,nEN,
Kk positive and infinite).

Proof. By (2.2),

Ve 3qVnk [n>q k! fr(k) = 0] (tER,qnEN
Kk positive and infinite).

Thus, for n>q, | f, (k)| <«~* uniformly for each positive, infinite k.
Therefore

log,, [ fy()I>¢, p=1/k.

So
0 (Fu(k)) = Olog,, 1 F(K)D > 1,
thus
=, ([ (k) <—t,
hence
exp [—v, (fr(k)] <e 77,
ie.,

[ fa() 1, et

This establishes our lemma. O

3. Norm

In Section 2, we characterized convergence by means of an epsilon—delta
type statement; this provided us with a direct characterization of the concept.
Just as in the case of a field (see Section 1.5), convergence can be expressed
in terms of a metric d on our function space, as follows. Let (f,,) be a standard
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sequence of asymptotically finite functions, and let f be a standard function;
then we say that lim(f,,) = f provided that lim(d( f,,, f)) = 0. In this way, the
question of the convergence of (f,)) is reduced to the question of the con-
vergence of a standard sequence of standard numbers, the sequence (d(f,, f)).

It is well known that a metric d is yielded by a norm || f|| on the function
space, where d(f, g) is defined to be || f — g|l. We want to introduce a norm on
our function space that yields, via the associated metric d, the same notion of
convergence as our direct characterization (2.2).

3.1. DEFINITION OF NORM. For each fE€ P,

Ifll = sup|f(I,, ,
K
where K is positive and infinite.

A norm on a function space is a map into R with the following properties:

(a) llfll= 0if f= 0, the function 0;

(b) lIf1|> 0 foreach f 0;

(c) I=f =111l for each f;

(d) I1f+ gl < fIl + llgll for each f and g (Triangle Inequality).

We can establish these facts about our map || || by applying the properties of
| |, listed in Section 1.5. We do this in Section 4.

Our definition of norm involves the valuations v, (see Section 6.3) one for
each positive infinite k. With each valuation v, we associate | IUK, a map of
PR into R (see Section 1.5). Remember, it is only as a matter of convenience
that we apply a valuation v, to a member of 'R; v, is a valuation on R
(p = 1/x). Moreover as defmed in Section 1.5, |a| = e~ for each
a € PR; here, e~ is identified with 0. We shall abbrev1ate [ 1, by writing]| [,.

Since we are really dealing with equivalence classes of functlons, itis
important to prove that asymptotically equal functions have the same norm.
First we point out that if a ~ b with respect to 1/k, then v, (a) = v,(b). Let
f = g; so, for each positive infinite x, f(x) =~ g(x) with respect to 1/x.
Therefore v, (f(x)) = v, (g(x)) for each positive infinite k; hence

Lf, = 1g(x)],
for each positive infinite k. Thus
1Al = sup | f(x)I,, = sup | g(x)I, =l gll.
K K

Before going on, let us take a moment to illustrate this notion of conver-
gence.
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3.2. EXAMPLE. Let us show that lim(x~"*) = O under the approach to con-
vergence based on the above norm. For each n €N,

lx— |l = sup |[k™"|, = sup exp [-v, (k™")] =supe ™" =e™".
Therefore, ) ) )

lim(d(x—", 0)) = lim([x—"||) = lim(e™™") = 0.

So, under this criterion for convergence, lim(x—") = 0, the zero function.
How do our two notions of convergence compare? It turns out that they
yield the same concept of convergence in our function space. Indeed, we shall
prove that for each sequence of asymptotically finite functions (f,,) and for
each standard function f, lim(f,,) = f under the criterion for convergence
given by (2.2) iff lim( f,,) = f under the criterion for convergence provided by
the metric d yielded by our nom || ||.
Let us show, first, that Lemma 2.10 is correct for the notion of convergence
based on our metric d.

3.3. LEMMA. lim(f,,) = f iff lim(f,, — f) = 0, the zero function.

Proof. In terms of our metricd,
lim(£,) =f <> lim(d(f,,f)) =0
< lim(if,—fI)=0
> lim(d(f,—f,0)=0
<> lim(f,—f)=0.

This completes our proof. O

So, under either notion of convergence, lim( f,,) = f iff lim(f,, — f) = 0.
Therefore we can prove that both approaches yield the same concept of con-
vergence by showing that, for each sequence ( f,)) of asymptotically finite
functions, lim( f,) = 0 under both approaches, or under neither approach.

Under the metric approach,

lim( £,,) = 0 <> lim(d(f,, 0)) = 0
<> lim(llf, 1) = 0.

We shall use this fact in our proof.
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3.4. THEOREM. Let (f,)) be any sequence of asymptotically finite functions.
Then lim(f,)) = O under (2.2) iff lim(f,) = O with respect to the metric d.

Proof. (i) Assume that lim( f,)) = O under (2.2). We shall prove that
lim([| £,I) = 0 (in ®). Choose t €ER; by Lemma 2.12, there is a standard
natural number g such that

Vak[n>q->|f, (k)] <e 7] (n €N, « positive and infinite)
thus
Vn[n>q->sup |f,(k)|, <e f] (nEN).
K
Therefore, by the Definition of Norm 3.1,
Vrnln>q~>|f,ll<e™’] (nEN).

We conclude that lim([| f,,Il) = 0.
(ii) Assume that lim(llf,|l) = O;i.e.,

lim(sup 1£,(6)1,0) = 0.

Corresponding to each standard number ¢, there is a standard natural number g
such that for each n >¢q, n €N, and k positive and infinite,

sup | f,(k) |, <e~'—L.
K

Thus, for each positive infinite ,

| (0], <e™t—L
But

[£p(K)], = exp [, (£,(k))] = exp [O(log, | £, () )] <e™"~1, p=1jk.
Thus

—Olog, 1 £ (k)) <—t—1, Olog, If,(K)) >t + 1,
$0
log, [f,(®)]1 >+ 1,

thus | £,(k) | < p?*1, hence k* | f,,(k) |< p, therefore
k! f(k) = 0.
This proves that
VYt 3qVnk [n>q k! f,(k) = 0] (t€ER, ¢g,nEN,
k positive and infinite).

By (2.2), we conclude that lim(f,)) = 0. This completes our proof. ]
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This shows that for each sequence ( f,,) of asymptotically finite functions,
and for each standard function f, (f,,) converges to f under the notion of con-
vergence provided by (2.2), iff (f,,) converges to f with respect to the metric d,
ie., iff lim(llf, —f1I) = 0. But (|| f,, — fIl) is a sequence of standard numbers,
indeed ([l f,, — f1I) is a standard sequence; so we can characterize its convergence
in nonstandard terms. This yields the following nonstandard criterion for con-
vergence.

3.5. NONSTANDARD CRITERION FOR CONVERGENCE. Let (f,) be a
standard sequence of asymptotically finite functions, and let f be a standard
function. Then im(f,,) = f iff ||f,, — f|l = O for each infinite natural number x.

We now wish to present another method of characterizing || 1|, where fis
asymptotically finite. If f== 0, then || f|| = ||0]| = 0. Accordingly, we concen-
trate on functions which are not asymptotically equal to 0. Recall that f=0
iff f(x) is an iota (with respect to 1/k) for each positive infinite x; so, if f is
not asymptotically equal to O, there is a positive infinite x such that f(x) is
not an iota (with respect to1/k), and in particular f(x) # 0. In this case,
sup, O(|f(x)11/0n K)) exists, where we take the supremum over positive infinite
k such that f(k) # 0.

We shall prove that if f is not asymptotically equal to 0, then

Ifll = Lim |f(£)|L/0nD),
{—> oo

As a first step toward this result, we require the following fact.

3.6. LEMMA. || f|| = sup, O(| £(x)[1/IN ©)) jf £ is not asymptotically equal to 0.

Proof. By assumption, (k) # 0 for some positive infinite k. By Lemma 6.3.19,
if f(x) # 0, then

|£()1, = O f(x) (1IN K)) > 0.
So
I Fil = sup | F(x)1, = sup O(| f(x) [HInw)y,

3.7. NOTE. If f{x) = 0, then | f(x)1, = 0], = 0.

Theorem 3.11 below depends on the fact that the limit superior at o of a
standard function can be characterized as the supremum of the standard parts
of the values of the function, for values of ifs argument which are positive and
infinite. We now prove this statement.
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3.8, LEMMA. For each standard function g,

1—1'51 g=sup Og(x),
where K is positive and infinite.

Proof, Let
L =limg= lim sup{g(s)|t>a}.
oo a—> oo

Then L is characterized by the following two properties:
(3.9 VedaVt[t>a—->g(t)<L +¢€] (e,a,tER, €>0),
(3.10 VeaAt[t>ang(t) <L—¢] (e,a,t ER, € >0).
We shall show that
sup{0(g(x)) | k positive and infinite} = S
shargs these properties. Now 0(g(k)) < S for each positive infinite k. Thus,
for each pesitive € ER,
AgVi[t>q->g()<S+e] (q.tE'R)
is true for "R, so is true for ®. Therefore
YedqVit [t >q>g(0)<S +€] (e,q,tER, e>0)
is true for &; i.e., S satisfies (3.9). Also, S is the least upper bound of
{%(g(x)) | k positive and infinite};

80 § ~ € is 7ot an upper bound of this set, for each positive ¢ € R. Therefore
there is a positive infinite k such that 0(g(k)) > S — ¢; so, for each positive
hER, h+g(k)> S — e. In particular, taking € for A yields g(k)> S — 2e.
Using _%’e in place of €, i.e., choosing k that works for %e, we conclude that
corresponding to each positive € € R, there is a positive infinite k such that
g(k) > 8 ~¢;50

Vg3t[t>qng)>S—¢] (g 1€'R)
is true for *«ﬂ, so is true for &. Thus
Yeq3t{t>qrg(t)>S—¢€] (e,9,tER, €>0)
is true for &; i.e., § satisfies (3.10). Hence L = 5.0
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Here is our theorem.

3.11. THEOREM. Let f be any asymptotically finite function which is not
asymptotically equal to 0. Then

Il =lim |f(z)|/nD),
11— oo

Proof. If f# 0, then

1£1 = sup O(| £(x)|1/In &) by Lemma 3.6
K
= lim |f(f)|1/in0) by Lemma 3.8
t— o0

since | £|1/17 js a standard function.

4. Algebraic properties of the norm

We can establish many algebraic properties of | |[ by appealing to corre-
sponding properties of the maps | |, (see Section 1.5). First we shall
establish the four properties (a)—(d) of || ||, listed in Section 3, which make
this map a norm.

Let f2= 0. Then f(k) is an iota with respect to 1/k for each positive
infinite k. Thus | f(k)| < p” for each n €N, where p = 1/k; sov, (f(k)) = n
for each n €N, thus v, (f(k)) =°. So

170}, = exp[—v,(f(R)] === =0

for each positive infinite k. Therefore
I £l =sup|f(x)|, =0.
K

If f is not asymptotically equal to 0, there is a positive infinite x such that
f(x) is not an iota with respect to 1/k. Thus | f(x)| > k—” for some n €N, so

0 (f(K))=—n,

hence

| f(k), = exp[—v, (f(k))] =>e",
therefore
Ifll=suplf(k)i,=e">0.

This proves that || fIl > 0if f% 0.
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By (2) of Section 1.5, |—a|, = |al, for eacha € "R; so
l=£1l = sup |—f(k)l, = sup [f(k)|, = I fIl.
K K

To verify the Triangle Inequality, observe that by (5) of Section'1 .5,

la+b|, <max{lal,, bl } foranya,b€&R.
So
Ilf+gll=sup|fix)+g(k)l, <supmax{lf(k)l,, gk} }
K K

<max{llfll, g} <Ifll + gl
Here are some more algebraic properties df {| |l.
4.1. LEMMALIf |IfII < |Igll, then I f + gl <li gll.

Proof.
lf+gll <max{llfll,lIgl} as we have already seen

<|igll by assumption. O
4.2. LEMMA. [ f-gll < |Ifll* | gl whenever f and g are asymptotically finite
functions.

Proof. By (4) of Section 1.5,

Vab [tabl, = lal,*1bl,].
So
Il f-glt = sup 1 f (k) g(k)|, = sup (1£ ()1, * [g(x)l,)

L(sup [ (k)] )+ (sup lgk)i ) =1fl-llgl. O

4.3. LEMMA. licf |l = || f1] whenever f is asymptotically finite and ¢ # 0, c €R.

Proof. Since v, is a valuation on °,

v (cf(k))=v,(c) +v,(f(K)
=v,(f(x))
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since O(Ing lc]) = 0. Thus
lef()l, = exp [-v(cf (k)] = exp [—v(f (k)] = | f(k)],.
Therefore

llefIl = sup lef(k)l, =sup | f{K)|, = Ifll.

We mention that 2 is a linear space, indeed a linear algebra, since we can
multiply our functions, so we can form the product of two equivalence classes.
Although our norm yields a metric d on this linear algebra, the resulting
structure is not a normed linear algebra; this is due to the fact that our norm
does not satisfy the homogeneity condition: ||cfll = |¢|+ || f|| for each asymp-
totically finite function f and for each ¢ € R (see Lemma 4.3). O]

5. Popken’s description of the norm

In 1953, J. Popken investigated P, the space of asymptotically finite func-
tions. Popken used a norm ¢ defined as follows:

¢(f)=er
where A = inf{t ER | f= O(x!)} and f is any asymptotically finite function.
5.1. EXAMPLE. We shall compute ¢(x). Observe that x = O(x?) iff # > 1. Thus
inf{tER|x=0(x)}=1;
ie, A=1.So
p(x)=el =e,
Notice that
llx|l = sup |k|, = sup exp[—v (k)] =supe=e
K K K
since v, (k) = —1 for each positive infinite k. So ¢(x) = [l x||.

Let us establish some properties of ¢.

52.LEMMA. ¢(f)=¢(g) if f=g.
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Proof. By assumption,
Vi [f(x) ~g()];

Vin[|f(x) —g(k)| <k™"] (nEN).

Let f= O(x?), where t €ER. By Theorem 1.1, there is a standard number B
such that Vk [| f(k)| < Bk!]. We shall show that g = O(x?). For each positive
infinite k,

ie.,

lg(k)| <lg(k) —f(x)] + 1 f(x)I
<Kk M+ Bkt
<(B+ D«!

where n €N, By Theorem 1.1, we conclude that g = O(x?). Since the relation =
is symmetric, this proves that

f=0x" iff g=0(x),
foreacht €R. So

{teER|f=0(x")}={tER| g=0(x"};
thus ¢(f) = ¢(g). O

53.LEMMA.If f=0, then ¢(f) = 0.

Proof. By Lemma 5.2, ¢(f) = ¢(0). But 0 = O(x") for each ¢t € R. Thus
inf{rER | 0=0(x")} =—oo;

50 ¢(0) = ¢~* = 0. Therefore ¢( /) = 0.

5.4. LEMMA.If f# 0, then ¢(f) > O.

Proof. By sesdinption, 3k [f(x) # 0]; i.e., there is a standard natural number n

such that
I [1f (k) > k7).

So, by Corollary 1.2, f# O(x—"—1). Thus

A=inf{t ER| fF()=0@GND}=—n—1,
)
p(H=er=e""1>0.0
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The way is clear, now, to prove that the norm of this section is the same as
the norm of Section 3;i.e., ¢(f) = || f|l for each asymptotically finite function f.

5.5. THEOREM. Let f be any asymptotically finite function. Then ¢(f) = || f]|l.
Proof. If f= 0, then || ]| = 0 and ¢(f) = 0. Accordingly, we can assume that
f#0. Let

A=inf{t ER| f=0(x"};

so AER.
(i) Letz > A, t €ER. Then f= O(x!). By Theorem 1.1,

Vi [1f (k)| < Bk!],
where B is standard and depends on ¢. It follows that v, (f(k)) = —t, so
—v,(f(x)) <t, thus

|F()1, = exp [—v, (f(k))] <e.
In words, € is an upper bound of

{If)1, |k positive and infinite}.
So

sup | f(k)], <e;
K

ie, |l fii<el.
(ii) Lets <A, s €R. Then f# O(x®); so, by Theorem 1.1,

3BV [If(k)| <Bkf],
ie.,
VB 3k [|f(k)|=BkS];

in particular, | f(x)| 2 k® for some positive infinite . It follows that
—v,(f(k)) =5, 50 | f(K)|, = e¥; therefore || fI| > eS.
Summarizing (i) and (ii), if s < A <t¢, then

es<IIfli<e.

By the Intermediate Value Theorem, there is a standard number, say u,
between s and ¢ such that || f]| = e%. We claim that u = A. To see this, suppose
that u <A. Take s = %(u +2); then u <sy < \. By (ii), e < || fll; so sy <u,
but u <sq. Finally suppose that u > A. Take ¢ = 3 +2);s0A< to <u

By (i) Il fll <efo;sou< t, but £y <u. This contradiction proves that u = A.
So || f1l = e* = ¢(f). This completes our proof. O
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This result shows that our definition of || ||, and the associated notion of
convergence, are both canonical, i.e., independent of our particular choice
of *R.

6. More properties of 7

We now present some properties of the function space 2 from the view-
point of functional analysis. First we mention that if f = lim(f,,) and
g = lim(g,,), then f + g = lim(f,, + g,,) and f*g = lim(f,, - g,,). The first state-
ment is easy to prove; we shall prove the second statement. Now

Ifg—frg )l =W(f—1) g+ 1 (g &)l
=) g+, (g— &)l
gl Nf—=full + NSl - 118 — gl

by Lemma 4.2. Clearly. it is enough to show that the sequence ([[ £, ]| is
bounded; this follows, in the usual way, from the fact that (f,) converges.
Indeed, lim(|| f,, — f1l) = O; so for € > 0,

AN AN

f,—flit<e
if n is sufficiently large, thus
NN <IfN+ e,
hence
ifll <T+I1N

if n is sufficiently large. Therefore (| f,,||) is bounded by 1 + || f1|; it follows

that f+g = lim(f,,*g,)-
In terms of the Definition of Convergence 2.1, this result can be put as
follows.

6.1. LEMMA. Let lim(f,,) = f, and let lim(g,,) = g. Corresponding to each
t €R thereis a q € N such that for each n > q, n €N, and for each positive
infinite k:

k' [f(k) g(k) — f(k) g, (k)] = 0.

Next we shall show that each convergent sequence (f,)) of asymptotically
finite functions is a Cauchy sequence, i.e.,

(62) VhIgVmnimn>q->|\f,—fl<h] (RER, h>0, g,mnEN),
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or in nonstandard terms
(6.3) Vkp [l fsp —fll =01 (KE'N—N, pE’N).

Let lim( f,)) = f. Then by the Nonstandard Criterion for Convergence 3.5,
I £, — fll = O for each k € "N — N. Thus, by the Triangle Inequality,

Wfrp =Ll SUfyp —FIU+ I — Fll = 0.

This establishes (6.3), so (f,,) is a Cauchy sequence.
It is more difficult to prove the converse. A normed space in which each
Cauchy sequence converges is said to be complete with respect to its norm.

6.4. THEOREM. 2 is complete with respect to || .

Proof. We shall follow Popken’s proof (see Popken [1953]). Let (£,,) be any
Cauchy sequence; so, corresponding to each j € N there is a standard natural
number g; such that

Vmn [m,n> g~ 1 — full < e /~1] (mn€EN).
Let m,n >q]v; then
inf{t ER| fm—In= oxHI<—j—1,

$0 fyy — f = O(x~/—1). It follows that to each j €N and m,n > g, there
correspond a standard number 7,,,; such that

(65  Vx[x>rpy> () =) <x7] (x€ER).

Moreover, we can choose each dj+1 > max{j+ 1, q]-}, so that the sequence
(g;) is strictly increasing and unbounded.

The idea is to assign to m the values qy,q; + 1,q; + 2, ... in turn. In (6.5),
regard m as fixed, m > qy; let n and j vary subject to the conditions of (6.5)
and the additional condition n < m. With m fixed, there are only a finite
number of choices for n and j satisfying these conditions, since the sequence
(g;) is strictly increasing. Each of the resulting inequalities involves a value of
I'mnj (m fixed). Define r,,, = max,, ;r,,,;. For eachj € N such that q; <m,

(6.6) Vx [x>r, A g <n<m- [ £ (%) — ()] <x] (x€R).

Here m takes the'values q;,q; + 1, q; + 2, ... in turn; the values of r,,, are ob-
tained from the values of r,,,,,; associated with the inequalities of (6.5).
Furthermore, we can assume that the sequence (r,,) is strictly increasing and
unbounded; this involves only a slight modification of our definition of each r,,,.
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We now turn to constructing the limit of (f,). Let
m={ER|r,<t<r,.}
for each m; then U, I,,, is a neighbourhood of . Consider the standard
functiong=U,, f,, | 1,;;i.e
g =1, ifr,<t<r,,.

We shall prove that g = lim(f,)); i.e., lim(l g — £, |I) = 0. Given j €N, choose
g; so that (6.6) is satisfied. Fix n > qj and choose ¢ = ry,; then t €1, for some
m 2 n. Thus, by (6.6),

|8() = £ (D1 = 1 £ () — () <177
This proves that for each n > q; and for each 1> r,
(6.7) |8(t) = f()| <177,
ie.,g—f, =0(x/);s0

lg—fll<e? ifn>gq;.

We conclude that lim(f,) = g. By Lemma 2.4, g is asymptotically finite. This
completes our proof of the theorem. (0

In view of the remark which precedes Theorem 6.4, we obtain the following
corollary.

6.8. LEMMA. (f,)) converges iff (f,) is a Cauchy sequence.

We recall that (£,,) is a Cauchy sequence iff ||f,<+p f, =0 for each
infinite natural number k and each p € *N.
Our strong version of the Triangle Inequality, i.e.,

ILf+gll<max{llfl, g},

whenever f and g are asymptotically finite functions, allows us to establish a
simple criterion for convergence of series. By mathematical induction, we
obtain

(6.9) Ify + o + full < max If]

1<i<n

for each n € N, Applying our Transfer Theorem 2.1.2 to (6.9) yields
(6.10) I+ ..+l < max £l

1<i<n

for each n € *N. O
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We are now ready to prove the following fact, which is well known for any
ultrametric (see Lemma 1.5.7).

6.11. CRITERION FOR CONVERGENCE OF SERIES. Ty, f, converges iff
lim(f,,) = 0.

Proof. By definition,

Efn converges iff (f} + ..+ f,) converges

N
iff (f; +...+f,) isa Cauchy sequence (by Lemma 6.8)
iff NIf, + .+ fgpll =0 foreachk €'N—N, pE'N,

ift lim(llf,1)=0 (by (6.10) and the Nonstandard
Criterion for Convergence 3.5)
iff lim(f,)=0.0

This result has an immediate corollary.
6.12. COROLLARY. (f,)) converges iff lim(f,,,; —f,) = 0.

Proof. Each sequence (f,)) can be regarded as the sequence of partial sums of
a certain series, namely the series 2y, g,,, where gy = fy and g, .1 =f,.1 = f
for each n € N. By our Criterion for Convergence 6.11 Z g, converges iff
lim(g,,) = 0. Thus (f,,) converges iff lim(f,,, —f,) = 0.0

Naturally, we are specially interested in series of the form Zy a;x™ ¥i.

6.13. LEMMA. Let a,, # 0 for each n € N. Then Ty a;x~ ¥i converges iff

lim(v;) = oo,

Proof. By our Criterion for Convergence 6.11, Z, a;x™ " converges iff
0= lim(llg;x"i|l) = lim(llx™¥7||) = lim(e™"7).

So Zy a;x™ Vi converges iff lim(v;) = e°; i.e., corresponding to each standard
number B there is a standard natural number g such that

Vn[n>q-v,>B] (n€N).O
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Turning to another idea, a series 2, f; is said to be absolutely convergent
if Zp 1f;1l converges (in &®). For example, Zy x~* is absolutely convergent
since f{x~¢[| = e~/ for each i EN, and Zp e~ converges. Applying our
Criterion for Convergence, we see that Z x—% converges. Let us prove that
each absolutely convergent series converges; this is true in general (see
Lemma 1.5.8).

6.14. LEMMA. %, f; converges if Zy || f; || converges.

Proof. Given € > 0 and standard, for each n € N sufficiently large, and for
eachp=0, pEN,

fp + o H Fuip I SUfll + o F U p I < e

ince Zy |l f; |l converges. Thus Z f; converges. O

The converse is not true, i.e., there are convergent series which are not
absolutely convergent. For example, £y x~11/ converges since lim(x~11%) = 0
(notice that ||x—In || = 1/i). Clearly Z ||x—10¢|| = T, 1/ which diverges. O

We mention that Lemmas 1.5.14 and 1.5.15 are true for any complete ring
with a nonarchimedean valuation. Expressing these results for the function
space P, we obtain our next lemma.

6.15. LEMMA. Let Zy f,, =f,and let Ty, g, = g Then:
(1) z[\/(fr1—+hgr1) f+g’
(i) Zy h, =fg,whereh,=f g, + ...+ [, & for each n €N (this is the
Cauchy product of the given serzes)

As we have seen, each asymptotic expansion of the form Za,-x_"l', where
(v;) is strictly increasing and lim(v;) = o, is also a convergent series. Accordingly,
we can use Lemma 6.15 to establish the following facts about asymptotic
expansions.

6.16. THEOREM. Let f ~ S a;x™ Vi, and let g ~ £ b;x™ *1. Then:
(i) f+g~Z(a; +b)x~ vi;
(i) fg~Z¢; x*zk"’ prowded that v; = k + i, where k € I is fixed ,and
Cpy —alb + .. +a,b; foreachnEN
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7. Asymptotic expansions in ?

We now present some basic facts about asymptotic expansions for asymp-
totically finite functions. Recall that if a, €R and a,, # 0 foreach n EN,
then (a;x™ ¥%) is an asymptotic sequence iff (x~"?) is an asymptotic sequence.

7.1. LEMMA. Let (x™*i) be an asymptotic sequence, and let a, # 0 for each
n€N. Then Za;x i is an asymptotic expansion for some function in P iff

Proof. By Theorem 2.11,
f~ Zaix—”i iff f= ?aix_”i.

Moreover, by Lemma 6.13, Z a;x™ ¥ converges iff lim(y;) = e=. By Lemma 2.4,
if Zpy a;x Vi converges then Ty a;x~”1 € P. We conclude that Za;x™ " isan
asymptotic expansion for some function iff lim(y;) = o°.

If Za;x"1 is an asymptotic expansion for some function, then we can
construct an asymptotically finite function f ~ Z a;x "I by applying the
method given in the proof of Theorem 6.4, to the sequence of partial sums
(Eg a;x*i). Here, once again, we utilize the fact that

f~ Zaix_"i iff f= JZ\; a;x— Vi,

This result can be generalized. Let (¢;) be any asymptotic sequence (here
the ¢; are not necessarily in P), and leta,, €ER, a, # 0, for each n EN. Then
(a;¢;) is also an asymptotic sequence. We shall prove that the asymptotic
series Z a;¢; is an asymptotic expansion for some asymptotically finite func-
tion f. The following proof, which actually constructs a suitable f, is based on
Erdélyi’s adaptation of van der Corput’s proof (see Erdélyi [1956]).

Since ;1 ¢;,; =o(a;¢;) foreachi €N, ie,,

lim 141 $iz1 ! _
w a0 ’
we can construct a sequence of standard numbers rg, 7,75, ... with the follow-
ing properties:
() Yit[t>r; > a5, (0)1<3la;0(8)] (EN, tER);
(2) Vilr;,1 >2r;] (G EN).
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The second condition ensures that the sequence (r;) is strictly increasing and
unbounded. As in our proof of completeness (see Section 6), let

I,=1{terlr, <t<r,.}

for each m € N;so U, I, is a neighbourhood of e,

Next define functions g, ¥q, ¥5, ... such that:
(a) Foreachmé&N,

_ 10 ifr<r,,
‘1""([)_{1 ifr>r

m+l-

(b) Foreach m €N, Y, is increasing and continuous on /,,.
For each m, a suitable function ,,, exists and we may even choose it so that
V,, is infinitely differentiable. The point is that for each t €1,

0 ifi>m,
‘I’i(')‘{l ifi <m,

and 0 <y, (1) < . In view of this, the series f= Zy a,¥,¢, converges on
U,, 1, Indeed, let t € I,,, for some m; then

(12)  f()= § a; ¥ (1) ¢:(2)

So dom f includes U, I,,,, a neighbourhood of . We claim that f ~ Z a,4,;
by Criterion 6.1.3, it is enough to show that for each n €N,

f“ZO) a;¢; = O(dp41)-

Consider any t > n4 15 there is a standard natural number m such that
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m=2n+ landt €1, Thus

n n
1) =2 ay(0)| = |ag9(0) + .- + a1 b1 () + wm(r)asm(t)—?a,-as,-(t)
by (7.2)
= |an+1¢n+1(t) +..+ am—1¢m—1(t) +a,, ll’m(t)¢m(t)|
< |an+1¢n+1(t)| +..+ |am_1 ¢m-—1(t)| + |am ll’m(t)¢rn(t)|
< Ian+1¢n+1(t)| +..+ |am_1 ¢m—-1(t)| + |am¢m(t)|
since 0< Y, (<1
<layy 18ps 1 D11+ 1/2 4+ ...+ 1/2m7)
by Property (1) of (r;)
<2lap+19p41(01.
So

n
1= 23 a19;= 0@y.11).

This establishes our claim that f~ Z a, ¢,.
It remains to show that f= O(x%) for some s ER. Now f — a9 = O(¢,);
so,if t>ry,

[f(t) —agpo()| < 2la 9 (D).
Thus
LIRS |a0¢0(t)| + 2|a1¢1(t)|

<Bt?+Crth by assumption, for some a, b, B, C
<B+0O),

where s = max {g, b}. So f = O(x*). This completes our proof that
ENa,- l[ll-¢l' ~ Eai¢i. O
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8. More about norms

Let (¢,) be an asymptotic sequence, in P, comparable to (x?). Let f be a
term of (¢,) such that f(#) > 0 for each t € R; moreover, assume that for each
SER, f<xSorxS<f, or f~ x¥ in the sense of a Hardy field (see Section 1.6).
Since (¢;) is comparable to (x—%), f>x~ for some i € N. Moreover, f is
asymptotically finite, so f=O(x™5!) for some s ER; thus f < x 5. In short,
x T f< xS,

We want to compute || f1I. If there is a standard number ¢ such that f = x?,
then || f|l = ef. Assume that f x! for each t €R. In this case, f determines a
Dedekind cut (Cy, Cy) = r( defined as follows:

rec; ifx’<f,

reC, iff<xm.

Letr, €C,, and let r, € C,. Then for each positive infinite k,
K< fk)<k",

$O
—ry <v (f(k)) <1

Since €, has no largest member and C, has no smallest member, it follows that

(8.1) —ry <v (f(K) <—r,.

We claim that v, (f(k)) = —ry. If —v, (f(k)) > 1y, then —v, (f(k)) € Cy; 50

v (f () <v, (f(x)) by (8.1). Similarly, we obtain a contradiction by suppos-
ing that —v, (f(x)) € C,. Thus, for each positive infinite .

[f(K)], = exp[—v (f(K)] =e’0.
So
171l = sup [ ()1, = e’0.
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